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Spinning Down a Black Hole with Scalar Fields

Chris M. Chambers,* William A. Hiscock,† and Brett Taylor‡
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(Received 7 March 1997)

We study the evolution of a Kerr black hole emitting purely scalar radiation via the Hawking
process. We show that the rate at which mass and angular momentum are lost by the bl
hole leads to a final evolutionary state with nonzero angular momentum, namely,ayM ø 0.555.
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The conventional view of black hole evaporation i
that, regardless of its initial state, Hawking radiation wil
cause a black hole to approach an uncharged, zero ang
momentum state long before all its mass has been lo
Thus, as the evolution nears the Planck scale, whe
quantum gravity will be required to determine its future
development, the final asymptotic state is assumed to
described by the Schwarzschild solution.

Although calculations have shown that any charge on t
black hole will be rapidly neutralized [1], qualitative argu-
ments [2] suggest that the mass and angular moment
loss proceeds on cosmologically long time scales. Su
arguments, however, do not determine if the angular m
mentum will tend to zero before the mass does. Usin
Hawking’s results on quantum emission from black hole
[3], Page has been able to address this and other
lated questions. By performing an exhaustive, quantit
tive, study of the emission of particles associated wit
fields of spin1y2, 1, and2 for both rotating [4] and nonro-
tating holes [5], he concludes that for these fields the sp
cific angular momentum does tend to zero more rapid
than the mass. This implies that the final asymptotic sta
of black hole evaporation is indeed the Schwarzschi
solution.

However, Page did provide some indirect evidence
suggest that if there were a sufficiently large number o
as yet unknown, massless scalar fields present in natu
then the dimensionless ratio of the black hole’s specifi
angular momentum to its mass,ap ­ ayM, might evolve
to a stable nonzero value. In this case, a microscop
evaporating black hole approaching the Planck sca
would be described by a Kerr solution, characterized b
a massM and specific angular momentuma, rather than
Schwarzschild. First, at lowap ­ ayM, Page found that
the dominant angular modes for the spin-s fields, s ­
1y2, 1, and2, were those withl ­ s. If the same is true
for the scalar field, withs ­ 0, then the dominant mode
would bel ­ 0, which carries off energy, but no angular
momentum. In that case, one could imagine a scenario
which the mass loss occurs much more rapidly than t
angular momentum loss, causing the black hole to evol
toward a state withap nonzero. Second, Page noted in
his results a simple, perhaps accidental linear relationsh
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between the spin of the field and the (suitably normalize
ratio of the angular momentum loss rate to the mass l
rate, hsapd, as ap tended to zero. Page pointed out th
if this relation were extrapolated to the case of a sca
field, s ­ 0, then the loss rates for emission of scal
particles would result in a final state of nonzero angu
momentum.

In this Letter we investigate, in some detail, the evol
tion of a Kerr black hole emitting purely scalar radiatio
via the Hawking process. For clarity we have restricte
our attention to the mass and angular momentum loss ra
and their effect on the final evolutionary state of the ho
We find that the hole does indeed evolve to a final asym
totic state with nonzero angular momentum, confirming t
conjecture of Page. Our numerical results allow us to co
clude that the final state will be described by a specific a
gular momentuma ­ 0.555M. In addition, we find that
the linear relationship between the spin of the field a
hsapd, found by Page, breaks down fors ­ 0. We find
that for a scalar field,hsap ­ 0d ­ 20.806, rather than
the value21.195 which Page obtained by extrapolation
The details of this work will appear elsewhere.

The notation here and throughout follows that of Pre
and Teukolsky [6] and Page [4]. We make the assumpt
that the black hole has existed for a sufficient perio
of time so that any charge it possessed has been l
and hence is adequately described by a Kerr soluti
In terms of Kerr-ingoing coordinatessy, r , u, f̃d, the
scalar wave equation,hf ­ 0, separates by writingf ­
RsrdSsude2ivyeimf̃, where the angular functionSsud is
a spheroidal harmonic [7]. The radial function,Rsrd,
satisfies

s≠r D≠r 2 2iK≠r 2 2ivr 2 ldRsrd ­ 0 , (1)

where D ­ r2 2 2Mr 1 a2, K ­ sr2 1 a2dv 2 am,
l ­ Elmv 2 2amv 1 a2v2, andElmv is the separation
constant. While the solutions to Eq. (1) are not,
general, expressible in terms of known functions, the
asymptotic behavior is easily obtained [6],

R !

Ω
Zhole, r ! r1 ,
Zinr21 1 Zoutr21e2ivr , r ! ` . (2)

The subscript “in” refers to an ingoing wave originatin
from past null infinity, “out” refers to the reflected
© 1997 The American Physical Society 3249
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component of the wave that propagates outward, towa
future null infinity, and “hole” refers to the transmitted
component that crosses the black hole event horizon
r ­ r1. The amplification,Z (the fractional gain of
energy in a scattered wave), is

Z ­

Ç
Zout

Zin

Ç2
21 . (3)

Page [4] has shown that, in terms of the scale invaria
quantitiesf ; 2M2dMydt and g ; 2Ma21

p dJydt, the
rate at which the mass and angular momentum of
evaporating black hole decrease is given byµ

f
g

∂
­ 2

X
l,m

1
2p

Z `

0
dx

Z
e2pkyk 2 1

µ
x

ma21
p

∂
, (4)

wherek ­ v 2 mV, V ­ apy2r1 is the surface angular
frequency, k ­

p
s1 2 a2

pdy2r1 is the surface gravity
of the hole, and following Page [4] we have define
x ­ Mv andap ­ ayM. In order to investigate howap

varies withM as the black hole loses mass and angul
momentum, we define the functionhsapd

hsapd ;
d ln ap

d ln M
­

gsapd
fsapd

2 2 . (5)

The rate of change ofap is then given by

dap

dt
­ 2

apfh
M3 . (6)

If there is a nonzero value ofap for which h is zero, then
dapydt will be zero there. Sincef is nonnegative, ifh
is positive above this value and negative below it, then
evaporating black hole will evolve towards a stable sta
at hsapd ­ 0. We now have all the necessary machiner
needed to study the mass and angular momentum l
rates of a purely rotating black hole.

For clarity we have limited our attention to the behavio
of the mass and angular momentum loss rates, due so
to the emission of massless scalar particles, and th
effect on the final asymptotic state of the evaporating ho
We calculated the functionsfsapd andgsapd at 18 values
of ap ranging from ap ­ 1 3 1024 to ap ­ 0.99 and
used a clamped cubic spline to extrapolate these valu
to ap ­ 0 and ap ­ 1. The same spline was used to
interpolate for points of interest.

Figure 1 shows the behavior of the mass loss rate
a function of the specific angular momentum, describe
in a scale invariant way by the functionfsapd. The
loss of mass energy from the hole by emission of sca
particles is more effective at high values ofap. The
fact that emission still occurs atap ­ 1, even though
the hole has zero temperature, is due to the nonze
chemical potential associated with the angular momentu
of the hole; this results in spontaneous emission into t
superradiant modes, first discovered by Zel’dovich [8
An interesting feature of Fig. 1 is the existence of
minimum atap ­ 0.574, which does not occur for fields
of nonzero spin. The unusual behavior of the mass lo
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FIG. 1. The mass loss rate, due to scalar particle emissi
for a Kerr black hole. At low rotation the mass loss rat
approaches the value7.439 3 1025, while at the extreme limit
ap ­ 1, it reaches2.601 3 1024. There is a minimum in the
emission atap ­ 0.574.

in this case, is mainly attributable to the fact that a sca
field, unlike higher spin fields, is able to radiate in a
l ­ 0 mode, which is not a superradiant mode. A plo
of the mass loss rate, due solely to thel ­ 0 mode of
the field, revealsfl­0 to be a monotonically decreasing
function of ap. This suggests that the hole couples mo
strongly to thel ­ 0 mode at low rotation. At larger
values ofap the contribution tof from the higherl modes
becomes more significant, as the effects of superradi
scattering increase. This has the effect of increasing
mass loss rate, hencef, at high ap. The combination
of these two effects, at intermediateap, results in the
appearance of a minimum inf as shown.

Figure 2 displays the angular momentum loss rate,g,
versusap. Since thel ­ 0 mode cannot carry off any

FIG. 2. The angular momentum loss rate, due to sca
particle emission, for a Kerr black hole. At low rotation, th
angular momentum loss rate approaches8.886 3 1025. At the
extreme limit,ap ­ 1, the emission rate is6.853 3 1024.
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angular momentum, the behavior ofg can be understood
purely in terms of superradiance. Asap increases emis-
sion into the superradiant modes becomes more effe
tive, causing the angular momentum loss rate to increa
monotonically. Again, at the extreme limit, scalar par
ticle emission continues to carry off angular momentum
despite the temperature of the hole being zero, by spon
neous emission into the superradiant modes.

Finally, Figure 3 shows the behavior ofhsapd. The
most important feature is the existence of a zero
h, at ap ­ 0.555. A black hole formed withap ,

0.555 or ap . 0.555 will evolve, by the loss of mass
and angular momentum, until it reaches an asympto
state characterized byap ­ 0.555. This confirms the
conjecture made by Page [4] that a black hole emittin
scalar radiation, via the Hawking process, could evolve
a final state with nonzero angular momentum.

From his examination of spin1y2, 1, and2 fields, Page
found a remarkable, linear relationship betweenhsapd and
the spins of the fields atap ­ 0. Extrapolating this to
the cases ­ 0 he noted that the relation predictedhsap ­
0d ­ 21.195. Our numerical results have shown that, in
fact, hsap ­ 0d ­ 20.806, accurate to one part in104.

We have studied the evolution of a rotating black hol
emitting purely massless scalar particles via the Hawkin
process. We have concluded that rather than evolve
a nonrotating state withap ­ 0, as is often assumed, the
hole approaches a nonzero value ofap. Our numerical
results have allowed us to ascertain that this value
ap ­ 0.555. This result confirms the conjecture of Page
and, for the first time, reveals the exact value ofap to
which the black hole will relax. Additional details of this
study will be given in a separate publication, where w
shall also report on additional aspects of black-hole scala
field interactions.
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FIG. 3. The angular momentum loss rate compared to th
mass loss rate described in a scale invariant way byhsapd, for
a Kerr black hole emitting scalar particles. The point at which
hsapd ­ 0 occurs atap ­ 0.555. A hole formed withap on
either side of this value will evolve to a state characterized by
this value. Asap ! 0, hsapd approaches the value20.806.
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