
VOLUME 78, NUMBER 11 P H Y S I C A L R E V I E W L E T T E R S 17 MARCH 1997

nology,
High Harmonic Generation Spectra of Neutral Helium by the Complex-Scaled (t,t0) Method:
Role of Dynamical Electron Correlation
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Using highly correlated Hylleraas-type wave functions of1S and 1P symmetry, we show how the
harmonic generation spectrum of1 1S He (including short wavelength members previously attributed
to He1) arise from a radial-angular “descreening” mechanism. This provides the first indication that
harmonic generation spectrum can arise from strong dynamical electron correlations rather than purely
as a “one-electron phenomenon.” [S0031-9007(97)02676-8]

PACS numbers: 42.65.Ky
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Interest in tunable short-wavelength sources has stim
lated numerous experimental and theoretical investigati
of harmonic generation spectra (HGS) of noble gases
intense laser fields [1]. Using an ultra-high-power K
laser (5 eV photons), Sarukuraet al. [2] found the rela-
tive intensities of 9th to 23rd-order harmonics of heliu
from a single-shot experiment with peak intensity of2 3

1017 Wycm2. From the dependence of calculated neut
atom and ion responses on field intensity [see Fig. (5
Ref. [3] ], one can judge that below3.2 3 1015 Wycm2

the field is below saturation intensity, whereas fields e
ceeding1016 Wycm2 are above it. The3.5 3 1016 Wycm2

can be regarded as the field intensity where the transi
from neutral He to He1 occurs. Although at this intensity
100% of helium is ionized after the end of the laser pu
(,120 cycles), only 50% of helium atoms are ionized wh
the laser pulse reaches 0.905 of its maximal value (a
,55 cycles). Indeed, the best fit to the experimental HG
was obtained for intensities near3.5 3 1015 Wycm2.

Previous theoretical fits to the experimental spectr
have involved two distinct models. Fits up to the 13
harmonic order were achieved for neutral helium ato
described by a one-electron “frozen orbital” model Ham
tonian or by Hartree-Fock (HF) or density functional met
ods [3–5]. In such approximations, dynamical electron
correlations are ignored entirely (frozen orbital, HF)
treated in the framework of the homogeneous electron
(in which, e.g., the strong “radial” or “angular” correlation
of inhomogeneous atomic systems have no direct coun
part). The fit to higher harmonics, on the other hand, w
achieved with a He1 model [4,5]. These combined fitting
procedures have led to common interpretation of HGS
a “one-electron phenomenon” [4,5].

The present work employs highly accurate Hylleraa
type wave functions with much greater variational flexib
ity to correctly describe the dynamical radial and angu
correlation effects in ground and excited resonance st
of helium atoms. Many years ago, it was shown by Mo
seyev and Katriel [6] that coupling of radial and angul
correlations can actually lead to the electrons being dra
2100 0031-9007y97y78(11)y2100(4)$10.00
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closer together, rather than pushed apart, toward the lowZ
end of the helium isoelectronic sequence. We have pre
ously described the critical role of such radial and angul
correlations in enhancing the lifetime of helium autoion
izing states [7]. The simple physical picture underlyin
such coupling effects can be sketched as follows: In atom
the dominant correlating motions in the1yZ perturbation
expansion are of radial (“in-out”) and angular type. Th
former cause the electrons to separate into inner and ou
orbits, while the latter keep the electrons on opposite sid
of the nucleus. The effect of the third-order coupling o
radial and angular correlations is then to bring the ele
trons back closer together, since the outer most electr
will now “see” the other electron tending to liebehindthe
nucleus, thus “descreening” the nuclear charge. This co
fers some He1-like character on the inner part of the wave
function, permitting the outer electron to move closer to th
nucleus and to reduce the radial separation that was est
lished in lower order. Although initially drawn for field-
free resonances, this picture of dynamical correlations al
has obvious relevance for helium in intense laser field
Of course, we do not employ perturbative approxima
tions in our actual calculations, but we emphasize th
the variational treatment must have sufficient flexibility to
correctly incorporate the physical correlation effects th
appear in low perturbative order. For this purpose, th
Hylleraas-type wave functions (with explicit incorporation
of interelectron distancer12) are unmatched accuracy and
utility.

The fact that only odd-order harmonics were observe
in the HGS experiments, even when the atoms were e
posed to short laser pulses, is an indication that the d
namics of the helium electrons in strong fields is controlle
by asingleresonance Floquet state. Indeed, previous n
merical calculations [8] have shown remarkable agreeme
between HGS calculated from direct solutions of the time
dependent Schrödinger equation with nonperiodic Ham
tonians and the corresponding result from Fourier analys
of the time- dependent dipole moment for asingle reso-
nance Floquet quasienergy state,provided the duration
© 1997 The American Physical Society
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of the laser pulse is larger than 15–50 oscillations of
electric field (see Fig. 7 in Ref. [8]). We therefore stud
the dynamics of helium in an ac field from the Floqu
starting point, using the momentum gauge.

As a basis set we used the ground and lowest exc
1S and 1P states of field-free helium, the lowest1S and
1P autoionizing resonances, and a discrete representa
of the continuum which was rotated into the lower half
the complex energy plane by the complex-coordinate
tation technique [9]. The bound states, autoionizing re
nances (“double excited” states), and rotating continua
all numerical eigenfunctions of the complex-scaled Ham
tonian [10]. The advantage of using the complex sc
ing method lies in the dramatic reduction in the numb
of states needed to calculate the converged resonance
quet state. Upon complex scaling, the autoionization re
nances (which are present also in the field-free spectr
and associated Floquet quasienergy resonances are r
sented bysquare-integrablewave functions of pronounced
bound-state character (nodal structure related to quan
number, etc.). One may say that the use of complex s
ing “collects” information about the decay process fro
an infinite number of continuum states and “concentrat
it into a single square-integrable function. The price w
pay is that the complex-scaled Hamiltonian is not Herm
tian and the associated scalar product should be repla
by the more generalc-product [11].

The bound and resonance states are localized in the
tential interaction region, whereas the rotating continu
states are delocalized functions having nearly zero am
tude in this region. Therefore, only the bound (grou
and excited), resonance, andlow-lying rotating contin-
uum states (i.e., those close to the threshold energ
will make large contributions in the basis-set expansion
the resonance Floquet wave function. These basis st
were obtained by diagonalizing a complex-scaled m
trix of higher order for the field-free electrostatic Hami
tonian. The Hylleraas-type “primitives” underlying thi
calculation are of the forms1 1 P̂12drl

1rm
2 rk

12scosu1dl 3

exps2b1r1 2 b2r2d where P̂12 permutes electron levels
and the other symbols have their usual meaning [1
This basis is in principle complete forany choice of the
nonlinear parametersb1, b2 for both S statessl  1d,
provided sufficiently high integer powers ofr1, r2, and
r12 are included. We included all (138:95 for1S sym-
metry states and 43 for the1P ones) possible terms fo
which l 1 m 1 k is less than or equal to 8, and we cho
b1  b2  1.0 for Sstates andb1  0.9, b2  1.7 for P
states, sufficient to reproduce the known eigenvalues [
of the ground and first 5–10 excited bound states (with z
width) to at least1025 a.u. accuracy for both symmetrie
Note that2-b corresponds approximately to the screeni
of one electron by the other, so that theP-type Hylleraas
functions are chosen withbinner for nearly a bare He1-
line charge. The leading autoionizing resonances “s2sd2,”
“2s2p,” . . ., were obtained with comparably high accura

for both position and lifetime.
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For the time-dependent problem with external fieldse0y
vd sp̂1 1 p̂2d sinsvtd, the Hamiltonian becomesHstd 
Ed 2 se0yvdd sinsvtd, whereEd is the diagonalized ma-
trix of the time-independent, field-free system when a
bound, all resonances, and the rotating continua wit
imaginary parts which are smaller than 0.1 eV were use
as a basis set. All together,42 1S and 1P symmetry cor-
related eigenstates were kept for the time propagatio
d is the matrix representation of the dipole momentum
operator p̂1 1 p̂2 (in the same basis of the field-free
Hylleraas functions asEd). The corresponding Floquet
operator is represented by the matrixH std  1s2ih̄≠y
≠td 1 Hstd. The st, t0d method [14,15] then enables us
to describe the time evolution operator as a single ex
ponential operator,Ust, t0d  expf2itH st0dyh̄g, where
the physical time evolution operator is a cut in thet, t0

plane,Ust, t0  td. The st, t0d technique can increase the
speed of calculations dramatically, even by several o
ders of magnitude [16]. By diagonalizing the complex
non-Hermitian matrixUst, t0d, we obtain the quasienergy
Floquet statesCQE and the corresponding eigenvalues
L  exps2iEQETyh̄d, whereT  2pyv is the periodic-
ity of the field (in our case,̄hv  5 eV). The free com-
plex scaling parameter [9] was optimized to obtain stabl
HG spectra and not stationary values of the lifetimes of th
resonance Floquet states in order to minimize the size
the basis set. Therefore the ionization rates that we calc
lated are not precise.

In Fig. 1 we show the squared overlapjk1 1SjQElj2 of
the longest-lived resonance Floquet state (“QE”) with th
complex-scaled field-free1 1S ground state as a function
of field intensity I0 (proportional to´0yv2). One can
see that a sharp change in the contribution of the H

FIG. 1. Squared overlapjkQEj1Slj2 of the longest-lived Flo-
quet state “QE” with the complex-scaled helium1 1S ground
state as a function of field intensityI0  335.111´

2
0.
2101
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ground state to the resonance Floquet occurs nearI0 
3.5 3 1015 Wycm2. The abrupt change in Floquet reso
nance composition is due to an avoided crossing phenom
non. Figure 2 shows how the complex eigenvalueL of
the long-lived “1 1S resonance” (open circles, with width
.0.002 a.u.. 0.054 eV) moves clockwise as field inten-
sity increases, whereas the “2 1P resonance” (closed cir-
cles) which is dominated by the lowest excitedP states,
moves counterclockwise. At a very specific field inten
sity, these two resonance Floquet states move very clo
to one another in complex energy space (“crossing” on t
real axis). At this point a strongly mixed configuration
state is obtained, having sharply reduced1 1S character.
The situation is more complicated than depicted in Fig.
since other higher resonance Floquet states (associa
with higher excited1P states) also become involved in the
overlapping of multiple avoided crossings in this region.

The association of enhanced high harmonics in th
HGS with field-dependent avoided crossings has be
previously recognized [8]. Moreover, it was shown tha
plateau-type HGS is obtained when a nonlinear contin
ously driven system exhibits chaotic classical dynami
[17]. Marcus long ago pointed out that overlapping mu
tiple avoided crossings provide a diagnostic fingerprint
classical chaotic dynamics [18]. Our results in Figs.
and 2 therefore suggest that, for a field intensity ne
3.5 3 1015 Wycm2, the overlapping of several resonanc
Floquet states should lead to enhanced high harmonics
even to the appearance of a “plateau”-like feature in hig
HGS. Indeed, that is what we have found.

Figure 3 depicts the field-dependent changes in the c
culated HGS (on a logarithmic intensity plot) near th
onset of the plateau-like behavior. When the results a
presented on an “absolute” scale (see, e.g., Potvliege a
Shakeshaft in Ref. [19]), one immediately can see that

FIG. 2. Field-dependent́0 trajectories of complex eigenval-
ues of the time evolution operator,L  exps2iEQE2pyvd,
where EEQ are the complex resonance eigenvalues of th
complex-scaled Floquet operator associated with the1 1S
ground state (open circles) and an excited1P state (filled cir-
cles), showing the near degeneracy (box) associated with on
of plateau-like HGS.
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is far from being a plateau. (After the submission of this
paper Prestonet al. [20] published new experimental data
with HG spectra up to the 35th harmonic, which enable on
to see the deviation from a plateau-like behavior, even o
a logarithmic scale.) There is, however, a clear enhanc
ment of the high harmonics in the harmonic generation, a
expected. Whereas weaker fields give unstable HGS wi
exponentially diminishing intensities for higher harmon-
ics, one sees that near3.2 3 1015 Wycm2 (closed circles)
a highlystableplateau-like behavior (i.e., enhancement o
the probability to observe high harmonics) begins to se
in. Closer study shows that the HGS is most stable wit
respect to small variations in the maximum field amplitud
for 3.46 3 1015 Wycm2, in very satisfying agreement with
field intensities inferred from previous “best” theoretica
fits to experimental data [3]. However, whereas previou
neutral helium treatments [3–5] (based on frozen orbita
HF, or density functional approximations) could fit experi-
mental data only up ton  13, our results exhibit excellent
agreement with experiment for the full range of observe
harmonics up ton  23, as shown in Fig. 4.

All HGS were obtained by repropagating the “1 1S”
resonance Floquet state [i.e., the eigenfunctionCQEstd 
Ûst, t0dCQEst  0djt0t] of the time evolution operator
Ûst, t0d having at least 50% contribution from the field-
free He1 1S ground state. Thenth order membersnmnd
of the HGS is obtained from thenth Fourier component
smnd of the time-dependent dipole expectation value
kCQEstd j p̂1 1 p̂2jCQEstdlc, where k. . .lc denotes the
c-product [11]. Note that there is a simple relation
between the time derivative of the dipole moment in th
length gauge,Ùd, and the time-dependent dipole moment in
the momentum gauge,Ùd  kCjp̂1 1 p̂2 2 s´0yvd sin3

vtjClc, so that the dipole acceleration is given by
≠y≠tkCjp̂1 1 p̂2jClc 2 ´0 cosvt 

P
n ivnmn exp3

sivntd 2 ´0y2seivt 2 e2ivtd.

FIG. 3. Field-dependent HGS for thesingle longest-lived
(“1 1S-like”) resonance Floquet state, showing the onset o
transition to stable plateau-like HGS near3.2 3 1015 Wycm2.
sI0  3.2 3 1015siy4d2; i  1, . . . , 8d. The HG were scaled to
make theV  9v of the 4th spectra to coalesce with the
experimental results.



VOLUME 78, NUMBER 11 P H Y S I C A L R E V I E W L E T T E R S 17 MARCH 1997

t
ron

e
n

GS
g
edi-

to
at

.

s.

ett,

A

,

s.

a

25

m.

i

G.
i,
FIG. 4. Experimental HGS (filled circles, Ref. [2]) com
pared with present theoretical work for field intensity3.46 3
1015 Wycm2 (open circles).

We can obtain further insight into the role of dynam
cal electron correlations in generating high HGS by r
ducing the flexibility of the Hylleraas-type basis (e.g
omitting powers ofr12) to “control” the degree of cor-
relation allowed into the description. If we first se
l  k  0 in all Hylleraas terms, forcing one electron t
be “1s-like” in every term, the resonance Floquet sta
(neglecting spin dependence) is necessarily of the fo
CQEstd  1ss$r1dfs$r2, td 1 1ss$r2, tdfs$r1, td, where f is
a linear combination of termsrm exps2btd, m  0 5.
Such a function is of unrestricted Hartree-Fock (UHF
form, simulating the much lower correlation treatme
of previous models [3–5]. This UHF-like model repro
duces the experimental harmonics up ton  15, but fails
thereafter. As more terms restored to the full Hyllera
expansion (allowing more correlation flexibility) succes
sive harmonics “pop out” to the experimentally observe
plateau. Thus, we find that excellent agreement w
the entire experimental high HGS up ton  23 can be
obtained if electron correlation effects are treated w
sufficient accuracy. (Note that our results, like those
previous theoretical studies, are for anisolated atomex-
posed to an intense laser field, and therefore cannot
corporate collective effects that may be present in t
experimental spectra.)

Our results may seem to contradict the theoretical resu
presented in Refs. [4,5], which found it necessary to e
ploy excited He or He1 models to reproduce higher HGS
peaks. However, as pointed out above, the actual co
lated behavior of the inner electron is indeed rather He1-
like, and the previous treatments of electron correlati
were simply too crude to exhibit this aspect of the neut
atom directly. Moreover, it is clear that neutral He atom
must be abundantly present under the experimental c
ditions, since at3.5 3 1015 Wycm2 the density of atoms
is estimated [21] to equal that of ions (10–20 torr, co
responding to about1017 1018 atomsycm3). Our results
therefore support the possibility that theentireHGS spec-
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trum is due to asinglespecies (neutral helium), and tha
the higher harmonics are a result of strong two-elect
correlations, rather than a “one-electron phenomenon.”

In conclusion, we find that (a) HGS in He can b
treated as asingle Floquet mode phenomenon, (b) a
explicit connection can be drawn between stable H
to small variations in the field intensity and overlappin
avoided crossings of resonance quasienergy states, m
ated by a critical field intensity of,3.5 3 1015 Wycm2,
and (c) strong radial-angular coupling gives rise
“correlation-induced descreening” in neutral helium th
accounts for the increased He1-like character leading to
the shortest-wavelength HGS emissions.
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