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Inhibition of Coherence in Trapped Bose-Einstein Condensates
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We analyze the dependence of the collapse and revival of many-atom coherence of a trapped Bose-
Einstein condensate on the trap potential, dimensionality of the gas, and atom number fluctuations. We
show that in a class of experimentally relevant systems the collapse time vanishes in the limit of a large
number of atoms, implying that the trapped Bose gas cannot sustain a well-defined quantum phase.
[S0031-9007(97)02828-7]
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The recent experimental realization of Bose-Einste
condensates (BEC) of trapped cold rubidium [1], lithium
[2], and sodium [3] atoms have stimulated research on t
fundamental properties ofconfined coherent matter. The
manifestation of many interesting physical phenomena
this context, such as superfluidity and the Josephson
fect, is closely related to the existence of the phase
the condensate [4]. In addition, the assumption of a we
defined condensate phase is implicit in theoretical analy
carried out using the mean-field theory [5,6]. Several a
thors have already analyzed the quantum phase dynam
in trapped BEC atoms and reached the common conc
sion that due to the nonlinearities arising from the atom
atom interactions and the discreteness of the spectrum
the many-body system, there will be collapses and r
vivals in the many-body coherence [7–10]. In Ref. [10
we have related the phenomenon of collapse (termed
quantum phase diffusion) to quantum fluctuations of th
atom numberN using the Bogoliubov-Hartree (BH) ap-
proach. In a Bose gas trapped in a harmonic potent
in 3D, both the collapse and the revival times increa
with N , implying that the mean-field approximation re
mains valid for long time scales. However, contrary t
the case of homogeneous systems in the thermodynam
limit [11], the collapse timetc in the 3D harmonic trap
grows asN1y10 instead ofN1y2, i.e., much slower.

In this Letter, we analyze the dependence of the collap
and revival times on the specific trap potentialVtsrd ­
arh , the dimensionalityD of the Bose gas, and the ini-
tial dispersionssNd of the atom numberN, which is
determined by the way the system is prepared initiall
In the continuous spectrum approximation [12], such
trap supports condensation forh , 2 in 1D, and arbitrary
0 , h , ` in D $ 2. We find that if h . D and the
dispersion is normal [i.e.,ssNd ~ N1y2], the collapse time
goes to zero in the limitN ! `. This fact sets fundamen-
tal limits on the existence ofcoherentcondensates. Any
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well-defined condensatephase that may be artificially cre-
ated using a quantum measurement process [8,13,14] w
collapsein an arbitrarily short time scale and will never
revive. Even in the absence of coupling to the environ
ment, the system will inhibit coherence. This result ha
important consequences for experiments with the trapp
BEC gases [1,3], especially for the studies of the Josep
son effect [9,11] between two condensates.

Two trapped condensates that are brought to contact
tablish a relative phase after a preparation time [8,11,14
If the contact is interrupted, the phase memory lasts
time of the order oftc. In the case oftc ! 0, the phase
memory will be lost practically immediately, and the con
densates will not exhibit any signatures of the Josephs
effect. In the opposite case, the coherence will last afi-
nite timetc during which the signatures of the Josephso
effect (or beatnote between the condensates [8]) are o
servable. We show that the combination of intraconde
sate interactions and Josephson coupling between the t
condensatesA andB establish, in general,sub-Poissonian
fluctuations ssNd ~ N1y22b of the number of A, or
equivalentlyB atoms, withb . 0 determined by the trap
potential and the coupling parameters. The initial phas
fluctuations are enhanced in such a situation, whiletc is
prolonged. Increasing the strength of the Josephson co
pling decreasesb, but above some critical scaling law
between the coupling andN, this effect saturates, and
ssNd ­

p
Ny2. The Josephson coupling thus cannot es

tablish broader fluctuations ofN than the normal ones,
i.e., of the order ofOsNd.

The essential physics of the phase collapse and reviv
is captured by a toy model for the “zero-mode” dynamics
The model is described by the Us1d-gauge symmetric
Hamiltonian,

H ­
ũ
2

ĝyĝyĝĝ 2 mĝyĝ , (1)
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where ĝ, ĝy are, respectively, annihilation and creatio
operators for atoms occupying the condensate (ze
mode,fĝ, ĝyg ­ 1, andm is a “chemical potential,” which
fixes either the exact value of the atom numberN , or its
meankN̂l ­ kĝyĝl. The coupling constant̃u is assumed
to scale asũ ­ u0yV , where V is the volume of the
condensate mode. Such scaling mimics the real beha
of the full second quantized Hamiltonian describing
Bose gas in the trap.

Obviously, Fock statesjnl are eigenstates ofH
[Eq. (1)] with energiesEn ­

ũ
2 nsn 2 1d 2 mn. The

exact ground state is thus the Fock state

jNlF ­
sĝydN

sN!d1y2
jvacl , (2)

for which N ­ s2m 1 ũdyũ. The latter expression ca
be regarded either as determiningN for a given m, or
determiningm in order to fix N. The ground state is
symmetric with respect to the phase change, i.e., its ph
is not definite.

It is worth observing that a coherent state,ĝjzl ­
zjzl, minimizes the mean energykzjH jzl for jzj ­p

sN 2 1y2d .
p

N . This state provides a very goo
variational approximation of the true ground state ener
and has a definite phase.

The coherent state, however, is not an eigenstate ofH .
It undergoes dynamics determined by the Hamiltonian (
In particular, the mean value of the atomic field opera
ĝ evolves as [7]

kzjĝstd jzl ­
p

N
X̀
n­0

Nne2N

n!
expfisEn 2 En11dtg

­
p

N eimt expfNse2iũt 2 1dg . (3)

For short times

kzjĝstd jzl .
p

N eimt2iũNt exps2Nũ2t2y2d , (4)

so that the collapse time of the coherent state istc ­
1y

p
N ũ. On a longer time scale, in contrast, the functi

(3) is periodic, and revives at every period. The tim
between the two subsequent revivals (mod2p) is thus
tr ­ 1yũ ­

p
N tc.

The phenomenon of collapse and revival is gene
for nonlinear quantum dynamics [15]. Note that in th
standard thermodynamic limittc ~

p
Nyu0 sinceV ~ N .

The fact that the ratiotr ytc ­
p

N is a consequence
of the Poissonian fluctuations of the atom number
the coherent state. Had we used another initial sP`

n­0 anjnl, with an ’s well peaked aroundn ­ N, the
result (3) would read

kzjĝstd jzl ­
X
n

p
n ap

nan11eisEn2En11dt . (5)

Approximating an ~ expf2sn 2 Nd2y4s2sNdg, we ob-
tain the sametr as before, withtc ­ tryssNd.
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The calculation is only a little more complex for the
real condensate in the Bogoliubov-Hartree approximatio
[10]. At zero temperatureT ­ 0 we linearize the second
quantized HamiltonianH for a system of N atoms
in a trap by settingĈs$rd ­

p
N c0s$rd 1 dĈs$rd, where

Ĉs$rd is the atomic field annihilation operator,c0s$rd
is the c-number condensate wave function normalize
as

R
d $rjc0s $rdj2 ­ 1, whereasdĈs$rd is the quantum

fluctuation part;c0s$rd is the lowest energy (m) solution
of the nonlinear Schrödinger equation (NLSE)

fL 1 u0rs$rdgc0s$rd ­ 0 , (6)

with L ; 2
h̄2

2M =2 1 Vts$rd 2 m, andrs$rd ­ Nc
2
0 s$rd.

The Hamiltonian becomes a bilinear form ofdĈs$rd and
dĈys$rd, and can be transformed to a canonical form

H ­ NũP̂2 1
X
kfi0

h̄vkg
y
k gk , (7)

where gk , g
y
k are, respectively, the annihilation and

creation operators of the elementary excitations, where
the “momentum” operator is

P̂ ­
Z

d $rc0s$rd fdĈs$rd 1 dĈys $rdg . (8)

The “position” operator canonically conjugated toP̂,

Q̂ ­ i
Z

d $r F0s$rd fdĈs$rd 2 dĈs$rdg , (9)

has to fulfill fQ̂, P̂g ­ i, fQ, gkg ­ 0 (for k fi 0) by
definition, andfQ̂, H g ­ 2iNũP̂ because of (7). These
commutation relations give

fL 1 3u0rs$rdgF0s$rd ­ 2Nũc0s$rd , (10)

which has a unique solution since the operatorL 1

3u0rs$rd is positive definite [10]. We can now express
Ĉs$rd in terms of P̂, Q̂, gk , and g

y
k ; as we have shown

elsewhere [10],kĈs$rdl collapses within the timetc, due
to quantum phase spreading.

In the limit of largeN we use the Thomas-Fermi ap-
proximation [16,17], i.e., neglect the kinetic energy term
in NLSE. For aD-dimensional isotropic trap with the
potentialVtsrd ­ arh we obtainc0s$rd ­ hfm 2 Vtsrdgy
u0Nj1y2, F0s$rd ­

1
f2yDrD

0 c0s$rdg , for r # r0 and zero other-
wise; m ­ Vtsr0d, whereasũ ­ u0ys2yDrD

0 d with r0 ­
fsh 1 DdNu0yyDhag1ysh1Dd and with yD denoting the
volume of aD-dimensional sphere with unit radius. As
expectedNũ is proportional to the condensate peak den
sity, andtc ­ 1yssNdũ.

Consider a Gedanken experiment where the relativ
phaseu ­ u0 between the condensate of interest (system
and a reference condensate is established. As is know
this can be achieved by allowing for Josephson-typ
coupling between the two condensates. Because of su
a process, the system enters a state characterized by s
dispersion of the number of particles,ssNd ~ N1y22b ,
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and some distribution of the relative phase peaked arou
u0. Alternatively, this can be achieved by performing
beatnote measurement [8,14], or by carrying out nonloc
light scattering between the condensates that unde
particle exchange [18,19]; we shall not discuss, howev
these alternative methods in this Letter. Assuming th
the contact between the condensates is interrupted,
that both condensates are trapped in the potentials of
same form, the relative phase will collapse and revi
after times:

tc ~ N
D2h

2sD1hd
1b

, tr ~ N
D

sD1hd . (11)

If the phase measurement is performed again before ti
tc, the same value ofu0 will be recovered. If the
measurement is performed aftertc, but beforetr , it will
lead to the establishment of a fixed, but randomly pick
value of u. Finally, if the measurement is performed
within the time intervalfntr 2 tc, ntr 1 tcg, with n ­
0, 1, . . . , the sameu0 will be measured.

The principal result of our Letter is the scaling law o
tc andtr with N as given by Eq. (11): If the initial atom
number fluctuations are normal (b ­ 0), the standard
mean-field result where bothtc ! ` and tr ! ` holds
only whenD . h. If the opposite is true (i.e.,D , h),
then increasing the number of atoms in the trap resu
in shorter collapse and longer revival times asN ! `.
Any coherence prepared in the system will collapse in
arbitrarily short time and will never revive.

In an actual experiment, however, the exponentb is
established by the interplay of Josephson coupling a
condensate interactions. We illustrate this point using
toy model for the two symmetric condensates [9]. F
the moment, we leave a more technical discussion of
general asymmetric case in the framework of quantu
field theory aside. We consider two condensatesA andB
interacting via Josephson coupling that allow for cohere
exchange of particles,

H ­
ũ
2

sâyâyââ 1 b̂yb̂yb̂b̂d 2 msâyâ 1 byb̂d

2 lsâyb̂ 1 b̂yâd , (12)

where â, ây, b̂, b̂y are the annihilation and creation
operators of theA and B atoms, respectively. The
coupling constantl is assumed to be positive. Such
coupling at T ­ 0 selects the relative phase. In orde
to estimate the collapse time of the relative phasetc

after the interruption of the coupling, we have to evalua
dispersion of theA-atom numbersAsNd in the ground
state of Eq. (12). This can be done either using the B
approach, or directly, from the Hamiltonian. In the latte
case, we represent the exact ground state for a fixed t
number of atoms2N in a form jGl ­

P
n­0 cnjnlAj2N 2

nlB, wheren is the number ofA atoms. The amplitudes
cn, which can be chosen to be real, are strongly peaked
n . N . By shifting n ­ N 1 k, making an ansatz
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a
al

rgo
er,
at
and
the

ve

me

ed

f

lts

an

nd
a

or
the
m

nt

a
r

te

H
r

otal

at

jcnj2 ~ exp

µ
2

sn 2 Nd2

2s
2
AsNd

∂
­ exp

µ
2

k2

2s
2
AsNd

∂
, (13)

and expanding the Schrödinger equation for smallk’s, we
obtain

s2
AsNd ­ N

q
lyf4sNũ 1 ldg . (14)

The collapse time can be now associated with the sh
time decay of the correlation

kGjb̂ystdâstd jGl ­
X
n­0

q
sn 1 1d s2N 2 nd

3 cncn11 expfisEn 2 En11dtg ,

(15)

evaluated after the switch-off of the contact, i.e., in the a
sence of the Josephson interaction. In such a caseEn ­
sũy2d fnsn 2 1d 1 s2N 2 nd s2N 2 n 2 1dg 2 2mN.
Making use of Eq. (13), and replacing the discrete su
overn by an integral, we get

kGjb̂ystdâstd jGl ~ N expf22ũ2s2
AsNdt2g (16)

so that tc ­ 1yf2ũsAsNdg. From Eq. (14) we obtain
b ­ hyf4sh 1 Ddg in the limit N ! ` and l ­ const.
Since b is positive, the atom number fluctuations ar
sub-Poissonian, whereas the initial phase distributio
is broader than in the case of Poissonian fluctuation
Physically it means that whenl does not vary withN,
Josephson coupling becomes relatively weak compared
the internal nonlinear interactions (Nũ), and the precision
of fixing of the relative phase decreases.

In fact, if l ~ Nz , with zcrit ­ hysh 1 Dd, we get
b ­ hyf4sh 1 Ddg 2 z y4 . 0, and the corresponding
dependence of the collapse time on the atom number

tc ~ N
D2hy2

2sh1Dd
2zy4

. (17)

For z ­ 0, the collapse time is the longest. The critica
value ofh is then2D, i.e., inhibition of coherence occurs
for h . 2D.

For the values ofz greater than the critical valuezcrit,
the scaling behavior changes completely, since as clea
seen from Eq. (14)b is strictly equal to zero in this case,
independent of the value ofz . We deal here with the
critical behavior with respect to the exponentz . Below
the critical valuezcrit, the Josephson interactions may b
termed asweak,and their effect on establishing the phas
varies continuously withz . Above the critical value, the
Josephson interactions becomestrong, and their effect
on establishing the phase saturates. The atom num
fluctuations remain sub-Poissonian, but become norm
with s

2
AsNd ­ Ny2, whereas the phase is establishe

with the corresponding maximal possible precision. Th
collapse time is given in this limit as in Eq. (11) by
tc ~ ND2hy2sh1Dd, and the critical value ofh is D.

The predicted scaling laws of collapse and revival time
could in principle be measured in lower dimensional tra
2513
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TABLE I. Exponents of the atom numberN dependence of various quantities for a conden-
sate in theD-dimensional trap withVtsrd ­ arh and with normal atom number fluctuations.

r0 m ũ tr tc

N ’s exponent
1

h 1 D
2

D
h 1 D

h

h 1 D
D

h 1 D
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2sh 1 Dd
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).
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A

structures. In the discussion presented above, we have
sumed for simplicity that the measurements of the relati
phase between the two condensates is an abrupt str
measurement and that in between the measurements
two condensates are uncoupled. Another possible sche
would involve a weak Josephson-type coupling that wou
make a continuous phase measurement [18]. The e
tence of collapse and revivals in the presence of Jose
son coupling has been shown numerically in Ref. [9]; w
have not, however, examined the dependence of ato
number scaling laws under a continuous coupling schem
Finally, we point out that it is in principle possible to us
weak measurementsof the expectation value of the rela
tive phase without having actual transfer of atoms [20].

In summary, we have analyzed the dependence of
collapse and revival times of many-atom coherence in
trapped BEC on the trap potential, dimensionality of th
system, and atom number dispersion. We have shown t
in a class of experimentally relevant systems, the collap
time tends to zero, as the number of atoms increases. T
sets fundamental limits on the existence of a cohere
BEC. Inhibition of coherence can be observed in a
experiment in which (i) the relative phase between th
two condensates is established via Josephson interacti
(ii) the contact is then interrupted, and (iii) the relativ
phase is measured after some delay time. We ha
discussed in detail what kind of initial states can b
prepared in phase (i) of the experiment, and analyzed
critical behavior controlled by the scaling exponent o
the Josephson coupling withN . As this exponent grows,
the atom number dispersion increases gradually, until
critical value of the exponent is reached, above which t
atom number dispersion becomes strictly constant, a

TABLE II. Exponents of the atom numberN dependence of
the collapse time and the atom number dispersionssNd ~
N1y22b for a condensate coupled via a Josephson-type coupl
lsNd ~ Nz to another equivalent one;zcrit ­ h

h1D .

z , zcrit z $ zcrit

b
h

4sh 1 Dd
2

z

4
0

N ’s exponent fortc
D 2 hy2
2sh 1 Dd

2
z

4
D 2 h
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equal to
p

Ny2. A summary of our results is presente
in Tables I and II.
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