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Frequency Entrainment in Optically Injected Semiconductor Lasers
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We theoretically predict and experimentally demonstrate the phenomenon of frequency entrainment
in optically injected semiconductor lasers. The laser exhibits nonlinear subharmonic and ultraharmonic
resonances for appropriate values of its frequency detuning from the externally injected signal.
[S0031-9007(97)02786-5]
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The nonlinear response of semiconductor laser diodegalues of the frequency detuning in the neighborhood of
subject to an external perturbation has long been the sulan integral multiple or submultiple, respectively, of the
ject of intense investigation. They exhibit a wide variety free-running relaxation oscillation frequency.
of rich and complex dynamics which are interesting both The single mode rate equations describing the operation
from the physics and applications point of view. Compo-of an optically injected semiconductor laser may be
nent devices based on the induced laser diode nonlineanvritten in dimensionless form [5,6] as follows:

ties are expected to_play a key role in the Qesign of future E=(— ib)NE + ne 10, 1)
all-optical communication networks which transcend . ,
the speed and bandwidth limitations of conventional TN =P — N — (1 +2N)|El, 2)

electronic systems. All-optical synchronization is indis-\here £ is the normalized complex electric field of the
pensable in constructing such a transparent optic&jave laserV is the normalized excess carrier density
network [1]. A timing extraction scheme is required ahove thresholdp (=5) is the linewidth enhancement
which recovers the timing information from an incoming factor,  is proportional to the amplitude of the externally
optical data stream without the intermediate electroniGnjected field, ) = w,, — w, is the angular frequency
stages. This approach involves the use of a laser diodgetuning between the master and slave lagers, /7,
that becomes synchronized to an injected optical signgl~1(%) is the ratio of the carrier lifetimes,, to the
containing the timing information. _ hoton lifetime,r,, P ~ J/J,;, — 1is the pumping above

In contrast to other lasers used in laboratories, gas [Zhreshold, and the timeis normalized tor,.
and solid-state [3] lasers, systematic experiments on the The rate equations show excellent agreement with ex-
possible responses of an injected semiconductor laser sygmsive experimental measurements, in various regimes
tem are rather difficult. This results from the fact that in-of frequency detuning and injection strength [7]. Un-
tensity fluctuations in semiconductor lasers occur at veryortunately, their direct numerical integration is a labo-
fast ime scales, typically several gigahertz. As a conyioys task. Semiconductor laser parameter values vary
sequence, direct time-domain measurements are restrictggnsiderably; therefore, a very systematic numerical in-
to short time series which are not appropriate for systeMyestigation has to be performed for each particular case.
atic quantitative analysis. Most of our understanding Ofcontinuation methods may even fail to reveal coexisting
the induced instabilities is obtained from Fourier spec-tractors with different basins of attraction [8].
tra [4]. In order to interpret them correctly, separate nu- The objective of our investigation is to develop an
merical studies of the laser model are needed which mayiternative tool to anticipate the laser response without
identify specific bifurcations into periodic, and even moreresorting to direct numerical simulations and, at the same
complicated, regimes. Still, a combined experimental angime, reduce the high dimensionality of the parameter
theoretical analysis of the response for large domains afpace in the rate equations. By taking into account the
the laser parameters is lacking. _ large values of the parametefs and b, which occur

In this Letter, we report the first experimental demon-patyrally in semiconductor lasers, the rate equations (1)
stration of frequency entrainment in a semiconductor lasegng (2) are reduced to the following equation for the phase
subject to monochromatic optical injection. In addition, ¢ of the injected-laser electric field [9]
we analyze the experimental spectra by using approxi-
mate solutions of the laser equations without relying on O + {0 + O = Acog® + A, (3)
numerical bifurcation studies. The slave laser becomewhere A = Q/w, is the normalized frequency detuning,
synchronized to the optically injected signal and exhibitsA = nb/w, is proportional to the amplitude of the
nonlinear subharmonic or ultraharmonic resonances fanjected field, andd = w,.[(1 + 2P)/2P] is the damping
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rate of the laser relaxation oscillations. The quantityequation, therefore, provides a unique description of the
w, = /2P /T is the normalized free-running laser relaxa-laser response for each particular experimental condition
tion oscillation frequency, and the new time variable is(different A). In the above expressionS; = A + §;.
= w,s. In Eq. (4), Q! = C(1—c2)andW1—4c2(1—
The phase equation, Eq. (3), is a major simplificationC2) (1 — 4C2). In Eq. (5),Q5 = 8/3 andW, > = 9[(A —
over the rate equations (1) and (2). It retains thel/2)>/A? + (£/4A)*]. InEq. (6),Q. = —Jo(W,)/6 and
differential order of the original system and the variousW, is given by the implicit equatlon(A - 2)/A =
parameters are grouped now into only three coefficients:|(1 — 4W . 2)Jo(W)|{1 — [EW./2AT5 (W) P}/2,
A, A, and£. It admits simple solutions which allow usto  The expressions for the phase of the electric field can be
discuss the bifurcation possibilities and the experimentallyised to compute analytically the frequency respdnge)
relevant features of the optical spectrum. It also correctsf the injected laser. For weak injectidf(w) is propor-
the first order phase equation, Adler equation [10], that igional to | /=, e "“’¢/®dt|> which can be expanded in
frequently used in the literature on lasers subject to opticaierms of Bessel functions. The computed frequency re-
injection [11]. The phase equation has been investigategponse may be contrasted to the experimentally captured
in the phase-locked regime for weak injection and zerapectra, in order to verify the validity of the theoretical
frequency detuning [9]. That analysis captured severgbredictions. Nevertheless, the formulation of Egs. (4)—(6)
aspects of the numerical bifurcation diagram, namely, thallows for a straightforward comparison of the relative
fixed amplitude of the period-one solution and the periodimagnitudes of the various frequency components in each
doubling bifurcation. In our current analysis we performregime of the laser response.
a systematic investigation of the experimentally relevant The §;r term in each equation represents the injection-
domain of nonzero frequency detunitly # 0). induced shift §; of the unperturbed-laser operating
In the weak injection regime the nonlinear phasefrequency which is of0(A2?). The term(AQ;)sinC;t
equation is analyzed using the method of multiple scaledescribes the laser response at the location of injection
[12] in order to obtain an approximate solution to the(regenerativesignal) which is directly contributed by the
laser actual response. The strength of the injecfiois  externally injected field. The magnitude of the response
a small guantity and serves as the expansion parametarf the regenerative signal is proportional to the injection
The analysis focuses on tipdase driftregion where the strength A and inversely proportional to the value of
slave laser is not phase locked to the injected signal. Ahe frequency detuningx [14]. At the FWM response
distinct expression for the leading approximation to theof the laser, Eq. (4), the higher harmonic of the regen-
phase of the electric field is obtained for different valueserative signal is a much weaker frequency component.
of the frequency detuning. The results are summarized ds$ is described by(A2W,) sin2C,t which is an O(A?)

follows: term. At the ultraharmonic resonant response, Eq. (5)
) 5 ) (A = 1/2), the higher harmonic of the regenerative signal
O = §,t + (AQ,)sinCyt + (A"W,)Sin2C,t (4)  increases considerably because of the resonance effect.
= 8pt + (AQ,)SINCpt + (AW,)SIN2C,t + b)) It becomes a contribution af(A) denoted by the term

5) (AWy)sin2Cpt + ¢p). Compared to the ultraharmonic
resonance, the subharmonic resonance, Eq.A6%(2),
) is predicted to be a much stronger phenomenon. The sub-
harmonic component is represented by the zeroth order
(6) term W, S|n(2C t + ¢.). The existence and significant
difference in relative strengths of these nonlinear resonant
The above equations illustrate the phase evolution imesponses have been verified experimentally.
the three different regimes of the phase drift region. To this end, we used two temperature and current stabi-
Equation (4) describes thHeur-wave mixing(FWM) re-  lized AlGaAs index-guided semiconductor lasers [Hitachi
sponse of the laser for arbitrary values of the frequencyLP-1400] operating at 830 nm. The free-running relaxa-
detuningA away from an integral multiple or submultiple tion oscillation frequency isf, = w,/27 = 4.5 GHz,
of the free-running relaxation oscillation frequenay..  corresponding to a pumping level of approximately 50%
When the frequency detuning is in the neighborhood ofibove threshold. Our setup is similar to the one described
w,/n or nw, (n being an integer) we observe thenlin-  in [15]. The optical spectrum of the injected laser was
ear resonantresponse of the system. In this regime themeasured with a Newport SR-240C scanning Fabry-Perot
relaxation oscillations of the laser source are undampespectrometer, which has a free spectral range of 2 THz
and entrained by the integral multipte\ (ultraharmonic  and a finesse of greater than 50 000 giving an optical fre-
resonance) or the submultipleé/n (subharmonicreso- quency resolution of about 40 MHz.
nance) of the frequency detuning. Equations (5) and (6) Figure 1 depicts experimentally measured optical
represent the ultraharmonid (= 1/2) and subharmonic spectra of the injected laser. It demonstrates the phe-
(A = 2) resonant responses, respectively [13]. The phaseomenon of ultraharmonic resonance as we keep the

= 6.t + (AQ.)sin(C.t + B) + W. sin(czct
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FIG. 1. Experimental optical spectra of the slave laser demonstrating the ultraharmonic resonance. The solid arrow indicates the
location of injection (regenerative signal). The zero on the frequency axis coincides with the peak of the slightly shifted (due to the
injection) slave laser operating frequency. (a) FWM responise=(0.45). (b) Ultraharmonic resonanca (= 0.52). It is denoted

by the dashed arrow. (c) The slave laser is back to the FWM respdnse(.68).

injection level constant and vary the detuning between thendication of the onset of the period-doubling bifurcation.
slave laser operating frequency and the injected signakigure 2(c) (A = 1.9) shows the subharmonic resonant
Figure 1(a)(A = 0.45) illustrates the FWM response of response of the system which is described by Eg. (6).
the slave laser which is analytically described by Eq. (4)The strong subharmonic frequency component (denoted
The solid arrow denotes the frequency response at thiey the dashed arrow) is represented by the zeroth order
location of injection (regenerative signal), represented byerm W, sin(%Ccz + ¢.). The laser response has been
(AQ.)sinC,t. The weak sideband to the left indicates altered dramatically. For even larger frequency detuning,
its higher harmonic corresponding to th@(A?) term  as shown in Fig. 2(dYA = 2.1) the laser is ready to
(A*W,)sin2C,t. The coupling between the amplitude undergo a bifurcation out of the subharmonic region and
and phase fluctuations of the electric field, which isregain its FWM character.

described by the linewidth enhancement factor, leads to
the asymmetry of the sidebands on either side of the
laser center line. Figure 1(HA = 0.52) illustrates the
ultraharmonic resonant response of the slave laser whic
is analytically formulated in Eqg. (5). The frequency o r
detuning is now in the neighborhood af,/2. The )
relaxation oscillation acts as a resonance and gives risg
to a sharp frequency component at this location (denote-2 2| l 2t {

by the dashed arrow). This component is represented b= .

the term(AW,) sin2C,t + ¢5) which is now of O(A). "5 o 05 00 05 1o 15 20 -0 0o 1o 20
In Figure 1(c)(A = 0.68) we have increased further the

frequency detuning and the laser response has regaint
its FWM character.

Similarly, Fig. 2 illustrates the subharmonic resonant
response of the injected laser. The strength of the 4 ; 4r
injection is kept constant, at the same level as in Fig. 1 '
and we vary the frequency detuningy. In Fig. 2(a) 2 it
(A = 1.55) the laser exhibits the characteristic FWM
response with most of the power concentrated at the
center line. The FWM response is again illustrated by
Eqg. (4). Because of the large value of the frequencyr|c. 2. Experimental optical spectra of the slave laser demon-
detuning the laser response at the location of injectiostrating the subharmonic resonance. The solid arrow indicates
is weak. This verifies the prediction of the theoreticalthe location of injection (regenerative signal). (a) FWM re-

; ; ; ; ; ssponse of the slave lasek (= 1.55). (b) Onset of the period-
‘gn?IySIS rt(;gardtlng t?he Ir;vtﬁrsely propo?lonall relalltlonjhtlrfioubling bifurcation 4 = 1.74). (c) Subharmonic resonance
etween the strength of the regeneralive signal an = 1.9). It is denoted by the dashed arrow. (d) The slave

value of A [14] [compare with Fig. 1(a)]. In Fig. 2(b) [aser is ready to undergo a bifurcation out of the subharmonic
the detuning has increaséfl = 1.74) and there is a clear region and regain its FWM respons& & 2.1).
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Numerical integration of the laser rate equations (1)that the information necessary to describe the system
and (2) produces results which are in agreement witllynamics is embedded in the phase of the electric field.
the theoretical predictions of the phase equation andhe success of the theoretical analysis in capturing the
the experimental observations. Figure 3 shows a typicatssential dynamical behavior of the system leads to
bifurcation diagram of the extrema of the electric field corresponding analytical investigations of more complex
amplitude. We keep the strength of injection and theoptical systems (laser-diode feedback instabilities [6],
values of the laser parameters constant as we vary thevanescently coupled semiconductor lasers [16]) which
frequency detuning between the master and slave lasersan be described by analogous phase equations.
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