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Critical Percolation and Transport in Nearly One Dimension
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A random hopping on a fractal network with dimension slightly above 1,d  1 1 e, is considered
as a model of transport for conducting polymers with nonmetallic conductivity. Within the real space
renormalization group method of Migdal and Kadanoff, the critical behavior near the percolation
threshold is studied. In contrast to a conventional regular expansion ine, the critical indices of
correlation length,n  e21 1 Ose21yed, and of conductivity,t . e22 exps21 2 1yed, are found to
be nonanalytic functions ofe as e ! 0. In the case of variable range hopping a “1D Mott’s law”
expf2sTtyT d1y2g dependence was found for the dc conductivity. It is shown that the same type of strong
temperature dependence is valid for the dielectric constant and the frequency-dependent conductivity, in
agreement with experimental data for poorly conducting polymers. [S0031-9007(96)01916-3]
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Conducting polymers represent a large class of new
terials with a great variety of transport properties [1]. T
room-temperature conductivity (sRT) of some of them at-
tains the metallic value, and the temperature and freque
dependencies of their conductivity are closely to be me
lic. The nature of the metallic phase is presently the s
ject of intensive study [2]. One point is that the metal
state is provided by strong interchain coupling in these m
terials [3]. In polymers with moderatesRT (of the order
of several hundreds S/cm) the conductivity, as a rule,
creases with decreasing temperature. Because this d
follows a power law in a large temperature interval, p
sumably these materials are near the metal-insulator t
sition which happens at the critical interchain couplin
Poorly conducting samples withsRT of the order of or less
than 1 S/cm demonstrate a behavior that can be class
as dielectric [4]: It is similar to that observed in amorpho
semiconductors. Namely, dc conductivity is strongly d
pendent on temperature and its best fit is given by a “
Mott’s law”: Sdc ~ exp2sT0yT d1y2. For a variable range
hopping mechanism of transport, the temperature dep
dence of conductivity is [5,6]Sdc ~ exp2sT0yTd1ysd11d,
whered . 1 is the system’s dimension. This is not tru
however, in a 1D case [7], for which it should be th
Arhenius dependence,Sdc ~ exp2sT0yTd.

Experimental measurements of the microwave cond
tivity and the dielectric constant of these poorly condu
ing samples [4,8] revealed that both are strongly depend
upon temperature too, most probably according to the s
1D Mott’s law. The theory of hopping transport predic
however, only a very weak power temperature depende
for the frequency-dependent conductivity and the dielec
constant in two- and three-dimensional systems [9].

In the present Letter we suggest an explanation
these peculiar features of conducting polymers tha
based on the specific structure of the polymer netwo
In the stretched polyacetylene, this network is form
26 0031-9007y97y78(2)y326(4)$10.00
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by coupled polymer chains oriented along some dir
tion. Electronic micrographs show that in these su
stances polymeric chains are organized intofibrils [1],
which may be distinctly seen to be subdivided into sma
ones [10]. In a nonfibrillar form of conducting polymer
like polyaniline, x-ray data reveal the existence of high
ordered “crystallinity regions” with metallic propertie
[1]. Therefore the whole network in the stretched polya
line may be thought of as constructed from long on
dimensional polymer chains randomly coupled by meta
crystallinity islands of various sizes. The volume fracti
of later ones can be small.

We assume here that a polymer structure represen
nearly one-dimensional fractal. That means a specifi
kind of polymer chain organization, defined in the fo
lowing way: Choose a three-dimensional cube with
edgeL. Chains, which are coupled within this cube, for
a set of bundles disconnected from each other. If
large enoughL the cross section of the maximum bund
is proportional toLe , where 0 # e # 2, then we shall
call the systemdp  s1 1 ed dimensional. Obviously,
e  0 for purely one-dimensional systems (sets of u
coupled chains). Note that if one assumes chains to
connected either with low concentration of uncorrela
interchain links, or with weak links (their resistivities be
ing high compared to intrachain ones in our example), th
we are dealing with aquasi-one-dimensionalsystem [3],
which is three dimensional according to our definition.

The transport mechanism in conducting polymers in
localized phase is assumed to be the variable range hop
type (VRH) [11]. The regular method to treat VRH mode
is the effective medium approximation [9], which give
wrong results in the nearly 1D case. For example,
the percolation model it gives a threshold concentration
broken bondsct ø e, while ct ø exps21yed, as we shall
see later. The results for the critical exponents are a
wrong in this case. We choose the following approa
© 1997 The American Physical Society
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We will first study the nearly 1D percolation system e
actly. The VRH model is reduced to the percolation pro
lem by constructing the effective percolation lattice [6,9

Our first aim is the study of the critical behavio
of the conductivity near the percolation threshold in
d-dimensional lattice, whered is close to the lower
critical dimensionality, i.e.,d  1 1 e, e ø 1. The real
space renormalization group of Migdal and Kadano
(RGMK) [12–14], that is exact atd  1, is expected to
be the appropriate tool ifd is close to 1. This method
was applied to the percolation conductivity problem
Kirkpatrick [15], but the case of dimensionality close to1
did not get any special attention.

The RGMK method may be formulated as follows: Th
d-dimensional hypercubic lattice is replaced by asm, nd
hierarchical structure (see below) withm  nd21, and
n ! 1 afterwards. Thesm, nd hierarchical pseudolattice
may be constructed by the infinite repetition of tw
subsequent steps, as illustrated in Fig. 1: (a) format
of an n-length chain fromn bonds, (b) formation of an
m bundle with m chains in a cross section. Bundle
obtained in this way are used as elementary bonds at
next stage, etc. To have a continuous RG transforma
instead of a discrete transformation, one should proc
to infinitesimal transformation, settingn  1 1 n , m 
1 1 en; n ! 0, where e  d 2 1. At this step we
introduce the continuous scale variablel  expsnld,
wherel is the order of bonds in the hierarchical structur

It appears to be convenient to work with conductivi
S and resistivityR  1yS distribution functions in the
Laplace representation:

Pssd ; kexps2sSdl; Qssd ; kexps2sRdl . (1)

This is justified by the fact that for the chains or th
bundles formation we have simply sums of independ
random resistivities or conductivities, respectively. The
functions are related by the following integral tran

FIG. 1. The two initial stages ofs2, 3d hierarchical structure
formation.
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Pssd  1 2
p

s
Z `

0

ds
p

s
J1s2

p
ss dQssd , (2)

whereJ1ssd is the Bessel function. For the hierarchic
structures, we arrive, after the transition to a continuo
transformation, at the following equation:

l
≠Qss, ld

≠l
1 s1 2 ed

≠Qss, ld
≠s

2Qss, ld ln Qss, ld 1 e
p

s
Z `

0

ds
p

s

3 J1s2
p

ssdPss, ld ln Pss, ld  0 . (3)

Finite concentration of broken bondscb may be consid-
ered by introducing the boundary conditions

Qss, ldj s0  1 2 cb () Pss, ldj s1`  cb .
(4)

Setting in Eq. (3)s ! 0, we obtain the RGMK equations
for broken bond concentration,

l
dcb

dl
 ecb ln cb 2 s1 2 cbd lns1 2 cbd . (5)

There are three fixed points, two stable ones,cb  0
(regular lattice) andcb  1 (completely broken lattice),
and one unstable fixed pointcb  ct , where the threshold
concentrationct (0 , ct , 1) is given by

ect ln ct  s1 2 ctd lns1 2 ctd . (6)

At arbitrary values ofe one can solve Eq. (3) only
numerically. Numerical results concerning this solutio
under the threshold boundary conditions,Qj s0  1 2

ct , Qj s1`  0, support the following assertion: The
function Qss, ld eventually evolves at sufficiently largel
into the following automodeling form:

Qss, ld  Qsslad, Pss, ld  Pssl2ad , (7)

wherea is thee-dependent exponent. This form ensure
together with Eq. (5), the power-law critical behavior o
the conductivityS:

Sstd , tt , t  c 2 ctyct , t  an . (8)

Here n is the critical exponent of the correlation lengt
(the characteristic size of a finite connected cluster) tha
determined from Eq. (5) by linearizing near the thresho
point:

n21  esln ct 1 1d 1 1 1 lns1 2 ctd , (9)

wherect is given by Eq. (6). The critical index for the
conductivity t as a function ofe can be found only
numerically, and the result is shown in Fig. 2.

In the limit of small e the problem may be treated
analytically. In this case the threshold concentration a
the critical index of the correlation length are given by

ct  e21ye , n21  e 2
1
2 e21ye 1 · · · . (10)
327
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FIG. 2. The conductivity exponentt as a function ofe 
d 2 1. The inset shows the comparison of numerical (so
curve) and analytical results.

One can see that although the main part ofn21sed
dependence is linear, the remaining dependence one

is essentially nonanalytic, and therefore no regulare

expansion in (1 1 e) dimensions is possible.
Let us look for the automodeling solution (7) ate ø 1.

Using the fact that fore  0 this solution is simply
exps2sd (a  0), we assume

Qsxd  s1 2 ctd expf2x 1 ysxdg , (11)
as well asa , ct, y , ct . Plugging Eqs. (7), (10), and
(11) into Eq. (3), linearizing iny, and neglecting higher-
order terms overct , such asay, c2

t , cty, etc., we arrive at
the following equation:

jy00 2 jy0 1 y  e21ye

∑
1 2

J1s2
p

j d
p

j

3 exp

µ
ej

1 1 e

∂∏
2 aej ,

(12)
wherex  ejys1 1 ed.

The solution of Eq. (12) withys0d  y0s0d  0 can be
found by the substitutionysjd  jwsjd. We have

w0sjd 
ej

j2

∑
e21ye

µ
1 2 e2j

2
Z j

0

dh
p

h
e2hys11edJ1s2

p
h d

∂
2 eaf1 2 s1 1 jde2jg

∏
. (13)

To eliminate here the term, growing atj ¿ 1 as expj .
expsxyed, the following condition should be fulfilled:

ea  ct

µ
1 2

Z `

0

dh
p

h
e2hys11edJ1s2

p
h d

∂
. (14)
328
id

This equation determines the critical exponent for the co
ductivity t  an [see Eq. (8)]. By combining Eqs. (10)
and (14) we get

t  e22 exps21 2 1yed . (15)

The coefficientsyn of a Tailor expansion ofysxd at
x  0 represent the cumulants of the distribution functio
for resistivities, e.g.,y2  skR2l 2 kRl2dykRl2. They
are obviously of the order ofct. That means that the
resistivity distribution at length scalel is of an almost
Gaussiand function, centered atkRl ~ la and with the
width ~ la exps21yed.

Using the scaling arguments [16,17], one can deriv
the low-frequency part of the ac conductivitySsv, td
near the percolation threshold, if the critical exponent o
the dc conductivity is known. System conductivity a
low frequenciesv ø W0 (W0 is the hopping rate of the
retaining bonds) and near the percolation thresholdt ø 1
is supposed to be represented in the scaling form

Ssv, td 
e2ne

kT
a2

kjtjtW0g

∑
t

µ
S

W0

∂
2uyt

∏
, (16)

whereS  2iv, ak is the longitudinal lattice constant,

u  tyss 1 td, s  2n 2 b . (17)

Here s and u represent the critical exponents for the
dielectric constant near the percolation threshold an
the frequency-dependent conductivity at the threshol
respectively, andb is the exponent of the percolation
order parameter (the probability of the site to belong t
the infinite cluster). The scaling functiongsxd has the
following asymptotic behavior:

gsxd ø

8<: Ajxj2t , asjxj ø 1 ,
1 1 B1x2s2t 1 . . . , asx ¿ 1 ,
B2jxj2s2t 1 . . . , asx , 0, jxj ¿ 1 .

The critical exponentb in nearly one-dimensional sys-
tems is very small,B  c2

t ys3ed and hences ø 2n.
Now let us consider a nearly one-dimensional syste

with variable range hopping along the chains. We a
sume [5] that the hopping rates depend on the inters
distancesrij  jri 2 rjj and on the energy difference
´ij  j´i 2 ´jj via fij  rijya 1 ´ijy2kT (a is the lo-
calization radius) asWij  v0 exps22fijd. Assuming
site positions and energies near the Fermi level homog
neously distributed with the densityNF , we arrive at the
“two-dimensional Poisson” distribution forfij , Fs fd 
expf2s fyf0d2g, with f0  sT0yT d1y2, kT0  sNFad21.

It is known [9] that the behavior of the conductivity with
continuously distributed hopping rates may be explaine
at least qualitatively, if the result for the percolation lattic
is known. For this purpose, we choose some trial value
the hopping ratesWc. Then the initial system is replaced
by the percolation network where the hopping rates le
thanWc are set to zero (broken bonds) and all others a
set equal toWc. The conductivity of such a system is
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obviously less than the initial one. If the trial value
Wc is chosen so that the conductivity of the percolati
system is maximal, one can hope that this value give
good estimate for the conductivity of the real system.

Performing this procedure, e.g., at zero frequency,
can find that the dc conductivity is determined by the ho
with fij very close to its threshold valueft , which is
determined byFs ftd  ct. From Eq. (10) it follows that
ft  f0y

p
e  sT1yT d1y2, whereT1  T0ye  seNFad21.

Taking in Eq. (16)ne  NFkT andak  1yne, we have

Sdc 
e2Wt

NFskTd2


e2v0

NFskT d2
expf2sT1yTd1y2g . (18)

At the lowest frequencies (hydrodynamical region,v ø
vh) the conductivity can be close to its dc value a
may be represented as a power series in2iv: Sfvg 
Sdcs1 2 ivyvh 2 · · ·d, with a very small value forvh.
As a result, the static dielectric constanth becomes very
large and strongly temperature dependent:

h , Wtyvh , sT1yT d1ye exps2ye2d . (19)

At v ¿ vh the frequency dependence of conductivity
given by

Ssvd 
e2Wt

NFskT d2 exp

∑
e

µ
T1

T

∂
1y2

µ
2iv
Wt

∂
ey2

∏
. (20)

Here the temperature dependencies of the conductivity
of the dielectric constant remain essentially of the
Mott’s type. If the temperature is relatively high, i.e
T ¿ T2 (T2  e4T1y4), this dependence would continu
ously turn into one that is typical ford  1 (see, e.g., [3])
at frequencies of the order ofvm, lnsvmyWtd , 22ye.
At lower temperatures,T ø T2, Eq. (20) is valid only un-
til v ø evm, lnsṽmyWtd , 2s1yed lnsT2yT d. At evm ø

v ø vM , where lnsvMy evmd , esT1yT d1y2, we have the
following dependence:

Ssvd 
e2

NFskT d2
s2ivd

∑
esT1yT d1y2

lns2ivy evmd

∏2

, (21)

which changes into a one-dimensional one (some powe
temperature) atv , vM .

In sum, by taking into account the specific fractal stru
ture of polymer networks we obtained a very specific te
perature dependence for the static conductivity [Eq. (1
dielectric constant [Eq. (19)], and frequency-depend
conductivity [Eqs. (20),(21)]. The source of this depe
dence is the following. The low-dimensional random sy
tem can be separated in weakly coupled clusters wi
which carriers occur to be locked. With temperature,
size of clusters exponentially increases, since more sp
becomes accessible for carriers due to thermal activat
As a result, the dielectric constant and the conductiv
exhibit strong temperature dependencies. There is also
very strong frequency dispersion of conductivity starti
f
n
a

ne
s

d

s

nd
D
,

of

-
-

)],
nt
-
-
in
e
ce
n.

ty
the
g

with extremely low frequencies. Such a type of stro
temperature and frequency dependence is actually
served in conducting polymers with localized carriers [4,

Let us stress again that a similar dependence can
be obtained within the standard 2D or 3D hoppin
models. By assuming the strong Coulomb repuls
between carriers, the 1D Mott’s law could be reproduc
[6], but it does not lead to any strong dependence
the dielectric constant and for the frequency-depend
conductivity. The reason is the following. In contra
to the low-dimensional case, the clusters in 2D and
systems prove to be more effectively coupled. Theref
the large polarization of clusters does not happen beca
of leakage of carriers. Thus our results support stron
the idea that the conducting polymers represent a lo
dimensional substance even in the dielectric phase.
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