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Using spin-weighted decomposition of polarization in the cosmic microwave background (CMB)
show that a particular combination of StokesQ andU parameters vanishes for primordial fluctuations
generated by scalar modes, but does not for those generated by primordial gravity waves. Becau
this gravity wave detection is not limited by cosmic variance as in the case of temperature fluctuati
We present the exact expressions for various polarization power spectra, which are valid on any s
Numerical evaluation in inflation-based models shows that the expected signal is of the order of 0.5mK,
which could be directly tested in future CMB experiments. [S0031-9007(97)02703-8]
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It is now well established that temperature anisotropi
in the cosmic microwave background (CMB) offer one o
the best probes of the early Universe, which could pote
tially lead to a precise determination of a large numb
of cosmological parameters [1,2]. The main advanta
of CMB versus more local probes of large-scale stru
ture is that the fluctuations were created at an epoch wh
the Universe was still in a linear regime. While this fac
has long been emphasized for temperature anisotrop
the same holds also for polarization in CMB and a
such it offers the same advantages as the tempera
anisotropies in the determination of cosmological param
ters. The main limitation of polarization is that it is pre
dicted to be small: Theoretical calculations show th
CMB will be polarized at the 5%–10% level on sma
angular scales and much less than that on large an
lar scales [3,4]. However, future CMB missions (MAP
Planck) will be so sensitive that even such low signa
will be measurable. Even if polarization by itself canno
compete with the temperature anisotropies, a combinat
of the two could result in a much more accurate dete
mination of certain cosmological parameters, in particul
those that are limited by a finite number of multipoles i
the sky (i.e., cosmic variance).

Primordial gravity waves produce fluctuations in the te
sor component of the metric, which could result in a signi
cant contribution to the CMB anisotropies on large angul
scales. Unfortunately, the presence of scalar modes p
vents one from clearly separating one contribution fro
another. If there are only a finite number of multipole
where tensor contribution is significant, then there is
limit in amplitude beyond which tensors cannot be di
tinguished from random fluctuations. In a noise free e
periment the tensor to scalar ratioTyS needs to be larger
than 0.15 to be measurable in temperature maps [5].
dependent determination of the tensor spectral slopenT

is even less accurate and a rejection of the consiste
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relation in inflationary modelsTyS ­ 27nT is possible
only if jnT j ¿ sTySdy7 [5,6]. Polarization produced by
tensor modes has also been studied [7], but only in t
small scale limit. In previous work correlations betwee
Stokes parametersQ andU have been used. These two
variables are not the most suitable for the analysis, as th
depend on the orientation of the coordinate system.
was recently shown [4] that in Fourier spaceQ and U
can be decomposed in two components which do not d
pend on orientation. Moreover, scalar modes contribu
to only one of the two, leaving the other as a probe o
gravity waves. These arguments have been made in
small angle approximation. In this Letter we remove thi
limitation by presenting a full spherical analysis of polar
ization using Newman-Penrose spin-s spherical harmonic
decomposition. An alternative decomposition in terms o
tensor harmonics has been presented recently by [8]. W
show that there is a particular combination of Stokes p
rameters that vanishes in the case of scalar modes, wh
can thus be used as a probe of gravity waves. We pres
the expression for the power spectrum of various polariz
tion components using the integral solution [9] and evalu
ate it numerically for a variety of cosmological models
We also discuss the sensitivity needed to detect this sig
and compare it to the expected sensitivities of future CM
satellites.

Linear polarization is a symmetric and traceless2 3 2
tensor [10] that requires two parameters to fully describ
it: the Q andU Stokes parameters. These parameters d
pend on the orientation of the coordinate system on t
sky. It is convenient to useQ 1 iU and Q 2 iU as
the two independent combinations, which transform un
der right-handed rotation by an anglef as sQ 1 iUd0 ­
e22ifsQ 1 iUd andsQ 2 iUd0 ­ e2ifsQ 2 iUd. These
two quantities therefore have spin weights2 and22, re-
spectively, and can be decomposed into spin62 spheri-
cal harmonics,62Ylm (for a discussion of spin-weighted
© 1997 The American Physical Society
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harmonics see [11])

sQ 1 iUd sn̂d ­
X
lm

a2,lm 2Ylmsn̂d ,

sQ 2 iUd sn̂d ­
X
lm

a22,lm 22Ylmsn̂d . (1)

Spin s spherical harmonics form a complete orthonorm
system for each value ofs. An important property of
the spin-weighted basis is that there exists spin rais
and lowering operatorsR andR (see [11] for their explicit
form). By acting twice with a spin lowering and raising
operator onsQ 1 iUd and sQ 2 iUd, respectively, one
obtains quantities of spin 0 which arerotationally invari-
ant. These quantities can be treated like the temperat
and no ambiguities connected with the orientation of coo
dinate system on the sky will arise. Conversely, by acti
with spin lowering and raising operators on usual harmo
ics spins harmonics can be written explicitly in terms o
derivatives of the usual spherical harmonics [11]. The
action on62Ylm leads to

R2
sQ 1 iUd sn̂d ­

X
lm

√
fl 1 2g!
fl 2 2g!

!1y2

a2,lmYlmsn̂d ,

R2sQ 2 iUd sn̂d ­
X
lm

√
fl 1 2g!
fl 2 2g!

!1y2

a22,lmYlmsn̂d . (2)

With these definitions the expressions for the expans
coefficients of the two polarization variables become

a2,lm ­

√
fl 2 2g!
fl 1 2g!

!1y2 Z
dV Y p

lmsn̂dR2
sQ 1 iUd sn̂d ,

a22,lm ­

√
fl 2 2g!
fl 1 2g!

!1y2 Z
dV Y p

lmsn̂dR2sQ 2 iUd sn̂d .

(3)

To obtain the expression for the polarization pow
spectrum we will use the integral solution of th
Boltzmann equation [9]. In the case of scalar perturb
tions for any given Fourier modek only QsSd is generated
in the frame wherek k ẑ [12],

QsSdsn̂, kd ­
3
4

s1 2 m2d
Z

dt eixmgstd Psk, td , (4)

wherex ­ kst0 2 td andt is the conformal time witht0
its present value. Directions in the sky are denot
with polar coordinates (u, f) and m ­ cossud. We
introduced the visibility functiongstd ­ Ùke2k, where Ùk
is the differential optical depth for Thomson scatterin
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Ùk ­ anexesT , astd is the expansion factor normalized to
unity today,ne is the electron density,xe is the ionization
fraction, andsT is the Thomson cross section. The sourc
term P ­ DsSd

T2
1 DsSd

P2
1 DsSd

P0
was expressed in terms of

temperature quadrupoleDsSd
T2

, polarization monopoleD
sSd
P0

and its quadrupoleDsSd
P2

. BecauseUsSd ­ 0 and QsSd

is only a function ofm in the k k ẑ frame it follows
R2

sQ 1 iUd ­ R2sQ 2 iUd and so a
sSd
2,lm ­ a

sSd
22,lm. It

is convenient to introduce two orthogonal combina
tions aE,lm ­ 2sa2,lm 1 a22,lmdy2 andaB,lm ­ sa2,lm 2

a22,lmdy2. Here E and B refer to electric and magnetic
type parities [13], and we have chosen the overall sig
to agree with the small scale expressions in [4]. Not
that our E and B are proportional toG and C in [8].
We find thata

sSd
B,lm ­ 0 and onlya

sSd
E,lm is nonzero. The

polarization power spectrum is defined as the rotational
invariant quantityCl ­

1
2l11

P
m ap

lmalm. For E its en-
semble average can be obtained by acting twice with sp
raising (or lowering) operator on Eq. (4) leading to (se
[14] for details)

C
sSd
El ­ s3pd2 sl 1 2d!

sl 2 2d!

Z
k2 dk Pfskd

3

∑Z
dt gstd Psk, td

jlsxd
x2

∏2

, (5)

where jlsxd is the spherical Bessel function of orderl
and Pfskd is the primordial power spectrum of scalar
metric perturbations, usually assumed to be a power la
Pfskd ~ kn24.

In the case of tensors the form forQ andU in the frame
wherek k ẑ is [7]

Qsn̂, kd ­ 2s1 1 m2de2if
Z

dt eixmgCsk, td 1 c.c.

Usn̂, kd ­ 22ime2if
Z

dt eixmgCsk, td 1 c.c., (6)

where the source is a complex sum over the two indepe
dent tensor polarization statesC ­ sC1 2 iC3dy2, and
can be expressed in terms of temperature and polarizat
multipoles as [7] C ­

1
10 D̃

sTd
T0 1

1
7 D̃

sTd
T2 1

3
70 D̃

sTd
T4 2

3
5 D̃

sTd
P0 1

6
7 D̃

sTd
P2 2

3
70 D̃

sTd
P4 . This timeR2

sQ 1 iUd and

R2sQ 2 iUd are not equal, so botha
sTd
E,lm anda

sTd
B,lm will be

nonzero. Using a similar procedure as above we obta
their power spectra [14]
C
sTd
El ­ s4pd2

Z
k2 dk Phskd

Ç Z
dt gstdCsk, td

∑
2jlsxd 1 j00

l sxd 1
2jlsxd

x2 1
4j0

lsxd
x

∏ Ç2
,

C
sTd
Bl ­ s4pd2

Z
k2 dk Phskd

Ç Z
dt gstdCsk, td

∑
2j0

lsxd 1
4jl

x

∏ Ç2
, (7)
f lly
els.
de
wherePhskd ~ knT 23 is the primordial power spectrum o
gravity waves. In the small scale limit these expressio
agree with those derived previously [4,7].
ns
Using the above expressions we may numerica

evaluate the power spectra in various theoretical mod
We useTyS as the parameter determining the amplitu
2055
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of tensor polarization. Figure 1 shows the predictio
for scalar and tensor contribution in a standard CD
model with no reionization (a) and in a reionized Univers
with an optical depth ofk ­ 0.2 (b). The latter value
is typical in standard cosmological models [15]. W
assumedTyS ­ 1 and nT ­ sns 2 1d ­ 20.15. In the
no-reionization case both tensor spectra peak arou
l , 100 and give comparable contributions, althoug
the B channel is somewhat smaller. Comparing th
scalar and tensorE channels one can see that scal
polarization dominates forTyS & 1. Even though tensor
contribution is larger than scalar at lowl, the overall
power there is too small to be measurable. Tens
reconstruction in theE channel suffers from similar
drawbacks as in the case of temperature anisotrop
Because of large scalar contribution cosmic varian
prevents one to isolate very small tensor contributio
[5]. The situation improves if the epoch of reionizatio
occurred sufficiently early that a moderate optical dep
to Thomson scattering is accumulated [Fig. 1(b)]. In th
case there is an additional peak at lowl [16] and the
relative contribution of tensor to scalar polarization inE
channel aroundl ­ 10 is higher than aroundl ­ 100.
Still, if TyS ø 1 cosmic variance again limits one to
extract unambiguously the tensor contribution. It is
this limit that the importance of theB channel becomes
crucial. This channel is not contaminated by scal
contribution and is limited only by noise, so in principl
with sufficient noise sensitivity one can detect even ve
small tensor to scalar ratios. Moreover, a detection
signal in this channel would be a model independe
detection of nonscalar perturbations. In the following w
will discuss sensitivity to gravity waves using both onlyB
channel information and all available information.

FIG. 1. Multipole moments for the three polarization spect
for the no-reionization case (a) and reionized case with opti
depth of 0.2 (b). The underlying model is “standard CDM
with TyS ­ 1.
2056
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We can obtain an estimate of how well tensor param
ters can be reconstructed by using only theB channel and
assuming that the rest of cosmological parameters will
accurately determined from the temperature andE polar-
ization measurements. While this test might not be t
most powerful it is the least model dependent: Any dete
tion in theB channel would imply a presence of nonscal
fluctuations and therefore give a significant constraint
cosmological models. Because theB channel does not
cross correlate with eitherT or E [4,8,14] only its auto-
correlation needs to be considered. A useful method
estimate parameter sensitivity for a given experiment is
use the Fisher information matrix [1,4,8,14]

aij ­
lmaxX
l­2

s2l 1 1dfsky

2

3

∑
CBl 1

4ps2

N
elsl11ds2

b

∏22µ≠CBl

≠si

∂ √
≠CBl

≠sj

!
,

(8)

where fsky is the sky coverage. Receiver noise ca
be parametrized by4ps2yN, where s is the noise
per pixel and N is the number of pixels. Typical
values ares0.15 mKd2 for MAP and s0.025 mKd2 for
the most sensitive Planck bolometer channel in one y
of observation. In our case the parameterssi can be
TyS and nT , so that the matrix is only2 3 2. The
error on each parameter is given bysa21

ii d1y2 if the other
parameter is assumed to be unknown andsaiid21y2 if
the other parameter is assumed to be known. Using
expression we may calculate the experiment sensitivity
these parameters. Current inflationary models and lim
from large scale structure and COBE predictTyS to
be less than unity. Figure 1 shows that the expec
amplitude in this case is below 0.5mK. We find that
MAP is not sufficiently sensitive inB channel to detect
these low levels. On the other hand, Planck will b
much more sensitive and can detectTyS . 0.3 if tensor
index nT is assumed to be known (for example, throug
the consistency relation). For the underlying model w
TyS ­ 1 one can determine it with an errorDsTySd ,
0.1. If the tensor index is not known, then a combinatio
of the two parameters, which corresponds to the to
power under theB curve in Fig. 1, can still be determined
with the same accuracy.

Separate determination of the tensor amplitude a
slope from theB channel is possible only in reionized
models. In the no-reionization model the contributio
to B is very narrow in l space and the leverage o
nT independent ofTyS is small, so that the correlation
coefficient a12ysa11a22d1y2 is almost always close to
unity. A modest amount of reionization improves th
separation; in the reionized models the power spectr
for B is bimodal (Fig. 1) and the overall signal is highe
which gives a better leverage onnT independent of
TyS. For k ­ 0.2 the Planck errors areDsTySd , 0.15
andDnT , 0.1 for the underlying model withTyS ­ 1.
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These results depend on the overall amplitude relative
the noise level. As long as both peaks can be separa
from the noise one can determine the tensor slope, wh
allows to test the inflationary consistency relation.

Combining all the information by adding temperature
E polarization and their cross correlation further improve
these estimates. In this case other parameters that af
scalar modes such as baryon density, Hubble constant
cosmological constant enter as well and the results b
come more model dependent [2]. The Fisher informati
matrix has to be generalized to include all the paramet
that can be degenerate with the tensor parameters.
results depend on the class of models and number of
rameters one restricts to in the analysis, as opposed to
results based on theB channel above, which depend onl
on the two main parameters that characterize the gr
ity wave production. As a typical example, forTyS ­
0.1 and k ­ 0.1 one can determineDsTySd ­ 0.05 and
DnT ­ 0.2 with Planck [2]. These errors improve fur-
ther if a model with higherTyS or k is assumed. For
the same underlying model without using polarization th
expected errors areDTyS , 0.26 and DnT , 1, signifi-
cantly worse than with polarization. Even for MAP th
limits on TyS improve by a factor of 2 when polarization
information is included.

To summarize the above discussion, future CMB mi
sions are likely to reach the sensitivities needed to me
sure (or reject) a significant production of primordia
gravity waves in the early Universe through polarizatio
measurements, which will vastly improve the limits from
temperature measurements only and allow a test of c
sistency relation. The more challenging question is t
foreground subtraction at the required level. At low fre
quencies radio point sources and synchrotron emiss
from our galaxy dominate the foregrounds and both a
polarized at a 10% level. Their contribution decreases
higher frequencies and with several frequency measu
ments one can subtract these foregrounds at frequen
around 100 GHz at the requiredmK level. At even higher
frequencies dust is the dominant foreground, but is me
sured to be only a few percent polarized [17]. We hop
that the signature of gravity waves discussed here wo
provide further motivation to pursue the feasibility studie
of polarization measurements.

While we discussed only scalar and tensor mode
vector modes, if present before recombination, will als
contribute to both polarization channels and so could co
taminate the signature of gravity waves. At present the
are no viable cosmological models that would produce
significant contribution of vector modes without a com
parable amount of tensor modes. In inflationary mode
vector modes, even if produced during inflation, deca
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away and are not significant during recombination.
topological defect models, nonlinear sources continuou
create both vector and tensor modes and so some of
signal in theB channel could be caused by vector mode
Even in these models, however, some fraction of sign
in the B will still be generated by tensor modes and i
any case, absence of signal in theB channel would rule
out such models. Polarization thus offers a unique w
to probe cosmological models that is within reach of th
next generation of CMB experiments.
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