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Lyapunov Spectrum and the Conjugate Pairing Rule for a Thermostatted Random
Lorentz Gas: Kinetic Theory
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We calculate all four nonzero Lyapunov exponents for a three-dimensional, dilute, random Lorent
gas by combining dynamical systems and Boltzmann equation methods. In the presence of a
external field and a Gaussian thermostat the Lyapunov exponents, calculated up to second ord
in the applied field, satisfy a conjugate pairing rule. Agreement of the results obtained here with
those of computer simulations of Dellago and Posch [following Letter, Phys. Rev. Lett.78, 211
(1997)]. [S0031-9007(96)02152-7]
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The application of methods from dynamical syste
theory to the study of transport phenomena in fluids
recently become an area of active study. Formal theo
based upon the assumption that, microscopically, flu
can be considered to be hyperbolic dynamical syste
with nonzero Lyapunov exponents have led to very
teresting connections between transport coefficients
dynamical quantities such as Lyapunov exponents,
Kolmogorov-Sinai (KS) entropies. For example, the v
cosities and diffusion coefficients for fluids can be e
pressed in terms of the sum of all Lyapunov exponen
when the fluids are in a steady state produced by
application of a thermostatted external force on the p
ticles [1,2]. When theconjugate pairing ruleapplies, the
transport coefficients can be obtained from the deter
nation of the values of a single conjugate pair of Ly
punov exponents, rather than having to determine al
them. This rule, which was discovered by Evans, M
riss, and Cohen [3], states that all of the nonzero L
punov exponents can be ordered in pairsli , l

0
i in such a

way that the sumli 1 l
0
i is independent of the indexi.

This generalizes the pairing rule for symplectic system
where the sum is always zero. A general derivation
this rule has been given by Dettmann and Morriss
for Hamiltonian systems with smooth potentials, whi
are coupled to a thermostat that maintains a cons
kinetic energy in the system. It applies to the case
diffusion studied here, with the small exception that w
treat hard sphere particles. However, up to the pres
work there have not been any explicit analytical calc
lations of the spectrum of Lyapunov exponents for s
tems usually treated in computer simulations with mo
than one pair of exponents. A new complication, whi
did not arise in the two-dimensional case studied ear
[5], stems from the fact that the time evolution oper
tor needed for the computation of the Lyapunov exp
nents involves time ordered products of noncommut
matrices. Thus it had not yet been possible to make
tailed comparisons of numerical with theoretical resu
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for the exponents of systems with more than one pair
exponents.

In this paper we present an analytical calculation of t
four Lyapunov exponents for a dilute, three-dimension
Lorentz gas with randomly placed hard sphere scatter
both for an equilibrium system and for a system whe
the moving particle is placed in a thermostatted appl
field. In both cases our results for each of the expone
agree very well with computer simulations of Dellago a
Posch [6] and satisfy the conjugate pairing rule to seco
order in the electric field$E.

Recently a systematic analytic method was develop
that can be used to calculate the sums of the posi
and negative Lyapunov exponents, respectively, for dil
systems from an extended Lorentz-Boltzmann equation
where a radius of curvature appears as one of the variab
In this paper we use a different method, which combin
the ordinary Lorentz-Boltzmann equation with dynamic
systems methods, to compute both the sum of the pos
Lyapunov exponents, i.e., the KS entropy and the sum
the negative exponents for equilibrium and nonequilibriu
steady state systems. Further, we obtain all four of
individual exponents by combining kinetic theory metho
with results from the theory for eigenvalues of produc
of random matrices. In the steady state case we com
the exponents to second order in the applied field. I
subsequent paper we will present more formal meth
based upon the arguments given here and elsewhere
which allow a systematic generalization of these results
higher densities and to larger fields.

We consider the motion of a particle in a random, fix
array of hard sphere scatterers. The number density of
scatterers will be denoted byn, the radius of each scattere
by a, and we requirena3 ø 1. The position and velocity
of the particle are denoted by$r and $y, respectively, and
the particle has massm and chargeq which couples to a
constant external electric field$E. To avoid an infinite
increase in energy an isokinetic constraint is appli
which keeps the kinetic energy and, of course, the sp
© 1997 The American Physical Society 207
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y of the moving particle constant at all times. Th
equations of motion areÙ$r ­ $y; Ù$y ­ q $Eym 2 a $y; a ­
q $E ? $yymy2. Here2ma $y is the force that maintains
constant kinetic energy for the moving particle. We ta
the direction of the field to be along thez axis, and set
$E ­ s0, 0, Ed. When the particle hits a scatterer, there
a discontinuous change from a precollision velocity$y to
a post-collision velocity$y0 ­ $y 2 2s $y ? n̂dn̂, wheren̂ is
the outward normal of the spherical scatterer at the poin
impact.

As shown by Sinai [8] the positive (negative) Lya
punov exponents can be related to a radius of curva
matrix r of an expanding (contracting) trajectory bund
That is, we consider the trajectory of the moving partic
f$rstd, $ystdg, which we call the reference trajectory, and
bundle of trajectories which are infinitesimally close to t
reference trajectory. We measure the spreading or con
tion of this trajectory bundle with timet by considering a
planeSstd in space which is perpendicular to the referen
trajectory at timet, and then measuring both the spatial a
the velocity distances from the reference trajectory to
intersection of the adjacent trajectories with this plane.
denote the spatial difference between the reference tra
tory and another one in the bundle byd $r'std and the veloc-
ity separation of these two trajectories byd $y'std, defined
as the component perpendicular to$ystd of the velocity dif-
ference of the two trajectories at the points of intersect
of the trajectories with the planeSstd. By construction,
both d $r'std andd $y'std lie in Sstd. Then, in this plane,
the radius of curvature matrixr is defined by the relation
d $y'std ­ yrstd21 ? d $r'std. By means of this construc
tion, r is a 2 3 2 matrix with nonzero eigenvalues. Th
eigenvalues will be positive (negative) on the expand
(contracting) trajectory bundles.

We first consider the equation of motion forr and
then relate this matrix to the Lyapunov exponents. T
equation of motion forr during a free flight can be derive
by using the equations of motion given above, and
geometry of the particle trajectories in the thermostat
field. It is of the form

d
dt

r ­ yI 1 e cosur 1
e2

y
sin2 ur ?

µ
0
0

0
1

∂
? r .

(1)

Here e ­ qEymy and u is the angle between$y and
$E, so introducing an arbitrary azimuthal anglew, one
has $ystd ­ ysss sinustd coswstd, sinustd sinwstd, cosustdddd,
with Ùu ­ 2e sinu and Ùw ­ 0. The matrixr is described
in a time dependent coordinate system with its basis v
tors in the planeSstd, such that the first one is orthogon
to $E. Because of the scattering of the moving particle
the hard spheres, there is a discontinuous change inr at
each collision. On the expanding manifold the value or
immediately after a scattering event can be written in ter
of a scattering geometry and the precollision matrixr0 as
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r1 ­ fs2yad cosfP 1 Iyr0g21,

P ­

√
1 1 tan2 f cos2 c

tan2 f cosc sinc

tan2 f cosc sinc

1 1 tan2 f sin2 c

!
, (2)

wheref is the angle between the outward normaln̂ on
the sphere and$y, andc is the angle between̂n and the
plane through$y and $E.

The separation of the trajectories in space at timet,
d $r'std can be written in terms of the initial separatio
d $r's0d as

d $r'std ­ T exp

∑
y

Z t

0

I
rst0d

dt0

∏
? d $r's0d

; Ustd ? d $r's0d , (3)

whereT is the time ordering operator. The sum of th
positive Lyapunov exponents is defined as the limit val
for t ! ` of the growth rate1ytlnSstd of an area element
Sstd in the planeSstd [8]. Sstd is given by detUstdSs0d,
whereSs0d is an arbitrary initial surface element. Writ
ing U as

QN
i­1 expfyyrstidDtg 1 OssssDtd2ddd where t ­

NDt and using the fact that the determinant of a pro
uct of matrices is equal to the product of the determ
nants, one finds thatl1

1 1 l
1
2 ­ limt!` slog detUdyt ­

limt!` fTrsln Udgyt ­ limt!` fy
Rt

0 dt0Tr r21st0dgyt.
By using the fact that reversing the direction of tim

and the velocities of a contracting trajectory bundle lea
to an expanding bundle, we can apply these results
obtain the sum of the negative Lyapunov exponents als

A calculation of the sum of the positive exponents for
dilute random Lorentz gas using kinetic theory argume
proceeds as follows: We first note that immediately af
a collision, the matrixr is, to leading order inn, given
by fs2yad cosfPg21 since the additional term appearin
on the right hand side of Eq. (2) will give contribution
on the order ofna2 compared to the other terms whic
are of ordera21. Thus, at low density, the matrixr
at any time depends only upon the parametersf and
c , of the most immediate past collision and not upo
the parameters of any collision prior to that. One c
then calculate the time integral of the trace ofr21 by
following the collision history of the moving particle an
breaking up the integration time into a set of interva
each starting at the instant after a collision and end
at the time immediately before the next collision. Th
length of these time intervals will be distributed accordin
to the distribution of free flight times. Next, one assum
that the motion of the particle is ergodic, so that th
time averages can be replaced by an ensemble ave
over a suitable distribution of velocity directions, collisio
parameters, and free flight times. We assume that
system is in a spatially homogeneous nonequilibriu
steady state produced by the field and the thermostat.
equilibrium case is easily obtained by setting the fie
strength equal to zero. We then write
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4p2

Z p

0
du sinu

Z 2p

0
dw 3

Z `

0
n dt expf2ntg

Z t

0
dt0

Z py2

0
df

3
Z 2p

0
dc sinf cosffsssu0sf, cddddTrr21su, f, c , t0d . (4)
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Here n is the collision frequency, or inverse mea
free time, given by n ­ na2yp , and n exp2fntg
is the low density form of the distribution of free
flight times, which is independent of the field streng
since the particle’s speed is constant. The quan
na2y sinf cosf sinufsssu0sf, cdddddfdcdu is the num-
ber of particles scattered per unit time to angles betw
u and u 1 du with scattering angles betweenf and
f 1 df andc andc 1 dc . Hereu0 is the precollision
value of the angle that the velocity makes with thez axis,
such that after collision this angle isu, given by cosu0 ­
cosu 2 2 cosffcosu cosf 1 sinu sinf cossc 2 wdg,
wherew is an azimuthal angle for the collision with th
scatterer at the initial time. Furtherfsud is the station-
ary angular distribution function for directions of th
velocity of the moving particle, obtained by solving th
Lorentz-Boltzmann equation for a spatially homogeneo
steady state; i.e., fsud ­ 1 1 2e cosuyn 1 Ose2d.
Normalization factors have also been included in Eq. (
The trace ofr21 is determined up to second order ine

by solving Eq. (1) as a power series ine with the initial
condition r ­ s2 cosfyaPd21. These calculations may
be simplified by working in a representation wherer is
diagonal just after collision. All that then remains is
carry out the required integrals in Eq. (4).

The sum of the negative Lyapunov exponents can
computed in a similar way. Here one uses the fact t
negative Lyapunov exponents are determined by trajec
bundles that contract exponentially with time. The equ
tion for the radius of curvature matrix for the contractin
trajectory bundle is obtained from Eq. (1) by reversing t
time directionst ! 2td and reversing the direction of th
velocitysu ! p 2 ud. One can then follow the motion o
the contracting bundle from scatterer 1 to scatterer 2 (
Fig. 1) and require that the radius of curvature matrix ju
before the collision with 2 is very close (with correction
of relative orderna3) to f2 cosfyaPg21 whereP is given
by Eq. (2) withf, c the scattering angles at the collisio
with 2. This is required if the trajectory bundle continu
to be contracting after the collision with 2.

We denote the velocity direction after the collision wi
1 by u again, and the velocity direction just before th
collision with 2 by uf . The relation between these tw
angles is cosuf ­ cosu 1 et sin2 u 1 Ose2d, wheret is
the time between the two collisions. The sum of the ne
tive Lyapunov exponents can then be obtained by chang
the sign on the right hand side of Eq. (4)—to account
the fact that the trajectory bundle is contracting—and
ing the solution to the equation for the contracting rad
of curvature matrix, with the above mentioned conditi
y
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immediately before the collision with 2, in the integrand
In this way one finds that

a
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X
i

l6
i ­ 72ñ

µ
ln

ñ
2

1 C

∂
2

µ
2
3

7
1

18

∂
ẽ2

ñ
. (5)

C is Euler’s constant,̃n ­ pna3, and ẽ ­ aeyy. The
total sum of the negative and positive exponents agre
with the general results of Evans and Hoover for th
relation between the phase space contraction to a ste

state attractor and the entropy production
P

i li ­ k d ÙG
dG l ­

22kal [1,2], whereG ­ s$r , $yd is a vector in phase space
The average of the friction coefficienta is related to the
diffusion coefficientD by kal ­ 2De2yy2 for small fields,
and one can immediately check that this relation is satisfi
by our results. Further, Pesin’s theorem [9] allows us
identify the sum of the positive Lyapunov exponents wit
the KS entropy of the system. The zeroth order term
e is the equilibrium KS entropy. The term of orderñlnñ
agrees with the value of the Kolmogorov-Sinai entropy fo
a periodic Lorentz gas at low density given by Cherno
[10], while our results also give the orderñ terms as well
as the KS entropy for the system in small fields. Th
agreement with simulations is excellent for small densiti
and electric fields as can be seen from the results of Della
and Posch in the accompanying Letter [6]. It is wort
pointing out that the computer results provide an accura
check of the order̃n terms in the equilibrium KS entropy.

To calculate the individual exponents we must combin
the results for the sums of the two positive or tw
negative exponents with a calculation of the large
magnitude using results from the theory of products
random matrices [11]. This latter method can be appli
without major difficulties because for low densities, th
radius of curvature matrix depends only on the previo
collision and not on the collisions that preceded

FIG. 1. A particle scattered by sphere 1 with scattering ang
f collides with sphere 2 after a free flight. The expandin
trajectory bundle, related to the positive Lyapunov expone
is indicated with dashed lines at scatterer 1. The converg
bundle, relevant for the calculation of the negative Lyapuno
exponents, is shown as dashed lines at sphere 2.
209
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Therefore the operatorU(t) becomes a product of rando
matricesUi where Ui ­ expsy

Rti11

ti

I
rst0d dt0d is the free

propagator between collisioni and i 1 1. Each Ui is
determined by the value ofr after theith collision (i.e.,
by the scattering anglesf and c , which, as before, are
sampled from a random distribution) and by the rand
time intervals ti11 2 ti between collisions. From th
theory for products of random matrices [11] it is know
that the largest Lyapunov exponent is equal tolmax ­
nklnLlb , with L ­ jUi ? r̂j, where r̂ ­ scosb, sinbd is
an arbitrary unit vector. The subscriptb indicates an
average overb, which has to be performed in additio
to the average over the random matrix parameter. In
case one can show thatL has a rotationally invarian
distribution up to ordere to lowest order in the density
i.e., Psbd ­

1
2p 1 cos2bOse2d. The term to ordere2 in

Psbd does not contribute to the Lyapunov exponents.
The calculation of the individual Lyapunov exponents

now a straightforward extension of the method used ab
For the calculation of the largest positive exponentl

1
1 , the

required average of lnjUi ? r̂j is taken over the distribution
of free flight times, the collision parametersf, c , and
overb. Again, one expands both the distribution functi
f and the logarithm of the matrix product in powers ofe

and computesl1
1 as a series ine. The calculation of the

negative Lyapunov exponent with the largest magnit
l

2
1 is similar to the calculation of the sum of the negat

exponents computed earlier. One considers the contra
bundle along the trajectory from collision 1 to 2 in Fig.
The result for the four Lyapunov exponents can now
given as

l6
1 ­ 7

y

a
ñ

µ
ln

ñ
2

1 C 2 ln2 1 1y2

∂
2

µ
1
3

7
1

36

∂
yẽ2

añ
,

l6
2 ­ 7

y

a
ñ

µ
ln

ñ
2

1 C 1 ln2 2 1y2

∂
2

µ
1
3

7
1

36

∂
yẽ2

añ
.

(6)

Therefore the Lyapunov exponents fulfill the conjug
pairing rule,l1

i 1 l
2
i ­ 2kal independent of the inde

i. The field dependent corrections to the two differe
equilibrium values of the positive (negative) exponents
the same.

The quantitative agreement of (6) with the simulatio
for both the equilibrium and the steady state system
again very satisfactory [6].

We conclude with a few remarks. We have sho
that it is possible to compute the Lyapunov spectr
for a simple random system using analytical metho
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based upon the Boltzmann transport equation. The resu
obtained here are in excellent agreement with compu
simulations and provide a concrete example of the validi
of the conjugate pairing rule for thermostatted system
The success of this calculation suggests that it might ve
well be possible to obtain analytical results for Lorent
gases at higher densities and at higher field strengths a
for more complicated systems where all of the particle
move.
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