VOLUME 78, NUMBER 12 PHYSICAL REVIEW LETTERS 24 MRcH 1997

The Spectral Form Factor Is Not Self-Averaging
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The form factor, k(z), is the spectral statistic which best displays nonuniversal quasiclassical
deviations from random matrix theory. Recent estimationsk@) for a single spectrum found
interesting new effects of this type. It was supposed kfigtis self-averagingand thus did not require
an ensemble average. We here argue that this supposition sometimes fails and that for many important
systems an ensemble average is essential to see detailed propekties oin other systems, notably
the nontrivial zeros of Riemann zeta function, it will be possible to see the nonuniversal properties by
an analysis of a single spectrum. [S0031-9007(97)02762-2]

PACS numbers: 03.65.Sq, 05.40.+j, 05.45.+b

Recent seminal work by Agam, Altshuler, and Andreevcorrelation functions are the result of averaging “observ-
(AAA) [1] connects the energy level statistics okmgle ables” at two “points” of a system or of an ensemble.
system, say a particular Sinai billiard, with the statistics ofOften, as for laser speckle pattern, they directly repre-
an ensembleof systems, namely, with the predictions of sent real experiments. In the case of speckle pattern, it
random matrix theorfRMT) [2]. This long conjectured is widely known that the form factor isot self-averaging.
connection was never before expressed analytically. Thighus laser light scattered from a rough surface shasvg
work has generated great interest and has led to alternatil@rge fluctuationsfluctuations as large as the average sig-
results by Bogomolny and Keating (BK) [3]. In short, it nal, which areparticular to that surface. These fluctu-
was proposed that the form factbfr) of the spectrum of ations disappear under an ensemble average.

a given system can be calculated quasiclassically to good Most correlation functionsire self-averaging. For in-
approximation directly in terms of the classical periodicstance, the electrical conductance is self-averaging unless
orbits of the system, and the results show only smalthe electronic states are localized. Breakdown of self-
deviations from the RMT prediction. averaging is especially interesting therefore. There is little

For scaling systems like billiards, it was found that notdiscussion of self-averaging for the spectral form factor in
only doesthe spectral form factor approach the universal the literature, and the conclusions reached are contradic-
RMT resultin an appropriate high energy limit, but tory. One work [4] is devoted to proving (incorrectly, as
predictions are made as tow this limit is approached. we shall argue) thatll two point spectral correlation func-
The results of AAA and BK differ in detail from one tions including the spectral form factare self-averaging.
another, but their gross features, in particular, their scalingo be precise, it states that the correlation functions cal-
at high energy, are the same. (AAA-BK did not point outculated from the energy levels obtained from a typical ex-
how the nonuniversal difference between their predictioremplar of a large random matrix is identical to the RMT
and RMT scales, but it follows from their results.) ensemble average. Other work [5—7] states clearly, but

It would obviously be of interest to take the spectrumwithout much discussion, the correct result tha is not
of some system, obtained either numerically or experiself-averaging. The later papers do not cite the earlier one.
mentally, and use it to calculate(r), so that compari- The numerical evidence is strong. We reproduce in
son of the two approximate theories with the numericallyFig. 1 the form factor obtained by Eckhardt and Main
“exact” structure factor can be made. The AAA-BK re- [8] from some thousand levels of a hydrogen atom in

sults supply a definite target for such an analysis. a magnetic field. The large fluctuations about the RMT
The main resultof this paper is thatin most cases result attest to the lack of self-averaging.
such a comparison igmpossible in principle,at least AAA-BK ignore the self-averaging issue. Remarkably,

using presently known methods of data analysis. This iglthough they emphasize that they calculate for a single
based on the important fact thiite spectral form factor system, their results daot show large fluctuations but
is not self-averaging. This fact was known, although it rather are characteristic ehsemble average@sults. In
evidently deserves more emphasis. What is new here fact, it was shown [9] how to modify RMT in order to
that we provide the first analysis of a secondary averagmcorporate into the matrix ensemble quasiclassical orbital
which shows that it is usually impossible to extract asinformation about a given system. This methddes
much from data on a single system as had previously beamake an ensemble average. The ensemble is perhaps
taken for granted. that of all Hamiltonians with the same classical limit.
Correlation functions and their Fourier transforms—The results [9] are less complete than those of AAA-BK,
form factors—are ubiquitous in physics. “Two point” but agree qualitatively with them. We shall later try to
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The form factor is usually loosely defined as the Fourier
transform of the two level correlation functiafx),

Clx) = <§5<E + xAA/Z - E>

" 6<E - xAA/2 - Eb>>€0’w' o

The spectrum is given by the sequence of levgls The
average ofE is over an energy rang® about a central
energyeg. AAA-BK make no further average. The form
. factor isk(t) = [dxe*>™™ C(x). To be interesting, the
00 10 20 30 40 50 60 results must depend only weakly on the averaging window
t W, and, indeed, they should not depend much on exactly
FIG. 1. Spectral form factok(s) (inset) for the eigenvalues how the average is made. This is supposed to be the
3997, ...,4996 of hydrogen in a magnetic field at scaled energycase if (a) there are a large number of energy levels in
€ = —0.1. Main figure: Time smoothed form factdr,(r), the average, i.ew = W/A > 1 and (b)W is classically

7 ~ 0.6, for eigenvalues 1-1000 (dotted), 1001—-2000 (dashs ;
dotted), 2001-3000 (long dashed), 3001-4000 (short dashe mall, denotedV <« €. ThenA and the properties of

and 3997-4996 (continuous). See Ref. [8] for further detailsPeriodic orbits vary little in the windovey = ;W. o
This system is GOE. The GOE form factor is given by the Theorists like to clean things up by taking a limit:
thick line, the GUE by the thin straight lines. The shadede,/W — o, W/A — . This requires an infinite number

circle indicates schematically where nonuniversal deviationgf levels, and also knowledge of how things scale as
from GUE are predicted. - X .
€yp — . Billiards are prominent scaling systems. For
numerical calculations one must study the deviations from
the limiting behavior.
explain why AAA-BK fail to find the large fluctuations  To be precise we adopt the definition of Refs. [5—
inherent in a form factor calculated for a single system. 7]. Let the average be Gaussian, i.€f(E))e,w =
It is known to be essential to use an energy averag® ' [ dE f(E)exgd—m(E — €)?/W?]. The x integral
(see below). There is an additional average available foin the Fourier transfornrmust also be cut offind again a
a single system [5,8], namely, tame average in which Gaussian is chosen: €xpr(xA/2W,)]* with W, = W.
k(1) is averaged over a range of timer 17. Such an However, AAA tacitly choose an unspecified small
average is also illustrated in Fig. 1. We shall argue thafr at any rate make approximations requirifg, <
for some systems this average, used with care, sufficéd. BK, after making approximations using, = W,
to achieve agreement with the results of AAA-BK, while extend thex integral to infinity. This is clearly untenable
other systems require an ensemble average. although it was probably not meant to be taken seriously.
Of all the two level spectral correlation functions The choiceW, < W has virtue. However, the same
(which are interrelated by linear transformations), theeffect can be achieved by making a time convolution on
form factor is of special interest because, according t&(?), i.e., smearing eachby an amountr, and we choose
Berry [10], the dimensionless timethe argument of(r),  this route. Itis also more general, since thecan depend
is essentially the relevant classical orbit period in unitson the central time, if desired.

of the Heisenberg timer; = 2x/i/A, where A is the With our definition,k(¢) can be rewritzten
mean level spacing. In particular, for smaliit has long i
been established and exploited [11] that the form factor is k(1) = Z Foe?m /8 )

strongly peaked at the periods of the short periodic orbits,
and the weights of these peaks are determined by thehere F2 = (A/W)exd—7(E, — €)?/W?]. Thus the
stability properties of the orbits. Other correlators smeagabsolute square of a single sum appears, greatly simplify-
over the time and are not so directly interpreted. Theréng the double sum. More general “window” functions,
are other reasons [5] for preferrirdz). F,, appropriately normalized, do just as well. (Figure 1
Another nice feature ok(z) is that there are definite uses a “Hanning” window.) For large one expects just
nonuniversal effecttn a particular range of ¢, namely, the diagonal terms in the double sum to survive, so that in
neart = 1. This is thenew resultof the above theories some sensé — 1 in this limit. At very smallz, it is ex-
[1,3,9]. These deviations from RMisappearin the pected on general grounds thdt) = 5(r). But for small
high energy limit, and the range over which the deviationg, the sum can be replaced by an integral, and a Gaussian
occur shrinks to zero,as some powery, of inverse of width A/W replaces thé function.
energy. Exactlywhich power determines whether the Equation (2) makes it clear that for the spectrum of a
effects can be observed in numerical calculations. chaotic systemk(r), for larget, is approximately given
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by a random walkin the complex plane of abouv  the energy smeared(x) — the RMT prediction. But
steps. For the kind of systems envisaged, there will baince the largeW limit is taken first, for fixed finitex,
significant random walk character even for 1. Insofar it is the same as doing a time average with /A — .

as the phases of the individual terms in the sum Eg. (2) We need a sharper result. Based on Refs. [1,3,9],
are indeed independent random variables, one may showe predict for billiards lacking time reversal invari-
that the distribution of values of = k(z) is p(y) = e™.  ance [Gaussian unitary ensemble (GUE)] th@ir)) —
This result is independent of the form B, and of W, as k()| ~ ¢, /*, for |r — 1| ~ €5 />. A modified en-

long as there are many terms in the sums of Eq. (2), i.esemble average [9] ok is indicated andkg is the

as long asw > 1. The mean value (over an ensembleRMT form factor. Here units are chosen so that
of such random variables) is(r) = 1, and the variance A = mass = fi = 1.

equals the mean. These results have been numericallywe consider the rescaled “signal functior(s) =

confirmed for th(_e data of Fig. 1 [12]. - Jeolk:(1 + s/ J€y) — kg(1 + s/,/€r)] which should
For 1 <1, think of the E,’s as ordered. Then it approach a theoretically predictable limit, of order unity,
will take some numberg(t), of steps, say, before the ase, — « providedwe can choose a time smearing:)

knowledge of the original phase is lost. Thus there argvhich leads to a.(r) sufficiently close to the modified
w/g(t) effective random walk steps. The effective stepensemble predictiotk(z)).

length is still of order unity, because the phase changes put w « ¢;, and 7 = ¢, . Clearly 8 = 1, so that
systematically by an amount™"at each step. This gives W « ¢, for large €. If the time smearing is not to
a formula for the distributionp[k ()] = g(t)e “®. A |ose the signal, themr = 5. The noise ink,(r) then

natural guess fog(7) gives scales a&é“_ﬁ)/z. Multiplying by 63/2 to calculate the
plk(t)] = b —k(0)/ ke (1) (3) hoise ink gives a noise proportional tcf)“_ﬁﬂ)/z where

ke(t) ¢ %(a -B+1)= % Thus, we predict that the noise in

wherekg(r) is the ensemble average form factor. Usingthe signal functiorgrowsat high energy, and therefore the
the quasiclassical approximation, Ref. [6] obtains a resultheoretical signal, of order unity, will be swamped.
implying Eq. (3) for smallz. Equation (3) was in effect We do not believe that there can be more sophisticated
used in doing the time average, in Fig. 1. schemes to extract the signal from the noise. Any such

Thus, for any largeW, k(z) suffers large fluctuations, Scheme must necessarily involve very high energy data,
unlessr is very small. Increasingv does not change if ensemble averages are forbidden. Because the noise
the distribution, but rather makas) vary more rapidly ~grows at high energy in the rescaléds), it hurts rather
with 7. If 7 is changed by an amount of ordayw, then  than helps to use very high energy data. We conclude
k(r) changes appreciably. For example, one estimates tHBat it is impossible in principle to check the theoretical

random walk average predictionsabsent an actual ensemble average.
d ‘ 2 4o Fortunately, there are systems which have much larger
< — > FetmiEme/A > = —5 D (E, — €)’F?  “quasiclassical’ corrections to the random matrix results,
dt 4 Az 4 than do strongly chaotic billiards. Most notable is the
~ 2arw?. spectrum of nontrivial zeros of the Riemann zeta function.

From this it follows that smearing the timeby an Although the hypothetical GUE “Hamiltonian’ whose
amountr is like averaging over a numbes independent SPECtrum coincides with the zeros is not known, or even
choices from the distributiop[k(r)]. Thus the “noise” proved to exist, the “quasiclassical parameters are known
in the smeared functiork, (1) is reduced by a factor [13]. In the language used above, widy having the

JT/wr. (This holds only forr < 1.) Of course, (1) mathematical meaning of height in the complex plane

: : . along the critical line, the mean level spacing shrinks
g?ggrgfs appreciably only whers varied by an amount of according toA — 27/ In(eg/27), which we denotes ~

In the limit 7w — o the noise disappears, akg(7) in €, . This turns out to give the scaling of the nonuniversal

that limit becomes self-averaging. For some purposes thigffects. We expect, based on the techniques of Ref. [9],

is adequate. For example, consider the “proof’ [4] thathat correctl(())ns_tdc(t_) of magnitudee,  over a width
“all” spectral correlation functions of particular members!? . 1| ~ & will exist. There should be enough data
of an ensemble of random matrices are self-averaging (Gtvailable [13] to verify this prediction. o
“ergodic”). Of course,C(x), Eq. (1), is manifestiynot GUE billiards with strong, nomsolaped orblt§ will also
self-averaging, since it consists of lots 6f functions, have effects near =1 observable in principle, but
while the ensemble average is smooth. But Pande{l€y are probably too difficult in practice. The weight
argued that “observable” quantities involve an integra®f @ Nonisolated orb|E1|/r21 the Gutzwiller formula goes
overx. Presumably he meant to take the limits of such®s €~ rather thane, "~ as for unstable orbits. We
an integral as fixed and independentegf Then in the €xpect corrections near= 1 of magnitudee, * over
limit €9 — oo followed by W — «, Pandey indeed finds a time window 661/4 thus allowing 7 = 6(;1/4. This
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leads to noise of magnitude !/ in the rescaledi(s).  proliferation of orbits in chaotic systems.) Invoking
Thus, with many energy levels in the neighborhood ofthe sum rule [10,14] yields a smooth, non-noisy result.
the 10® level, such an effect might be seen in a directThis is in accord with previous work [7] where it was
calculation ofk.(z) from the spectrum of, say, a stadium stated that the neglected off-diagonal contributions are
billiard containing Bohm-Aharonov flux lines to break responsible for the lack of self-averaging.
time reversal symmetry. In general, a signal of width and Thus, the results announced by AAA-BK cannot be
strengthe, " can in principle be extracted from the data obtained from single systems unless the exponen
on a single system only iff = % % This probably precludes direct confrontation of their
The discontinuity of slope at = 1 in the RMT k()  results with experiments on single systems, although
for the GUE case plays an essential role in enhancing theumerical experiments on the Riemann zeta can be
nonuniversal effects near= 1. Gaussian orthogonal en- studied. However, their important argument that the
semble (GOE) systems (with time reversal symmetry) unstatistics of a single system approaches that of RMT is
fortunately have very small effects at= 1 and should be not affected by the results of this paper. And their results
even harder to observe. However, Gaussian symplectiemain of interest whenever an ensemble of wave systems
ensemble (GSE) systems, (sympletic symmetry) are fawith the same classical parameters can be found.
vorable because the RMT result is singular at 1 and Valuable discussions with O. Agam, B. Altshuler,
thus can suffer large corrections from the nonuniversal efT. Antonsen, Jr., E. Bogomolny, O. Bohigas, S. Fishman,
fects. These two cases have not been worked out in ary. Georgeot, J. Keating, E. Ott, D. Poilblanc, and C. Sire
detail up to now, however. are gratefully acknowledged. We thank E. Bogomolny
A similar discussion can be given far(x) directly. and B. Eckhardt for calling the work of M. Lombardi to
The nonuniversal contributions t6(x) are spread over our attention, who then provided us with further details.
a wide x scale, however, in contrast to the case of theWe thank B. Eckhardt and J. Main for permission to use
form factor, makingC(x) less convenient thak(z). On their figure. We thank J. Bellissard for hospitality at the
the other hand, certain often used linear transformiggf  Université Paul Sabatier. The work was supported in part
are self-averaging, in agreement with Pandey [4]. Amongby NSF Grant No. DMR 9625549.
them areX?(L) and As(L), the number variance and the
Dyson-Mehta spectral rigidity. The former is given by
32(L) = [dtk(t)[sinwLt/7t]>. ForL ~ 1 or smaller,
there is an effective time average over a scale of order
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