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Exploring a Metal-Insulator Transition with Ultracold Atoms in Standing Light Waves?

Klaus Drese and Martin Holthaus
Fachbereich Physik der Philipps-Universität, Renthof 6, D-35032 Marburg, Germany

(Received 5 November 1996)

We suggest the possibility to realize an optical quasicrystal with ultracold atoms in far-detuned,
bichromatic standing light waves. If the optical potentials created by the individual light waves have
sufficiently different strength, one obtains an atom-optical realization of Harper’s model. This model
exhibits a metal-insulator transition at a certain value of the site-to-site hopping integral. Since this
hopping integral is effectively renormalized by an additional oscillating force, one can switch from
the regime of extended states to the regime of localized states by varying the amplitude of that force.
[S0031-9007(97)02994-3]

PACS numbers: 32.80.Pj, 42.50.Vk, 71.30.+h
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An atom with massM in a monochromatic, one-
dimensional standing light wave detuned sufficiently f
from a dipole-allowed transition and oriented in thex
direction can be described by an effective Hamiltonian

Hsxd 
p2

2M
1

V0

2
coss2kLxd , (1)

where p is the x component of the center-of-mas
momentum andkL is the light wave number. The depth
V0 of the optical potential is proportional to the intensit
of the light field and inversely proportional to the detunin
[1]. The atomic de Broglie wavelength2p h̄yp becomes
large compared to the lattice constantd  pykL when

p2

2M
ø 4

h̄2k2
L

2M
; 4ER , (2)

i.e., when the kinetic energy associated with the moti
in the direction of the standing wave is smaller than or
most comparable to the single-photon recoil energyER.
Such ultracold atoms in standing light waves constitu
ideal test systems for studying fundamental phenomena
solid state physics [2–4]: the initial momentum distribu
tion of a dilute atom cloud can be predetermined, the
are no lattice defects and, hence, no unwanted scatte
processes, and at the end of the experiment the opt
potential can simply be turned off, thus allowing a clea
measurement of the momentum distribution of the fin
states. Moreover, the atom-atom interaction remains n
ligible, so that one can probe single-particle effects
performing measurements on an ensemble.

In two recent landmark experiments, constant forc
were exerted on atoms in optical lattices in order to e
plore Bloch oscillations [3] and Wannier-Stark ladde
[4]. In this Letter we suggest to employ ultracold atom
in periodically forced optical lattices to study the effec
of a strong, oscillating force on the Bloch dynamics. E
periments aiming in this direction are presently being pe
formed with electrons in semiconductor superlattices th
interact with strong terahertz fields [5,6]. But wherea
these experiments are inevitably plagued by dissipati
lattice defects, and the non-negligible Coulomb intera
tion, ultracold atoms in standing light waves can be e
pected to show basic effects with paradigmatic clarity.
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We will proceed in three steps. First we will show
that periodically forced optical lattices exhibit dynamic
localization [7,8] as a consequence of the collapse of th
ground state quasienergy band [9]. In a second step
suggest to realize Harper’s model [10,11] with ultracol
atoms in bichromatic standing light waves. This mode
originally appeared in the description of Bloch electron
in a magnetic field; it serves as a paradigm for the physi
of incommensurate structures. The most striking featu
of this model is that it shows a metal-insulator transition
i.e., a transition from extended to localized states. Th
possibility of an atom-optical realization of Harper’s mode
thus implies the possibility to investigate such a transitio
with atomic matter waves. In the third step we combin
the results of the previous two: Since the quasienergy ba
collapse stems from the renormalization of the site-to-si
hopping integrals by the oscillating force, and since th
ratio of the on-site energies’ modulation amplitude an
the hopping integrals is the crucial parameter that gover
the metal-insulator transition, one cancontrol the transition
by varying the strength of the force. An experimenta
confirmation of this scenario, although certainly quite
ambitious, does not seem to be entirely out of reach.

(i) Forces can be exerted on atoms in standing ligh
waves by introducing a small, time-dependent frequenc
differencednstd between the two counterpropagating lase
beams that generate the optical potential [2–4]. A per
odic frequency modulationdnstd  kLK1sinsvtdyMvp

results in an effective Hamiltonian

Hsx, td 
p2

2M
1

V0

2
cos

µ
2kL

∑
x 1

K1

Mv2 cossvtd
∏∂

,

(3)
which is unitarily equivalent to

eHsx, td 
p2

2M
1

V0

2
coss2kLxd 1 K1xcossvtd . (4)

Let us now fix the potential depthV0yER such that the
Wannier statesj,l building up the lowest band of the
optical lattice have appreciable overlap with their neare
neighborsj, 6 1l only. Next, leth̄v be large compared
to the widthD of this band, but still much smaller than
© 1997 The American Physical Society
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the gap between the lowest two bands. As long as
amplitudeK1 is weak, the dynamics then remain restricte
to the lowest band, so that we can invoke the single-ba
tight-binding approximation: the Hamiltonian

H0  2
D

4

X
,

sj, 1 1l k,j 1 j,l k, 1 1jd (5)

governs the dynamics in the unperturbed band, and

Htbstd  H0 1 K1cossvtd
X

,

j,l,dk,j (6)

approximates (4). The properties of this model syste
are well known. Because it isT-periodic in time, with
T  2pyv, there is a complete set of Floquet state
ckstd  ukstdexpf2i´skdtyh̄g with T -periodic functions
ukstd  ukst 1 Td and quasienergieśskd. These states
are uniformly extended over the lattice and characteriz
by a quasimomentumk; the dispersion relation is [9,12]

´skd  2J0

µ
K1d
h̄v

∂
D

2
cosskdd modh̄v . (7)

Hence, the quasienergy band collapses when the ra
K1dyh̄v equals a zero of the ordinary Bessel functionJ0.
Then there is no dispersion at all:any initially localized
wave packet will stay localized; that is, we have dynam
localization [7,8].

The crucial question now is whether the drivin
strength required for a band collapse in an optical latti
can still be compatible with the assumption of single-ban
dynamics. An example shows that it can: forV0  5ER

the width of the unforced lattice’s lowest band becom
D  0.264ER; the gap between this band and the next
2.44ER . We then fix the frequencyv  ERy2h̄, so that
h̄v exceedsD by a factor of almost2, but is still roughly
5 times smaller than the gap. For cesium atoms in optic
lattices generated by 852 nm laser light, as employed
the recent Bloch-oscillation experiment [3], this corre
sponds tovy2p ø 1 kHz, which has to be compared to
a spontaneous emission rate of less than4 s21. It should
then be possible to study the time evolution over seve
100 cycles without having to consider the detriment
effect of spontaneous emission [13].

Figure 1 shows quasienergies computed from thefull
Hamiltonian (4) with the above parameters for the ban
edgeskykL  0 and1 [14]. Arrows in the left margin in-
dicate the quasienergy band that originates from the grou
state energy band. This band is very well described by
approximation (7): there is a band collapse atK1dyh̄v ø
2.35, quite close to the first zeroj0,1 ø 2.405 of J0. Only
for even higher amplitudes an avoided crossing signals
onset of strong interband effects, i.e., the breakdown of t
single-band approximation (6). We conclude that it shou
be possible to observe dynamic localization with ultraco
atoms in periodically driven optical lattices. Signatures
dynamic localization have recently been detected in expe
ments with semiconductor superlattices [6]. But where
a proper theory of dynamic localization in these system
requires a consistent treatment of the Coulomb intera
the
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FIG. 1. Quasienergies for the Hamiltonian (4) withV0yER 
5.0 and h̄vyER  1y2, at the band edgeskykL  0 and 1.
Arrows in the left margin indicate the quasienergies at t
edges of the ground state band; a further arrow indicates
band collapse atK1dyh̄v ø 2.35.

tion [15], dynamic localization in optical lattices would b
a genuine single-particle phenomenon, and probably
cleanest possible realization of the original proposal [7]

(ii) Next, we consider ultracold atoms in abichro-
matic standing light wave generated by superimposi
two standing waves with wave numbersk

s1d
L andk

s2d
L along

thex axis. We assume that each of the two laser freque
cies is appropriately detuned from a dipole-allowed tra
sition jgl ! je1l or jgl ! je2l, respectively. Employing
the rotating wave approximation, and adiabatically elim
nating the amplitudes of the excited statesje1l andje2l as
usual [16], one obtains an effective Hamiltonian

Hsxd 
p2

2M
1

V
s1d
0

2
coss2k

s1d
L xd

1
V

s2d
0

2
coss2k

s2d
L x 1 hd , (8)

whereh is a phase. If the number

g  k
s2d
L yk

s1d
L (9)

is irrational, this provides an atom-optical realizatio
of a one-dimensional quasicrystal. Let us now fix th
parameters such that the first light wave creates a tig
binding system (5) as before, and that the addition
potential generated by the second light wave is merel
weak perturbation. If we approximate the Wannier stat
j,l by harmonic-oscillator ground states, we can estima
that the second potential effectuates a change

ns,d  n0coss2pg, 1 hd (10)

of the on-site energies, with

n0 
V

s2d
0

2
exp

µ
2g2y

q
V

s1d
0 yER

∂
, (11)

so that the single-band approximation to (8) becomes

HHarper  H0 1
X

,

j,lns,d k,j . (12)
2933
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This is exactly Harper’s model, which is usually encoun
tered in the theory of two-dimensional Bloch electron
in a magnetic field. In that caseg is the ratio between
the magnetic flux per unit cell and the flux quantum; i
our case it is simply the ratio (9) between the two wav
numbers. Wheng is irrational, this model exhibits a
metal-insulator transition: all eigenstates are extended
n0yD , 1y2, but localized ifn0yD . 1y2 [11].

If we start again from an optical potential with
V

s1d
0 yER  5, so thatDyER  0.264, and if we arbitrarily

set g  s
p

5 1 1dy2, then the conditionn0yD  1y2
yields V

s2d
0 yV

s1d
0 ø 0.17: at the transition, the strength of

the second potential should be about1y5 of that of the
first. This is not small, and the approximation (12), whic
takes into account only the on-site changes of the opti
potential, might not be sufficient. We therefore als
change the hopping integral connectingj,l and j, 1 1l
from Dy4 to Dy4 1 ds,d, where

ds,d  f n0cosf2pgs, 1 1y2d 1 hg . (13)

The parameterf is a dimensionless perturbation strength
We then compute the eigenstateswn 

P
, a

snd
, j,l numeri-

cally for a lattice with1500 sites, and calculate for each
state the standard deviationssnd of the site-occupation
probabilitiesja

snd
, j2. The average valuēs, normalized by

the standard deviations0 for a uniformly extended state,
provides a measure for the degree of localization. Figure
showss̄ys0 as a function ofn0yD, for f  0.0, 0.2, 0.49,
and0.5. The curves forf , 0.5 almost coincide; a violent
change of behavior occurs only forf  0.5, which is by
far larger than realistic. This result is quite important: th
modulation of the hopping integrals does not destroy t
self-duality of the Harper model, which is a crucial ingre
dient for the explanation of its metal-insulator transitio
[11]. Hence this transition remains clearly visible eve

FIG. 2. Average, normalized standard deviation for th
squared expansion coefficients of eigenstates of Harper’s mo
with hopping integrals modified according to (13);s̄ys0  1
indicates completely delocalized states. Note that curves
f , 0.5 fall almost on top of each other.
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under conditions where the modulation of the hopping in
tegrals is not negligible.

(iii) One could, in principle, reduce the strengthV
s2d
0 re-

quired for the transition by increasingV
s1d
0 (and thus re-

ducingD). However, this means employing stronger laser
and hence increasing the spontaneous emission rate, wh
should be avoided. But there is another possibility. Ac
cording to (7), the effect of the oscillating forceK1cossvtd
on the tight-binding model (5) is just a renormalization of
the hopping integrals: the driven lattice with hopping in-
tegralsDy4 behaves as an undriven lattice with hopping
integralsDJ0sK1dyh̄vdy4—the effective bandwidth thus
becomes smaller than the originalD [17]. But since the
ratio n0yD governs the metal-insulator transition, it must
be possible to drive the system through the transition b
varying the amplitudeK1 of the oscillating force. Sup-
pose thatV

s2d
0 is quite small compared toV

s1d
0 , so that (12)

is a good approximation to (8), and all states are extende
since n0yD is much smaller than1y2. If then a force
K1cossvtd acts on the system, the transition should occu
when

n0

D
ø

1
2

Ç
J0

µ
K1d
h̄v

∂ Ç
. (14)

This reasoning is confirmed in Fig. 3. For a lattice
of 1001 sites (,min  2500, ,max  1500) we compute
wave functionscstd 

P
, c,std j,l for the periodically

driven Harper model, and compare them to wave func
tions for undriven models with renormalized hopping in-
tegrals. We setDyh̄v  0.385, n0yh̄v  0.1, g  s

p
5 1

1dy2, and h  0; the initial condition isc,s0d  d,,0 for
each run. Figure 3(a) shows the evolution of the fourth
moments M4std 

P
, ,4jc,stdj2 for the driven system;

K1dyh̄v varies in steps of0.1 from 1.3 to 1.9 (top to
bottom). Figure 3(b) depicts the moments for the cor
responding undriven, renormalized systems. The agre
ment speaks for itself. Sincen0yD ø J0s1.5dy2, we find
the expected change of behavior forK1dyh̄v ø 1.5: a
wave packet made up of localized states only must sta
localized, so thatM4std remains bounded; a packet made
up of extended states delocalizes, so thatM4std grows
indefinitely.

Figure 4 shows the wave functions for the driven
system after2000 cycles, forK1dyh̄v  1.4 (thin line)
and 1.6 (heavy line). In the first case the wave function
spreads over all the lattice, but in the second case it sta
localized. The almost perfect exponential decay, clearl
developed over no less than25 orders of magnitude,
leaves no doubt that we are dealing with a genuine
amplitude-controlled localization effect.

In general, the time-evolution operatorUst, 0d for a
periodically driven quantum system can be written a
Pstdexps2iGtyh̄d with Pstd  Pst 1 Td; the eigenvalues
of the time-independent operatorG are the quasienergies.
For the driven tight-binding system (6), this operatorG
is just the undriven Hamiltonian (5) with renormalized
hopping integrals. But for the driven Harper model,
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FIG. 3. Evolution of the momentsM4std 
P

, ,4jc,stdj2 of
wave functionscstd 

P
, c,stdj,l for the driven Harper model

(a) and the undriven model with renormalized hopping integra
(b). Parameters areDyh̄v  0.385 andn0yh̄v  0.1; initially
c,s0d  d,,0. K1dyh̄v varies from1.3 to 1.9 (top to bottom),
in steps of0.1.

the renormalized, undriven Harper Hamiltonian appea
only as the dominant term in a high-frequency expansi
of G; the leading corrections are of second order
Dyh̄v. Therefore, (14) can be valid only when̄hv ¿

D. This places an experiment right between Skyl
and Charybdis: too small a driving frequency might n
work as desired, sinceG would not be close enough
to Harper’s Hamiltonian, and too large a frequency w
entail undesired interband effects. But our numeric
results indicate that there is viable territory in between.

To summarize: (i) ultracold atoms in far-detuned, p
riodically forced optical lattices exhibit dynamic locali
zation (in the sense of [7]), (ii) Harper’s model can b
realized approximately with atomic de Broglie waves
“optical quasicrystals,” and (iii) this system can be drive
through a metal-insulator transition by varying the am
plitude of an oscillating force. An experimental confir
mation—possibly by measuring the mean-square posit
spread [18] of light atoms such as lithium [19] for differ
ls
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FIG. 4. Occupation probabilitiesjc,st0dj2 of lattice sites
for the periodically driven Harper model [cf. Fig. 3(a)] with
K1dyh̄v  1.4 (thin line) and 1.6 (heavy), att0  2000 T .

ent amplitudes of the force—would certainly not be eas
But in view of the rapid development of atom optics, ther
is room for cautious optimism.
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