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Halo nuclei are studied using aG-matrix interaction derived from the Paris and Bonn potentials
and employing a two-frequency shell model approach. It is found that the core-polarization effect is
dramatically suppressed in such nuclei. Consequently, the effective interaction for halo nucleons is
almost entirely given by the bareG matrix alone, which presently can be evaluated with a high degree
of accuracy. The experimental pairing energies between the two halo neutrons in6He and11Li nuclei
are satisfactorily reproduced by our calculation. It is suggested that the fundamental nucleon-nucleon
interaction can be probed in a clearer and more direct way in halo nuclei than in ordinary nuclei.
[S0031-9007(97)02891-3]

PACS numbers: 21.30.Fe, 21.60.Cs
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Radioactive-beam nuclear physics has been progres
rapidly, and there is much current interest in studying h
nuclei [1,2]. There were four articles about halo nuclei
a recent issue of Physical Review C: Nazarewiczet al.
[3] dealt with the halo nuclei around the nucleus48Ni,
Hamamotoet al. [4] carried out a systematic investigatio
of the single particle and collective degrees of freedom
the drip-line nuclei, and an experimental study of hea
halo nuclei aroundN ­ 82 was also presented [5]. It i
remarkable that nuclei as exotic as48Ni, i.e., the mirror
image of the double closed-shell nucleus48Ca, are now
being studied.

The halo nuclei (or drip-line nuclei) may well play
central role in our understanding of the nuclear bindi
Their typical structure is that of a tightly bound inner co
with a few outer nucleons that are loosely attached to
core. Although these exotic nuclei are bound, their bin
subsystems are not. For instance, the halo nucleus6He
(11Li) is presumably made of a4He (9Li) core surrounded
by a two-neutron halo. As a whole6He (11Li) is bound, but
its binary subsystems, i.e.,5He (10Li) and thedineutronare
unbound. The pairing force between the valence nucle
is thus essential for the stability of the halo nuclei, and
is important to calculate it as accurately as we can.

So far, the halo nuclei have been calculated us
empirical effective interactions, tuned to stable nuclei. T
inherent density dependence of Skyrme-type forces [
provides a reasonable means of extrapolating to the lo
density regimes characteristic of nuclei far from stabili
Yet, quite recently Kuoet al. [6] have suggested studyin
the drip-line nuclei from the first principles, i.e., from th
elementary nucleon-nucleon (NN) force, such as the Pari
[7] and Bonn [8] interactions. Halo nucleons are separa
rather far from the other nucleons in the “core nucleu
and the interaction among them should be derivable fr
the freeNN interaction with small medium corrections.

The effective interaction (Veff), among the nucleons in
the nuclear medium, can be derived from the freeNN
2708 0031-9007y97y78(14)y2708(4)$10.00
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interaction, using aG-matrix folded-diagram approach
[9,10]. The major difficulty in such a microscopic e
fective interaction theory is the treatment of the core p
larization effect (CPE), and in particular of that due
the higher-order diagrams. In ordinary nuclei, the valen
nucleons are close to the nuclear core, an example b
the two sd-shell neutrons of18O residing adjacently to
the 16O core. Consequently, there is a strong valen
core coupling and therefore a large CPE. In such a s
ation it is a formidable task to figure out which irreducib
linked-diagrams diagrams should be embodied in the v
tex functionQ̂ (often referred to as thêQ box) on which
the calculation ofVeff is based [9]. The two leading term
in the Q̂ box are the well-known first-orderG-matrix dia-
gram and the second-order core polarization diagrams,
noted, respectively, byG andG3p1h [11]. Hjorth-Jensen
et al. [12] have investigated the third-order̂Q-box dia-
grams for thesd shell. They concluded that, after folding
the net effect onVeff was a change of about 10%–15%,
compared with the case when only the first- and seco
order ones were considered. Higher and higher-order c
polarization diagrams rapidly become prohibitively mo
difficult to deal with. Thus in practice one can only in
clude some low-order diagrams for the calculation of t
Q̂ box. Besides, when there are disagreements betw
theory and experiment, one is not sure if they are d
to theNN interaction or to the approximation adopted
solving the many-body problems (such as the neglect
of the higher-order core polarization diagrams).

The framework is different in halo nuclei and may b
more promising; a schematic comparison between nor
and halo nuclei is given in Fig. 1. Because the ha
nucleons are located quite far away from the core
relatively weak CPE is expected in halo nuclei. Thu
Veff should be both (i) governed predominantly by th
free NN interaction, and (ii) given in essence by the ba
G matrix, which presently can be calculated to a hi
degree of accuracy. Hence the halo nuclei, besides ha
© 1997 The American Physical Society
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FIG. 1. Comparison of core polarization in ordinary and ha
nuclei.

excitingly interesting and exotic properties, may furnish
well a much better testing ground for the fundamentalNN
interactions than ordinary nuclei. Motivated by the abo
scenario, we present in this Letter aG-matrix folded-
diagram [9,10] derivation of theVeff for halo nucleons
in 6He and11Li, starting from the Paris and BonnNN
potentials and with a special attention to the CPE in h
nuclei. The main steps in such a derivation are as follo

(1) Choice of the model spaceP.—An important cri-
terion for selecting the model spaceP is that its overlap,
with the physical states under consideration, should be
large as possible. For instance, the4He, i.e., the6He core,
should remain essentially as an ordinarya particle, with
little perturbation from the distant halo nucleons. For t
P space we shall use a closeds0s1y2d4 core (a particle)
with the valence (halo) nucleons confined in the0p shell.
Yet the halo nucleons have a much larger r.m.s. rad
than the core, and therefore an oscillator constanth̄v

considerably smaller than that given by the empirical fo
mula h̄v ­ 45A21y3 2 25A22y3 MeV (valid for ordinary
nuclei). It would not then be feasible to reproduce bo
radii, using shell model wave functions with a commo
h̄v. One may get past this difficulty by including sever
major shells in the one-frequency shell model (OFS
calculation. But this would be very tedious. A conv
nient and physically appealing solution to this proble
is to employ a two-frequency shell model (TFSM) fo
the description of halo nuclei, as suggested in Ref. [
Within the TFSM one uses oscillator wave functions wi
h̄vin and h̄vout for the core (inner) and the halo (oute
orbits, respectively. The notationsbin and bout also will
be used from now on, withb2 ; h̄ymv. In the present
work bin is fixed at1.45 fm, while ourbout value is cho-
sen under the constraint that it satisfactorily reprodu
the experimental r.m.s. radius of the halo nucleus un
consideration. To assure the orthonormality, we have
tually usedbin for all the , ­ 0 waves (0s1y2, 1s1y2, . . .)
andbout for waves with other, values.

(2) Evaluation of the model-spaceG matrix.—For
ordinary nuclei, theG matrix can be calculated rathe
accurately with the method developed in Refs. [13,1
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We extend below this method to the halo nucleons in t
context of the TFSM [6]. For a general model-spaceP,
we define the corresponding BruecknerG matrix by the
integral equation [14,15]

Gsvd ­ V 1 VQ2
1

v 2 Q2TQ2
Q2Gsvd ,

where v is an energy variable,Q2 is a two-body Pauli
exclusion operator, andT is the two-nucleon kinetic
energy. Note that ourG matrix has orthogonalized plane
wave intermediate states. The exact solution of thisG
matrix is G ­ GF 1 DG [13,14], whereGF is the free
G matrix, andDG is the Pauli correction term

DGsvd ­ 2GFsvd
1
e

P2
1

P2f 1
e 1

1
e GFsvd 1

e gP2

3 P2
1
e

GFsvd ,

with e ; v 2 T . The projection operatorP2, defined as
s1 2 Q2d, will be discussed later. The basic ingredien
for calculating the aboveG matrix is the matrix elements
of GF within the P2 space. This space contains a
the two-particle states that must be excluded from t
intermediate states inG-matrix calculations. For ordinary
nuclei, where the OFSM is used, the states excluded
the Pauli operator and those contained within the mod
space have a common length parameterb. For halo
nuclei, where we use the TFSM, the situation is mo
complicated, as the wave functions for the excluded sta
and those within the model space have in general differe
length parametersbin and bout. Hence to calculateDG,
we need the matrix elements ofGF in a bin 2 bout

mixed representation. This poses a technical difficu
because the transformations, from the c.m. coordina
to the laboratory coordinates for two-particle states wi
different oscillator lengths, are not as easy to perform
for one common oscillator length. We have adopted
expansion procedure to surmount this difficulty. Namel
we expand the oscillator wave functions withbin in terms
of those with bout, or vice versa. Whenbin and bout

are not too different from each other, this procedure
relatively effortless to carry out. Usually a high accurac
can be attained by including about eight terms in th
expansion. Still, the calculation of the two-frequencyG
matrix is significantly more complicated than the ordinar
one-frequency one. Another difficulty, in deriving the
G matrix for halo nuclei, is the treatment of its Pau
exclusion operator. As the halo nucleons are rather
from the core nucleons, the effect of Pauli blockin
is expected to be small. But, to get a reliable resu
for a small effect, a very accurate procedure has to
employed. We write the projection operatorQ2 as

Q2 ­
X

all ab

Qsabd jabl kabj ,

where Qsabd ­ 0, if b # n1, a # n3, or b # n2, a #

n2, or b # n3, a # n1, andQsabd ­ 1 otherwise. The
2709



VOLUME 78, NUMBER 14 P H Y S I C A L R E V I E W L E T T E R S 7 APRIL 1997

s
r

m
F

r-
l

i.

w

la

-

s
el
e

e
s

in

m

th

-

t

.

cle-
een

y
am
-
o

-
ior

ec-

is
m

ls,
boundary ofQsabd is specified by the orbital number
(n1, n2, n3). We denote the shell model orbits by nume
als, starting from the bottom of the oscillator well:1 for
orbit 0s1y2, 2 for 0p3y2, . . . , 7 for 0f7y2, and so on.n1 and
n2 stand for the highest orbits of the closed core (Fer
sea) and of the chosen model space, respectively.
example, we consider4He as a closed core and all six o
bits in the sp and sd shells are included in the mode
space. Thenn1 ­ 1 and n2 ­ 6. As for the G-matrix
intermediate states we consider only particle states (
states above the Fermi sea),n3 in principle should bè
[14]. Still, in practice this is not feasible, andn3 has to
be determined by an empirical procedure. Namely,
perform calculations with increasing values forn3 until
numerical results become stable. In Table I, we disp
some representative results of our two-frequencyG ma-
trix for the h0s0pj model space, withbin ­ 1.45 fm and
bout ­ 2.0 fm. The only approximation here is the fi
nite n3 truncation. A satisfactoryn3 convergence is at-
tained for n3 ­ 21, and this value is used here. It i
worth noting that, although the halo nucleons are wid
separated from the closed core, the Pauli correction t
DGs­ G 2 GFd is still quite significant.

(3) Calculation of the irreducible diagrams for th
vertex functionQ̂.—The effective interaction is given a
a Q̂-box folded-diagram series [9,10], of the form

Veff ­ Q̂ 2 Q̂0
Z

Q̂ 1 Q̂0
Z

Q̂
Z

Q̂

2 Q̂0
Z

Q̂
Z

Q̂
Z

Q̂ · · · ,

where the integral sign represents a generalized fold
operation. Q̂0 box andQ̂ box are both irreducible vertex
functions, and they are the same except that the for
begins with second-order diagrams in theNN interaction.
To get Veff one has to calculate the irreduciblêQ-box
diagrams and their energy derivatives, in terms of
model-space-dependentG matrix. In the present work,
we include in theQ̂-box valence-linked diagrams first

TABLE I. Dependence of the two-frequencyG ma-
trix on the choice of n3. Listed are the matrix elemen
ks0p3y2d2; TJjGsvdj s0p3y2d2; TJl (in MeV), calculated for the
Paris potential and three different values ofv (in MeV),
with TJ ­ 01 (upper panel) and withTJ ­ 10 (lower panel).
We have usedbin ­ 1.45 and bout ­ 2.0 fm for the length
parameters, andn1 ­ 1 andn2 ­ 6 for the exclusion operator
The first row in each group (F) denotes the freeG matrix.

n3 v ­ 25 v ­ 210 v ­ 220

F 26.896 24.530 23.155
6 22.218 22.115 21.885

15 22.217 22.114 21.882
21 22.217 22.114 21.882

F 24.422 23.933 23.480
6 22.768 22.748 22.701

15 22.761 22.744 22.698
21 22.761 22.744 22.698
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and second-order in theG matrix [11]. We point out that,
although theG matrix is manifestly energy (v) dependent
(see Table I),Veff is not because of the inclusion of the
folded diagrams [9].

Diagonal matrix elements ofG, G3p1h, andVeff, for the
statesjsp3y2d2; T ­ 1, J ­ 0l and jsp1y2d2; T ­ 1, J ­
0l, are shown in Fig. 2 as a function ofbout, for both the
Paris and Bonn A potentials. As we increasebout, we are
augmenting the average distance between the halo nu
ons and the core and so reducing the coupling betw
them. For sufficiently largebout, the total CPE must be
small and it should be sufficiently accurately given b
the second-order (lowest order) core polarization diagr
alone. In fact, asbout increases, the core polarization dia
gramsG3p1h approach rapidly and monotonically to zer
and become negligibly small atbout > 2.25 fm. In our
TFSM approach, we have assumed a fixed4He core, al-
ways described bybin ­ 1.45 fm. Therefore the energy
denominator for the diagramG3p1h is fixed by the corre-
sponding core and does not change withbout. This means
that the suppression ofG3p1h is entirely due to the weaken
ing of the core-valence particle interaction. The behav
of the bareG matrix andVeff shown in Fig. 2 are also of
interest. First, they are quite similar to each other. S
ond, while for thep3y2 case, they become weaker asbout

increases, in thep1y2 case they become stronger asbout in-
creases. Third, at largebout the results given by the Paris
and Bonn A potentials are practically identical. This
because their long-range parts do not differ much fro
each other.

FIG. 2. Diagonal matrix elements ofG3p1h (dotted lines),G
(dashed lines), andVeff (full lines) for the statesjsp3y2d2; T ­
1, J ­ 0l (upper panel) andjsp1y2d2; T ­ 1, J ­ 0l (lower
panel) as a function ofbout; calculations done with Paris and
Bonn A potentials are shown by open and solid symbo
respectively. TheG-matrix curves are forv ­ 25 MeV and
Pauli exclusion operator withsn1, n2, n3d ­ s1, 3, 21d.
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To assess to which extent the nuclear model formula
above is reliable it is necessary to compare our resu
with experiments.

6He nucleus.—The measured r.m.s. radius i
Rexps6Hed ­ 2.57 6 0.1 fm [16], while the experi-
mental valence or pairing interaction energy betwe
the halo nucleons is gathered from the odd-even m
difference [17]

Eexp
p s6Hed ­ 2fB s6Hed 1 B s4Hed 2 2B s5Hedg

­ 22.77 MeV .

The corresponding theoretical values are obtained by
agonalizingVeff in a hp3y2, p1y2j model space with the
sT ­ 1, J ­ 0d coupling. We found that both measure
quantities are well reproduced by the calculation forbout ­
2.25 fm. Our calculated results areRths6Hed ­ 2.51 fm,
andEth

p s6Hed ­ 22.97 MeV (for the Paris potential). As
the CPE is strongly suppressed for such about value,
this result almost entirely comes from the bareG matrix.
Moreover, the ground-state wave function is almost a pu
jsp3y2d2; T ­ 1, J ­ 0l state with very littlesp1y2d2 ad-
mixture. Thus ourEth

p is mainly given by the diagonal
G-matrix element as indicated in Fig. 2.

11Li nucleus.—Here Rexps11Li d ­ 3.1 6 0.1 fm [16],
and from the masses of11Li, 10Li, and 9Li [17] one
gets E

exp
p s11Li d ­ 21.14 MeV. As we have used the

hp3y2, p1y2j model space, our wave function has on
one component (neutron orbits closed). Then the diag
nal sp1y2d2sT ­ 1, J ­ 0d matrix element ofVeff is di-
rectly comparable to the pairing energy. Also in th
case the measured rms radius is well accounted for
the calculation withbout ­ 2.25 fm, but the theoreti-
cal pairing energy turns out to be somewhat too sma
For the Paris potential we getRths11Li d ­ 3.03 fm and
Eth

p s11Li d ­ 20.81 MeV. The difference betweenE
exp
p

and Eth
p could be pointing out that some physics is st

missing in our description of the valence11Li neutrons.
It is very likely that they should not be entirely confine
to thep shell, but a larger space, such ash0p1y20d1sj, is
probably needed.

We have also calculated the valence interaction ene
for 6Li using a similar folded-diagram procedure in th
hp3y2, p1y2j space. From the empirical masses of6Li,
5Li, 5He, and4He [17], we obtainEexp

y ­ 26.56 MeV.
(This number was incorrectly given as23.55 MeV MeV
in Ref. [6].) Our result isEth

y ­ 26.64 MeV for the
Paris potential, if we usebin ­ 1.45 fm fm and bout ­
1.75 fm. It is of interest to stress that6Li is not a halo
nucleus, according to our calculation, in the sense t
there is no need to employ a very largebout for its valence
nucleons.

In summary, we have derived the effective interactio
for the valence nucleons in halo nuclei, starting from rea
istic NN interactions. Our preliminary results are encou
aging. We have employed a two-frequency shell mod
ed
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approach, to give a good spatial description for both t
core nucleons and the halo nucleons. Withbin and bout
fixed, respectively, at 1.45 and 2.25 fm, we have o
tained good agreements with experiments for both t
pairing energies of the6He and11Li halo neutrons and
the r.m.s. radii of these nuclei. Also, for an outer leng
parameter compatible with the large empirical r.m.s. ra
of halo nuclei, a dramatic suppression of the core pol
ization effect is observed; therefore,the effective interac-
tion between the halo nucleons is predominantly given
the bareG matrix alone,in accord with our expectations
The Pauli blocking effect on theG matrix has been found
to be very important, and it can be calculated quite acc
rately as we have demonstrated. Thus it appears that
can derive the effective interaction for halo nuclei muc
more accurately than for ordinary nuclei. We enthusia
tically believe that the halo nuclei, which have alread
greatly enhanced our knowledge about nuclei, may in a
dition provide a more accurate testing ground for the fu
damentalNN interaction than the ordinary nuclei.
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