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The notion of the rotational frequency shift, an analog of the Doppler shift, is introduced. This n
frequency shift occurs for atomic systems that lack rotational invariance, but have stationary state
rotating frame. The rotational frequency shift is given by the scalar product of the angular velocity
the angular momentum of the emitted photon in full analogy with the standard Doppler shift whic
given by the scalar product of the linear velocity of the source and the linear momentum of the ph
The rotational frequency shift can be observed only in a Mössbauer-like regime when the angular
is negligible. [S0031-9007(97)02782-8]

PACS numbers: 32.70.Jz, 06.30.Ft, 32.90.+a, 41.60.–m
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The purpose of this Letter is to describe a new effe
the frequency shift of emitted (or absorbed) photons tha
due to the rotation of the radiating system. This rotatio
frequency shift (RFS) is a close analog of the standa
first-order Doppler shift (the latter might be called
translational frequency shift) but there are two importa
differences.

First, the dynamical laws are invariant under a unifo
translation, but they are not invariant under a uniform
tation. Therefore, the differences between the energy
els are not changed by a uniform translation but they
dynamically modified by a uniform rotation, owing to th
centrifugal and Coriolis forces. Hence, the frequency o
photon emitted (absorbed) by a system moving with c
stant velocity is modifiedonly by the Doppler shift, while
in the case of a rotating system the photon frequenc
modifiedboth by the changes in the energy levels and
the RFS. For rotationally invariant systems, these two
fects completely cancel each other as a result of the c
servation of angular momentum, and the observed pho
frequency is unchanged, as one would have anticipate

Second, under normal conditions the recoil correctio
are much more significant for the RFS than for the Dopp
shift. In order to observe the RFS one must work in
Mössbauer-like regime. The atomic system must be e
bedded in a larger structure that will provide the angu
momentum of the emitted photon.

The RFS should not be confused with the ordinary lin
Doppler shift observed for rotating objects (for examp
stars or galaxies) that is due to the instantaneous lin
motion of the emitter. This linear Doppler shift is maxim
in the plane of rotation while the RFS is maximal along t
angular velocity, that is in the direction perpendicular
the instantaneous velocity. Thus the RFS competes
the quadratic Doppler shift rather than with the line
Doppler shift.

Our discussion will be based on the nonrelativis
Schrödinger equation for the atomic system with a ti
0031-9007y97y78(13)y2539(4)$10.00
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dependent Hamiltonian. The photon emission will b
treated in the first order of perturbation theory. Ou
derivation of the RFS will be done in parallel with the
calculation of the standard Doppler shift in order to exhib
their similarities and differences.

As a generic model of a radiating system we shall co
sider an electron bound by a potentialV std and interacting
via minimal coupling with the quantized electromagneti
field. We assume that the time dependence of the pote
tial is of the formV std ­ V sssrstdddd. For a uniform trans-
lation and a uniform rotation,rstd is given by

Translation xstd ­ x, ystd ­ y, zstd ­ z 2 yt ,
(1)

Rotation xstd ­ x cossVtd 1 y sinsVtd ,

ystd ­ 2x sinsVtd 1 y cossVtd ,

zstd ­ z . (2)

Since the time dependence of the potential is prescribe
our analysis will be applicable only to those cases whe
the change in the uniform motion of the potential cause
by the photon emission (absorption) can be disregarde
This means that we neglect all recoil corrections.

The time dependence of the state vectorCstd is deter-
mined by the evolution equation (in atomic units)

i≠tCstd ­ HstdCstd

­

∑
1
2

p2 1 V std 1 HF 1 HI

∏
Cstd , (3)

whereHF ,

HF ­
1
2

Z
d3x sD2ye0 1 B2ym0d

­
X
l

Z
d3k vskday

lskdalskd

­
X
JMl

Z
dv va

y
JMlsvdaJMlsvd , (4)
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is the free field Hamiltonian andHI ,

HI ­ p ? Asrd 1
1
2

A2srd , (5)

is the interaction Hamiltonian.
In order to determine the spectrum of emitted photon

we construct the transition amplitudeAfi,

Afi ­ kCf jUst, t0d jCil . (6)

The evolution operatorUst, t0d satisfies the equation

i≠tUst, t0d ­ HstdUst, t0d , (7)

and the initial conditionUst0, t0d ­ 1. Next, we introduce
a unitary transformation expsiGtd to get rid of the time
dependence of the HamiltonianHstd, transforming it back
to time t ­ 0,

Hs0d ­ eiGtHstde2iGt . (8)

The operatorsG are the generators of uniform translation
and uniform rotations,

Translation G ­ yPz , (9)

Rotation G ­ VMz , (10)

wherePz andMz denote the operators of thez component
of the total linear momentum and angular momentum
(including the electromagnetic field),

Pz ­ pz 1
X
l

Z
d3k kza

y
lskdalskd , (11)

Mz ­ xpy 2 ypx 1
X
JMl

Z
dv Ma

y
JMlsvdaJMlsvd .

(12)

Note that the HamiltoniansHF and HI are invariant
under translations and rotations and, therefore, they a
not changed by the unitary transformations (8). On
may check that the solution of the evolution equation (7
satisfying the initial condition has the form

Ust, t0d ­ e2iGte2isH01HI d st2t0deiGt0 , (13)

where

H0 ­
1
2

p2 1 V s0d 1 HF 2 G . (14)

In the first order of perturbation theory, we obtain

Ust, t0d ø e2iGte2iH0st2t0deiGt0

2 ie2iGt
Z t

t0

dt e2iH0st2td

3 p ? AsrdeiH0st02tdeiGt0 . (15)

Upon inserting this expression into the formula (6) for th
transition amplitude, we get

Afi ø kFf je2iH0st2t0djFil

2 ikFf j
Z t

t0

dt e2iH0st2tdHI eiH0st02tdjFil , (16)

where
2540
s,

s

re
e
)

e

jFil ­ eiGt0 jCil, jFfl ­ eiGt jCfl . (17)

The transition amplitude (16) will lead to the Fermi Golden
Rule for the transition rate provided the auxiliary vectors
jFi,f l are chosen as eigenvectors ofH0. In order to study
spontaneous emission, we shall assume that the initi
state comprises the excited state of the electron and th
vacuum state of the field and the final state comprise
the ground state of the electron and a one photon stat
The corresponding eigenvectorsjFi,f l have a product form
and they satisfy the following eigenvalue equations:

H0jfesrdl j0l ­ Eejfesrdl j0l , (18)

H0jfgsrdl j1phl ­ sEg 1 v 2 Dd jfgsrdl j1phl , (19)

wherefesrd andfgsrd are the eigenfunctions of the elec-
tronic partHE of H0,

Translation HE ­
1
2

p2 1 V s0d 2 ypz , (20)

Rotation HE ­
1
2

p2 1 V s0d 2 Vsxpy 2 ypxd , (21)

corresponding to the eigenvaluesEe and Eg. The shift
D is an eigenvalue of the photonic part of the genera
tor G [cf. Eqs. (11) and (12)] and is equal toykz in the
case of translation or toVM in the case of rotation. The
vectors jFi,f l represent stationary states; the electronic
probability densitiesjfe,gsrdj2 are time independent. The
original vectorsjCi,fl, related to the eigenvectorsjFi,f l
by the transformation exps2iGtd represent nonstationary
states. Since the transformation exps2iGtd acting on the
electronic wave function replaces its argumentr by rstd,
the electronic wave functions depend on time not only
through a phase factor exps2iEtd but also throughrstd.
These states may be called quasistationary since the cor
sponding electronic probability densitiesjce,gsssrstddddj2 un-
dergo a uniform motion according to the formulas (1) and
(2).

The spectrum of the emitted photons can be determine
from the standard formula for the decay ratewif applied
to the amplitude (16)

wif ­ 2pjkFf jHI jFilj2dsEe 2 Eg 2 v 1 Dd . (22)

Hence the frequency of the emitted photon is shifted b
D. For a uniform translation,D represents the standard
Doppler shift and for a uniform rotation,D represents the
rotational frequency shift,

Translation sDopplerd v ­ Ee 2 Eg 1 ykz , (23)

Rotation sRFSd v ­ Ee 2 Eg 1 VM . (24)

In the case of a uniform translation the electronic energ
differenceEe 2 Eg is exactly the same as for a system at
rest because the electronic part of the HamiltonianH0 is
unitarily equivalent (up to a constant) to the correspondin
Hamiltonian at rest

eiyz

∑
1
2

p2 1 V s0d 2 ypz

∏
e2iyz

­
1
2

p2 1 V s0d 2
1
2

y2. (25)
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Therefore for a uniform translation the only change i
the spectrum of the emitted photons is the Doppler shi
This is simply the result of the Galilean invariance o
nonrelativistic quantum mechanics. The situation is qui
different for a uniform rotation. The spectrum of the
photons emitted by a rotating source is not only shifte
by D ­ VM but it is also, in general, modified due to
changes of the energy differencesEe 2 Eg.

This modification is especially simple for rotationally
invariant potentials whenMz commutes with the Hamil-
tonian H0. In this case the wave functionsfesrd and
fgsrd can be chosen as eigenfunctions of thez component
of the electronic angular momentum belonging to certa
eigenvaluesme and mg. Then the change in the energy
difference caused by the rotation is equal toVsme 2 mgd.
This change cancelscompletelythe RFS owing to the con-
servation of angular momentum and no shift is observ
in the laboratory frame. Therefore, the RFS cannot b
seen in isolated atoms but it might occur, in principle, i
isolated molecules or in atoms placed in an environme
that destroys the rotational symmetry.

Even when the potential is not rotationally invarian
the consequences of the RFS are not always significa
In particular, when the rotating body is of macroscop
dimensions the RFS is much smaller, in general, than oth
effects. For example, in the experiment [1] designed
measure the transverse Doppler shift the emitter and
absorber were mounted on a rotating disk. Even though
angular velocity was large enough to observe the quadra
Doppler shift, the RFS calculated for the conditions of th
experiment could not have been seen (it is only about1024

of the quadratic Doppler shift). The RFS is so small i
this case because the ratio of the wavelength to the line
dimensions of the rotating system is exceedingly sma
The RFS might be seen for macroscopic rotating syste
when the emitted radiation is in the radio-wave rang
as is the case for transitions involving nuclear magne
moments. Taking the frequency of such a transition
the range of108 Hz and assuming an ultrafast centrifug
rotating at103 Hz, one obtains the RFS shift of the orde
of 1025 of the resonance frequency. Such shifts mig
be detectable. In order to observe the RFS in the optic
domain, the rotational frequency must be much higher a
that can be achieved only when the rotating systems are
atomic dimensions.

The simplest model of a rotating atomic system wit
broken rotational symmetry is an electron bound by a r
tating asymmetric harmonic potential in two dimensions

V std ­
1
2

fmx2std 1 ny2stdg , (26)

wherem andn are two arbitrary real parameters and th
dependence ofx andy on time is given by the formulas
(2). An especially interesting case is when one of the tw
oscillators is inverted (one of the parametersm or n is
negative). Such a model has been recently used to pre
the existence and to describe the main features of Tro
wave packets of Rydberg electrons in atoms [2] and
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rotating molecules with large electric dipole moments
[3]. Since all more elaborate numerical calculations [4
7] fully confirmed the validity of the estimates based on
the harmonic approximation, we shall use the model wit
the potential (26) to study the significance of the RFS i
realistic situations.

The Trojan states of Rydberg electrons in hydrogeni
atoms are described by nonspreading localized wave pac
ets circling on a large orbit around the nucleus. Their sta
bility is due to an interplay between the centrifugal force
and the Coriolis force acting in the rotating frame and
the electric field of a circularly polarized electromagnetic
wave propagating in the direction perpendicular to the o
bit. They were named by us the Trojan states because th
mathematical description is similar to the description of th
orbits of Trojan asteroids in the Sun-Jupiter system [2
The Trojan states of electrons offer a perfect example o
an atomic system that will exhibit the RFS since in the
laboratory frame the interaction with the electric field of
the wave is described (in the dipole approximation) by th
rotating potentialV std ­ E fx cossVtd 1 y sinsVtdg. The
description of the Trojan states in the harmonic approx
mation [2] leads to the Hamiltonian in which the parame
tersm andn are determined by the frequency of the wave
V and by the parameterq that measures the ratio between
the Coulomb force and the centrifugal force,m ­ 22qV2,
n ­ qV2. The frequenciesv6 in this case are

v6 ­ V

q
s2 2 q 6

p
9q2 2 8q dy2 . (27)

They are real for8y9 # q # 1.
We shall use now the harmonic oscillator model to

exhibit the main features of the RFS for realistic atomic
systems. The electronic partHE of the time independent
Hamiltonian for the potential (26) is in this case

HE ­
1
2 p2 1

1
2 smx2 1 ny2d 2 Vsxpy 2 ypxd . (28)

This Hamiltonian describes two harmonic oscillators with
the following characteristic frequencies

v6 ­
q

sm 1 n 1 2V2 6
p

sm 2 nd2 1 8sm 1 ndV2 dy2
(29)

that determine the spacing between the energy leve
These frequencies are real when the parametersm, n, and
V satisfy the conditions

m $ V2 and n $ V2, (30)

or

23V2 # m # V2, 23V2 # n # V2,

and sm 2 nd2 1 8sm 1 ndV2 $ 0 . (31)

In a degenerate case of an isotropic potential, whenm ­ n,
the frequenciesv6 are linear functions of the angular ve-
locity v6 ­

p
m 6 V. This is a special example of a

rotationally invariant potential, when the RFS is exactly
2541
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canceled by the dynamical modification of the electroni
energy difference. For anisotropic potentials the energ
differences are nonlinear functions ofV and a complete
cancellation between the RFS and the dynamical modi
cations of the energy differences is impossible.

The RFS that occurs in the emission of photons durin
transitions between the atomic Trojan states has drama
consequences. The frequencies (24) of the photons emit
during the transitions between the neighboring energ
levels of the oscillators, as seen by the observer in th
laboratory frame, are

v ­ v6 1 VM . (32)

The observed photon frequency is drastically shifted b
the RFS; the shiftexceedsthe original transition frequency
in the rotating frame. This huge effect is due to the
fact that the rotation is not just a small modification o
the dynamics, but the mere existence of the Trojan stat
depends on it. Since both frequenciesv6 are smaller
than V, the RFS has a very large effect in this case
The emission of photons withM ­ 21 is forbidden.
This means that the photons emitted spontaneously by t
Trojan electrons have the same projection of the angul
momentum on thez axis as the photons constituting the
strong wave that is driving the system. At this poin
we would like to stress that the RFS and the transfer
the angular momentum to the emitted photon must n
in any direct way be attributed to the photons that mak
the circularly polarized wave. The same frequency shi
is obtained for all rotating potentials, regardless of the
nature. For example, it would appear for nonspheric
rotating nuclei, provided one can treat the rotating nucle
potential as fully prescribed.

In order to illustrate these general results with spe
cific numbers, we shall consider a hydrogen atom drive
by the circularly polarized wave with the frequency o
200 GHz and the field amplitude of1930 Vym, the same
as in Ref. [2]. In this case, the separations between t
neighboring oscillator levels in the rotating frame are
1.92 3 1011 Hz and0.66 3 1011 Hz. The frequencies of
the circularly polarized radiation observed in the labora
tory frame will be shifted by2 3 1011 Hz and they will
be equal to3.92 3 1011 Hz and2.66 3 1011 Hz, respec-
tively. Both frequencies are quite different from the fre
quency of the driving wave.

Our derivation of the RFS depends crucially on the va
lidity of the no-recoil approximation. This assumption is
satisfied very well for the Doppler shift but the effect of re
coil in the rotational motion is much more significant than
in the translational motion. Usually, one may disregard th
perturbation of the translational motion by the emission o
the photon because the relative change in the velocity is
the order of1024. In contrast, the relative change of the
angular velocity of a molecule caused by an emission
a photon, as argued below, is several orders of magnitu
2542
c
y

fi-

g
tic
ted
y
e

y

f
es

.

he
ar

t
of
ot
e
ft
ir
al
ar

-
n

f

he

-

-

-

-

e
f
of

of
de

larger. The principle of energy equipartition gives the r
lation between the angular velocity and the linear veloc
V . yyR, whereR is the effective radius of the molecule
Therefore the relative changes of the angular velocity a
the linear velocity are related by a large factor, the ratio
the wave length to the molecular radius,

dVyV . s1ykRd sdyyyd , (33)

wherek is the photon wave vector. This means that f
an isolated molecule the angular recoil should be tak
into account. The whole molecule, not just the electr
undergoing the radiative transition, must be consider
as a radiating system. For the molecule, treated a
closed system, the RFS is unobservable because the
angular momentum is conserved and we end up in
category of rotationally invariant systems. However, f
strongly driven atoms or molecules, as in the case
atomic Trojan states, a Mössbauer-like regime is reach
since the external field sustains the uniform rotation
motion. Under such conditions, the angular recoil can
disregarded since the angular momentum of the emit
photon is provided by the macroscopic field.

The standard explanation of the Doppler shift is bas
on the kinematics of a special theory of relativity [8,9
The RFS may also be explained in a similar vein but o
must apply general theory of relativity because the rot
ing coordinate frame is not inertial. One may use in th
case the known transformation properties of the Maxw
equations under general coordinate transformations to
late the frequency of the photon emitted in the rotatin
frame to the frequency observed in the laboratory fram
However, the RFS is always accompanied by the mo
fications of the emitter dynamics due to rotation and t
net frequency shift can be observedonly for quantum me-
chanical systemswhen the electronic Hamiltonian doe
not commute with the generator of rotations.
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