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Hopf Term and the Effective Lagrangian for the Skyrmions
in a Two-Dimensional Electron Gas at Smallg Factor
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We study interacting electrons in two dimensions moving in the lowest Landau level under
condition that the Zeeman energy is much smaller than the Coulomb energy and the filling facto
one. In this case, Skyrmion quasiparticles play an important role. Here, we present a simple
transparent derivation of the corresponding effective Lagrangian. In its kinetic part, we find a nonz
Hopf term, the prefactor of which we determine rigorously. In the Hamiltonian part, we calculate,
means of a gradient expansion, the Skyrmion-Skyrmion interaction completely up to fourth orde
spatial derivatives. [S0031-9007(97)02620-3]
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Two-dimensional electron gases, as manufactured
GaAs heterostructures, show a rich variety of features
the strength of a magnetic field or the particle dens
is varied. Most prominent among these are the qua
tum Hall effects (QHEs) at integer and fractional fillin
factorsn (n  NeyNF, whereNe and NF are the num-
ber of electrons and the orbital degeneracy of the Land
level, respectively). The existence of a well-define
single-particle spectrum of discrete, spin-split Landau le
els allows one to explain the integer QHE. Until recent
it was accepted that when in such a system the ch
acteristic Coulomb energy is less than the cyclotron e
ergy, the ordinary low-lying excitations are electron-ho
pairs of opposite spins (spin excitons [1,2]). These ha
a nonzero kinetic energy with a strongk dispersion due
to the electron-electron interaction. In a completely fille
Landau level, the energy gap for creating a widely sep
rated quasielectron-quasihole pair, a large spin exci
(i.e., one withk ! `), is apart from the Zeeman split-
ting governed by the exchange energy associated wit

hole, and is equal tojgjmBB 1

q
p

2
e2

klH
. Here,g is the ef-

fective single particle Landé factor andlH  sch̄yeBd1y2

is the magnetic length. This is in qualitative agreeme
with experiments on the temperature-dependent longitu
nal resistance in the thermally activated regime [3,4].

Recent theoretical investigations [5,6] near filling fac
tor n  1, however, revealed that the interplay betwee
Zeeman and Coulomb interaction results in a more co
plex type of excitations with unusual spin order whic
can be described as Skyrmions. It was shown [
that the energy gap required to create a widely separa
Skyrmion–anti-Skyrmion pair, is only half of the gap re
quired to create a large spin exciton. Skyrmions appea
originally in condensed matter physics in the context
the Heisenberg ferromagnet as solutions of theOs3d non-
linear sigma model in two dimensions for nonzero va
ues of the topological charge [7]. Provided now that th
Zeeman energy is less than the Coulomb energy, the e
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tron gas is equivalent to an isotropic itinerant ferromagn
The latter can then be described by a three-compon
order parameter in a 2D coordinate space, i.e., just by
Os3d nonlinear sigma model [7–9] in which one find
topologically nontrivial spin textures, the Skyrmions
Evidence for a realization of these unusual excitations
a 2D electron gas under a strong magnetic field has
cently been uncovered in a number of experimental pap
[10–13] which use quite different techniques.

Recently, there has also been a lot of theoretical wo
dealing with the case of filling factorn near and at 1,
i.e., with two spin-split Landau sublevels; this case is
interest here. In the problem of a double-layer syste
intimately related to our case, several derivations of a L
grangian for the Skyrmions have been discussed in [1
For finite jn 2 1j, a periodic arrangement, a crystal o
Skyrmions was studied [15]. Starting from a Lagrangi
description, Ref. [16] discussed finite temperature pro
erties within a scaling theory. The many body pertu
bation theory approach was employed in [17] to stu
the thermodynamics. A different line was followed b
one of the present authors [18]. It builds on the obs
vation that the Hartree-Fock (HF) approximation is val
for a smallg factor, when the Skyrmions contain man
reversed spins. Then, the HF state is parametrized b
unit vector $ns$rd related to the spin density. The energy
invariant against a uniform rotation of$n. Expanding the
HF energy in spatial derivatives leads to aOs3d nonlin-
ear sigma model with a topological term (describing t
map S2 ! S2). Here, the latter has areal prefactor, in
remarkable contrast to other cases of physical realizati
of this model, e.g., the Heisenberg chain where animag-
inary prefactor describes the difference between integ
and half-integer spin, cf. [9,19].

There are two very important problems connected w
the physics of Skyrmions. The first regards the interact
between the Skyrmions. In order to describe this prope
the gradient expansion of the energy functional [18] va
© 1997 The American Physical Society
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in the case of a very small Zeeman energy should be co
tinued at least up to the fourth order in derivatives. Th
second problem lies in the dynamics of the Skyrmion
and their spin and statistics. These are determined
the Lagrangian by the terms containing time derivative
Now the main theoretical question is how toderive the
corresponding macroscopic Lagrangian from the micr
scopic Hamiltonian of interacting electrons in two spin
split Landau sublevels. The particular challenge here li
in the quantum nature of the Skyrmion excitations. The
spin, e.g., is obtained from the action corresponding to
adiabatic rotation of a Skyrmion through an angle o
2p , as is explained nicely in [20]. The action for this
adiabatic rotation, now, is determined by the “Hopf term
[9,20] which is topological in nature and therefore, obv
ously, cannot be found by a simple generalization of th
classical model, but rather needs to be derived from t
microscopic Hamiltonian of the electrons. To draw thi
connection constitutes the objective of the present wo
So far, it was unclear whether the prefactor of a Hopf ter
in the action is nonzero and how it could be found from
microscopic calculations. In a different, but related con
text, the case of the quantum Heisenberg antiferromag
in two spatial dimensions, it has been shown that the e
fective action doesnot contain a Hopf term [21,22]. In
this Letter, we set out to give for our case, i.e., for inte
acting electrons completely filling just one of two spin
split Landau sublevels, a complete derivation of all par
of the effective action up to and including the fourth orde
in derivatives. This is not a trivial task, since we are ex
pecting terms which are total derivatives as the Hopf ter
[23] and thus can be easily overlooked. Our treatme
reveals the full SU(2) symmetry of the problem which i
displayed by the kinetic part of the action. The Hamilton
ian part, on the other hand, shows SU(2)yU(1) symmetry.
With our result, the statistics and the interaction of th
Skyrmions are then rigorously determined. As far as w
are aware, this is the first case in condensed matter the
in which one can calculate a nonzero Hopf term from th
microscopic model and thus determine the statistics of t
quasiparticles.

We study interacting electrons in the lowest Landa
level. Using the Landau gauge, the destruction opera
of a spin up (down) electron with linear momentump is
denoted bŷap sb̂pd. Then, the Hamiltonian̂H reads

Ĥ 
1
2

X
$q,p1,p2

Ṽ sqdeiqx sp 0
22p1d

3 fây
p1

ây
p2

âp0
2
âp0

1
1 sâ ! b̂d 1 2ây

p1
b̂y

p2
b̂p0

2
âp0

1
g .
(1)

Here, as in [18],Ṽ sqd  e2q2y2V sqd, whereV sqd is the
electron-electron interaction, andp0

1  p1 2 qy , p0
2 

p2 1 qy . All lengths are measured here in units of th
magnetic lengthlH . The scope of this paper is confined
to the case of one completely filled Landau subleve
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filling factor n  1. We write the HF state asjCHFl 
PpÂy

pj0l (denoted byjcl in [18]) where the creation
operatorsÂy

p of the single particle HF states are given by

Âp 
X
p1

sUp,p1 âp1 1 Vp,p1 b̂p1 d , (2)

with

Û  eiĉy2 cos
û

2
eif̂y2, V̂  eiĉy2 sin

û

2
e2if̂y2. (3)

The matricesÛ andV̂ represent a transformation ofâp

and b̂p which respects the anticommutation rules. The
are parametrized by three Euler anglescs$rd, us$rd, and
fs$rd as follows. The elementscp,p0 of the matrix ĉ

are to be calculated with the Landau states fromcs$rd as
cp,p0  fcs$rdgp,p0 , and correspondingly for̂u andf̂. In
all the calculations below, we shall use the techniques d
veloped in [18]. For each matrix̂M, define a correspond-
ing function

M̃s $qd 
X
p

eiqxs p1qyy2dMp1qy ,p . (4)

Then, e.g.,

ũs $qd  e2
1
4 q2

Z d2r
2p

us$rde2i $q?$r =:
Z d2r

2p
us$rde2i $q?$r .

(5)
us $rd differs from us$rd in that it is averaged over the area
of one flux quantum. Since we are interested in a gradie
expansion in which functions vary slowly on the sca
of the magnetic length, the renormalizedu is the natural
variable in which we expect to express our results. In t
following, we repeatedly need functions of matrices as
(3). With the definition (4) and using the composition rul
Eq. (20) in [18] we get up to fourth order in gradients
e.g.,Z d2q

2p
ei $q?$r

" g
cos

û

2

#
s $qd  f1 1 O s=4dg cos

us$rd
2

, (6)

and similarly for the other functions in (3).
We now proceed with our derivation of the effectiv

Lagrangian. The HF approximation ofĤ reads [18]

kĤl 
X

$q

Ω
1
2 fṼ sqd 2 pEsqdgÑs $qdÑs2 $qd

2 2pEsqd
X

jx,y,z

S̃js $qdS̃js2 $qd
æ

. (7)

Here, Esqd ;
R d2p

s2pd2 Ṽ spdei $p? $q, and the matrix cor-
responding to the HF expectation value of the charg
densityÑs $qd is given by

N̂  ÛyÛ 1 V̂yV̂ , (8)

while the matrices corresponding to the HF expectati
values of the vector components of the spin-densityS̃js $qd
are

Ŝx 1 iŜy  V̂yÛ, Ŝz 
1
2

fÛyÛ 2 V̂yV̂ g . (9)
2189
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N̂ and Ŝj and thus (7) do not involve the anglec which,
therefore, was not taken into account in [18]. Here,
will be necessary to keep the transformation as general
in (3) as will become clear in the sequel.

After having defined the Hamiltonian and the HF state
proceeding now to evaluating the effective action, w
consider time dependent HF statesjCHFl parametrized by
cs$r, td, us$r , td, andfs$r, td. Then, our task is to expand
the effective Lagrangian (real time)

L  kCHF ji≠t jCHFl 2 kCHF jĤjCHFl (10)

with respect to gradients in the fieldsc, u, andf up to
and including fourth order.

Kinetic part.—In calculating

Lk  kCHF ji≠tjCHFl 
X
p

k0jÂpi≠tÂ
y
pj0l


X
p,p1

hUp,p1 i≠tU
y
p1,p 1 Vp,p1 i≠tV

y
p1,pj , (11)

there is a delicate point. After taking the derivatives
one should not use such properties of the trace
cyclic permutations, since the sums in question do n
converge absolutely. Disregarding this, one would mis
total derivatives and hence an important part of th
result. Consequently, we first get the functionŨs $q, td
corresponding toUp,p1 , etc., and then calculate

Lk 
Z d2q

2p
hŨs2 $q, tdi≠tŨ

ys $q, td 1 sU ! V dj . (12)

Using again the composition rule Eq. (20) in [18] we
find up to fourth order in gradientsLk  L

0
k 1 L

top
k

(a spurious imaginary term inLk turns out to be the time
derivative of the topological charge and hence vanish
[24]),

L
0

k 
1

4p

Z
d2rf≠tcs$r, td 1 cosus$r , td≠tfs$r , tdg

(13)
and

L
top

k 
21
16p

Z
d2r

Ω
≠sc, cosu, fd

≠st, x, yd

2 ≠t

∑
cosu

≠sf, cd
≠sx, yd

∏æ
. (14)

Here, the symbols≠s f1, . . .dy≠s x1, . . .d denote the Jaco-
bian determinant dets≠fiy≠xjd for three and two variables,
respectively. Only the partL 0

k of Lk contributes to the
equations of motion, sinceL

top
k is a total derivative in the

action. As expected, we find fromL 0
k the kinetics of a

system of spins12 . L
0

k can be expressed in several ways
here it is given in a form explicitly depending on our rep
resentation of the unit vector$n

$n ; ssinu cosf, sinu sinf, cosud , (15)
which describes the spin in terms of the renormalize
2190
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angles u and f, cf. [25]. The c degree of freedom
decouples in this part of the action. Since it als
does not enter the definition of the spin and char
density, cf. [18], one would have a model with symmet
SU(2)yU(1) for $n, if it were not for the second partL

top
k ,

which we derived here for the first time.
L

top
k contains, first, a nonzero Hopf term and als

an additional total derivative in time. The Hopf term i
the linking coefficient of a smooth mapS3 ! S2 [26].
Usually, it is expressed as [23]

HHopf 
Q

4p2

Z
d2rdtemnlszp≠mzd s≠nzp≠lzd . (16)

Taking for the spinorz

z 

µ
e

i

2
sc2fd cos

u

2
, e

i

2
sc1fd sin

u

2

∂
, (17)

then the unit vector$n  zp $sz (sj are the Pauli matrices),
and we identifyHHopf with the first term in brackets of
our result (14). Its prefactor is such that theQ angle
describing the statistics of the Skyrmions in Ref. [20]
equal top . Thus, in the language of [20], the Skyrmion
carry spin 1

2 . The microscopic derivation of this is
the first of the main results of the present paper. T
additional term in (14) finds a quite natural explanatio
It enters in such a way that this part of the density
the effective Lagrangian becomes atotal spatial gradient
(still including a time derivative) without any total time
derivative.

Hamiltonian part.—Next we proceed to calculate the
second part in the effective Lagrangian (10). Using t
methods described above,S̃js $qd and Ñs $qd  2pds$qd 1

dNs $qd are expanded in gradients of the fields and al
Esqd is expanded inq up to fourth order. (We omit
the time argument which is unnecessary in this part.)
lowest order, the spin density in real space is given by

S̃js$rd 
1

4p
njs$rd . (18)

From $n, the charge density is determined as

dNs$r d 
1

4p
$ns $rd ? ≠x $ns$rd 3 ≠y $ns$rd . (19)

The next order in the gradient expansion, i.e., seco
for S̃j and fourth forÑ , vanishes, and one is left with the
calculation of the fourth order for̃Sj. Collecting all terms
together, we findkCHF jĤjCHFl  LH 1 O s=6d [24]

LH 
Es0d
8p

Z
d2r

Ω
1
4

X
ax,y

s≠a $nd2 2 $n ? ≠x $n 3 ≠y $n

æ
2

3Es0d
29p

Z
d2rsD $nd2

1
1
2

X
$q

Ṽ sqdjdNs $qdj2. (20)
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Equation (20) is the second main result of the prese
paper. The terms of second order in derivatives in (2
represent aOs3d nonlinear sigma model with topologica
term with a real prefactor. For a discussion of these
second order terms in (20), cf. [18]. As regards the ne
order, one could have written down a number of term
of fourth order in derivatives of the components of$n
which all show the required symmetries. Surprisingl
however, apart from the Coulomb energy which ha
to come out, there is basically no correction to th
lower order calculation in which the Skyrmions are sti
noninteracting. One gets only the term proportional
D2 which comes from the direct expansion ofEsqd
(its numerical prefactor is here given for the Coulom
interaction and the lowest Landau level). This term
only a small correction in our expansion in the variatio
of the fields on the scale of the magnetic length. A simp
estimate shows that it contributes a term of the ord
of 2

e2

klH
slHyr0d4 (r0 is the size of the Skyrmion) to the

energy of a single Skyrmion and thus does not help
stabilize the Skyrmion for small values of theg factor. In
(20), a total derivative in spatial coordinates was omitte
which in all cases we checked was nonsingular and th
did not contribute to (20).

In summary, we have studied the Skyrmion quasipa
ticles in an interacting two-dimensional electron gas
a strong magnetic field for the case of one complete
filled Landau sublevel and at smallg factor. Our micro-
scopic derivation of the kinetic part of the Lagrangia
shows that the Skyrmion quasiparticles—formed by th
electronic states of this system—carry spin1

2 , i.e., are
fermions in the sense of [20]. While we are not awa
of any existing experiment which would measure this d
rectly, we suggest that evidence could possibly be fou
in the following indirect way. Suppose one could mea
sure not only the magnetization near filling factor one, b
also its spatial correlations, i.e., the susceptibility. The
the fermion property of the Skyrmions—each of which
regarded as carrying its own extended magnetization d
sity—should manifest itself in an “exchange hole” in thi
space-dependent susceptibility.
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with us prior to publication. One of us (Yu. A. B.) thanks
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for the Independent States of the Former Soviet Unio
(CRDF).

[1] Yu. A. Bychkov, S. V. Iordanskii, and G. M. Eliashberg,
Pis’ma Zh. Eksp. Teor. Fiz.33, 152 (1981) [JETP Lett.
33, 143 (1981)].

[2] C. Kallin and B. I. Halperin, Phys. Rev. B30, 5655 (1984).
[3] R. J. Nicholas, R. J. Haug, K. v.Klitzing, and G. Weimann

Phys. Rev. B37, 1294 (1988).
[4] A. Usher, R. J. Nicholas, J. J. Harris, and C. T. Foxon

Phys. Rev. B41, 1129 (1990).
[5] S. L. Sondhi, A. Karlhede, S. A. Kivelson, and E. H.

Rezayi, Phys. Rev. B47, 16 419 (1993).
[6] H. A. Fertig, L. Brey, R. Cote, and A. H. MacDonald,

Phys. Rev. B50, 11 018 (1994).
[7] A. A. Belavin and A. M. Polyakov, Pis’ma Zh. Eksp. Teor.

Fiz. 22, 503 (1975) [JETP Lett.22, 245 (1975)].
[8] R. Rajaraman,Solitons and Instantons(North-Holland,

Amsterdam, 1989).
[9] E. Fradkin,Field Theories of Condensed Matter Systems)

(Addison-Wesley, Reading, Massachusetts, 1990).
[10] S. E. Barret, G. Dabbagh, L. N. Pfeifer, K. W. West, and

R. Tycko, Phys. Rev. Lett.74, 5112 (1995).
[11] A. Schmeller, J. P. Eisenstein, L. N. Pfeiffer, and K. W

West, Phys. Rev. Lett.75, 4290 (1995).
[12] E. H. Aifer, B. B. Goldberg, and D. A. Broido, Phys. Rev.

Lett. 76, 680 (1996).
[13] D. K. Maudeet al., Phys. Rev. Lett.77, 4604 (1996).
[14] K. Moon, H. Mori, Kun Yang, S. M. Girvin, and A. H.

MacDonald, Phys. Rev. B51, 5138 (1995).
[15] L. Brey, H. A. Fertig, R. Cote, and A. H. MacDonald,

Phys. Rev. Lett.75, 2562 (1995).
[16] N. Read and S. Sachdev, Phys. Rev. Lett.75, 3509 (1995).
[17] M. Kasner and A. H. MacDonald, Phys. Rev. Lett.76,

3204 (1996).
[18] Yu. A. Bychkov, T. Maniv, and I. D. Vagner, Phys. Rev. B

53, 10 148 (1996).
[19] I. Affleck in Fields, Strings and Critical Phenomena,

Proceedings of the Les Houches Summer School, Sess
XLIX, edited by E. Brézin and J. Zinn-Justin (North-
Holland, Amsterdam, 1990), p. 563.

[20] F. Wilczek and A. Zee, Phys. Rev. Lett.51, 2250 (1983).
[21] X. G. Wen, and A. Zee, Phys. Rev. Lett.61, 1025 (1988).
[22] F. D. M. Haldane, Phys. Rev. Lett.61, 1029 (1988).
[23] Yong-shi Wu and A. Zee, Phys. Lett.147B, 325 (1984).
[24] A detailed account of this work will be published later.
[25] J. R. Klauder, Phys. Rev. D19, 2349 (1979).
[26] B. A. Dubrovin, S. R. Novikov, and A. T. Fomenko,

Contemporary Geometry(Springer-Verlag, New York,
1986), Vol. 2.
2191


