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Mechanism of Time-Delayed Feedback Control
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The Pyragas method for controlling chaos is investigated in detail from the experimental as well
as theoretical point of view. We show by an analytical stability analysis that the revolution around
an unstable periodic orbit governs the success of the control scheme. Our predictions concerning th
transient behavior of the control signal are confirmed by numerical simulations and an electronic circuit
experiment. [S0031-9007(96)02154-0]
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The problem of controlling unstable motion is a cla
sical subject in engineering science. The revived inte
of physicists in this subject, however, started with the o
servation that a large number of unstable periodic or
embedded in chaotic attractors can be stabilized by w
external forces [1]. Since that time a real industry on ch
control has developed [2]. Two main methods for contr
ling unstable motions have been established meanw
The first one, developed by Ott, Grebogi, and Yorke [
is based on the invariant manifold structure of unstable
bits. It is theoretically well understood, but difficult t
apply to fast experimental systems. The second one,
posed by Pyragas [3], uses time-delayed controlling forc
In contrast to the former one it can easily be applied
real experimental situations, but so far the control mec
nism has been poorly understood from a theoretical p
of view. By performing an analytical linear stability anal
sis we demonstrate which class of orbits is accessibl
time-delayed feedback control methods. In addition,
obtain explicit expressions for important quantities like t
critical and optimal control amplitude or the dependence
the transient behavior on the control parameters.

Theoretical approach.—We consider a dynamical sys
tem which is described by a general set of differential eq
tions. It may contain a periodic explicit time dependen

Ùx ­ f sssxstd, tddd . (1)

We are interested in the stabilization of an unstable p
odic orbit j std ­ j st 1 td. t is an integer multiple of
the period of the driving force for nonautonomous sy
tems. We remind the reader that the linear stability ana
sis of such an orbit according toxstd ­ j std 1 expfsl 1

ivdtgustd leads to a Floquet problem, where the expon
and the periodic eigenfunctionustd ­ ust 1 td are deter-
mined by

fl 1 ivgustd 1 Ùu ­ Df sj std, tdustd , (2)

with Df denoting the Jacobian matrix off . Since our
subsequent analysis applies separately to each Floque
ponent we refrain from numbering the different branch
The real and the imaginary parts of the Floquet expone
govern the instability and the revolution of the trajecto
around the unstable periodic orbit (cf. Fig. 1).
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In order to achieve control of the unstable periodic orb
the system (1) is, following the idea of [3], subjecte
to a time-delayed forceKfxstd 2 xst 2 tdg. The most
general situation is given by

Ùz ­ Fssszstd, Kfzstd 2 zst 2 tdg, tddd , (3)

where the right-hand side obeys the constra
Fsz, 0, td ­ f sz, td, and the amplitudeK of the control-
ling force is introduced for convenience. As long a
the delay time coincides with the period of the unstab
periodic orbit the controlled system admits the sam
solution zstd ­ j std. Linear stability analysis according
to zstd ­ j std 1 dzstd yields

d Ùz ­ D1Fsssj std, 0, tddddzstd

1 D2Fsssj std, 0, tdddKfdzstd 2 dzst 2 tdg , (4)

where DiF denotes the Jacobian matrix with respect
the ith (vector type) argument. In the case of conve
tional Pyragas control, where only one system variab
is assumed to be accessible, the matrixD2F contains
only one nonvanishing element on the diagonal. But w
keep our approach as general as possible. The (infin
dimensional generalization of) Floquet theory [4] tel
us that the deviations obeydzstd ­ expfsL 1 iVdtgystd
andystd ­ yst 1 td, so that Eq. (4) reduces to

fL 1 iVgystd 1 Ùy

­ AfKs1 2 expf2Lt 2 iVtgd, tgystd . (5)

FIG. 1. Diagrammatic view of a trajectory in the vicinity o
an unstable periodic orbit.
© 1997 The American Physical Society 203
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Here the abbreviation

Afk, tg :­ Df sssj std, tddd 1 D2Fsssj std, 0, tdddk (6)

has been used. From Eq. (5) it is obvious thatL 1 iV
can be expressed in terms of the Floquet exponents of
matrix (6). If we denote the latter for convenience b
Gfkg then Eq. (5) implies the relation

L 1 iV ­ GfKh1 2 exps2Lt 2 iVtdjg , (7)

This expression, which in fact is not entirely new bu
has been evaluated only numerically for specific examp
(cf. [5,6]), determines the exponents of the controlle
orbit in dependence of the control amplitudeK. Although
it is in general a difficult task to obtain a closed analytic
expression for the quantityG, we know by definition that
the boundary condition [cf. Eqs. (2) and (6)]

Gf0g ­ l 1 iv (8)

holds, and thatG is an analytical function as long as the
Floquet exponents are nondegenerate. These prope
are sufficient to conclude that only orbits with a finit
frequencyV fi 0 can become stable. On increasing th
control amplitudeK the real part of the Floquet exponen
L has to change its sign from positive to negative valu
in order to achieve stabilization. But if the frequencyV

of the controlled orbit remains zero, the influence of th
controlling forceKf1 2 exps2Ltdg vanishes if the orbit
tends to become stable, so that the solutionsL of Eq. (7)
never can change their sign. The reader might obje
that the conditionV ­ 0 is atypical and does not occur
generically. But we remind ourselves of the fact th
(nondegenerate) real Floquet multipliers are stable w
respect to perturbations (cf. [7]), so that both casesV ­
0 and V fi 0 occur in a sense with equal probability
However, one should keep in mind that the necessa
condition V fi 0 for stabilization has to be fulfilled for
each Floquet branch separately. Hence stabilization m
be unlikely if the unstable manifold is high dimensional.

We summarize thatby the Pyragas method only orbits
with a finite torsion can be stabilized,since for stabiliza-
tion the influence of the controlling force has to be fi
nite (cf. Fig. 1). This property has been observed recen
even in high-dimensional dynamical systems by analyzi
the transient behavior of the control signal [8], but no e
planation has been proposed. From this point of view t
control methods by Ott, Grebogi, and Yorke [1] on th
one hand and by Pyragas [3] on the other hand are co
plementary, since the former is not in principle but in mo
practical applications restricted to the case of only one u
stable eigendirection, whereas the latter requires mostl
two-dimensional unstable manifold.

For further quantitative investigations some informatio
aboutGfkg is required. There are a few cases where
inspection thek dependence can be read off from Eq. (6

D2Fsssj std, 0, tddd ­ 1 ) Gfkg ­ l 1 iv 1 k , (9)
204
e

s

l

ies

s

t

h

y

y

y
g

e

-
t
-
a

D2Fsssj std, 0, tddd ­ Df sssjstd, td

) Gfkg ­ sl 1 ivd s1 1 kd . (10)

But we do not intend to confine our analysis to the
special situations (cf. [9]). Instead we suppose that
controlling force is small enough in order to negle
higher order terms in the expansion of Eq. (7).

L 1 iV ­ l 1 iv 1 sx 0 1 ix 00d

3 Ks1 2 expf2Lt 2 iVtgd 1 O sK2d .

(11)

Here use has been made of relation (8), and the abbre
tion x 0 1 ix 00 :­ dGydkjk­0 contains the details of the
coupling mechanism of the controlling force. It is wort
mentioning that relation (11) is exactly valid for the cas
described by Eqs. (9) and (10).

Relation (11) determines the stability of the controlle
orbit in terms of the control amplitudeK, the Floquet
exponent of the uncontrolled orbitl 1 iv, and the
precise mechanism of the couplingx 0, x 00.

L ­ l 1 Kx 0f1 2 exps2Ltd cossVtdg

2 Kx 00 exps2Ltd sinsVtd , (12)

V ­ v 1 Kx 0 exps2Ltd sinsVtd

1 Kx 00f1 2 exps2Ltd cossVtdg . (13)

For the evaluation we confine the subsequent discuss
to an uncontrolled unstable periodic orbit which just flip
its neighborhood within one period, that means to
orbit of frequencyv ­ pyt. Such a situation appear
particularly in a neighborhood of a period doublin
bifurcation. Since the corresponding Floquet expone
l 1 iv is located at the “boundary of the Brillouin zone,
that means the corresponding multiplier is an isolat
negative real number,Gfkg 2 iv is by definition a real
function atk ­ 0 [cf. Eq. (6)], andx 00 vanishes. For this
reasonV ­ pyt is a solution of Eq. (13) which in that
sense is an optimal value for the frequency since the ef
of the control term in Eq. (12) becomes maximal. The
Eq. (12) simplifies to

L ­ l 1 Kx 0f1 1 exps2Ltdg , V ­ pyt . (14)

Stabilization is achieved ifL changes its sign, that mean
at a critical control amplitude

Kc ­ 2ly2x 0. (15)

Kc is mainly determined by the instability of the uncon
trolled orbit. On further increase of the control amplitud
the frequency may start to deviate from its optimal valu
Formally this deviation results from a pitchfork bifurca
tion in Eq. (13) which occurs atKopt

1 ­ 2Koptx
0t exps2Lopttd , (16)

with Lopt being determined by Eq. (14). BeyondKopt the
frequencyV deviates from its optimal valuepyt so that
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the eigenvalueL of the controlled orbit starts to increas
again with the control amplitudeK . In this senseKopt is
the optimal value since the stability of the controlled orb
is maximal.

Simulations and experiment.—In order to illustrate our
theoretical considerations and to demonstrate that
features predicted are accessible from observed data
have performed numerical simulations of the driven To
oscillator

Ùz1 ­ z2 ,

Ùz2 ­ 2mz2 2 afexpsz1d 2 1g

1 A sin2pt 2 Kfz2std 2 z2st 2 1dg . (17)
Time is measured in periods of the driving force. Atm ­
0.8, a ­ 25, A ­ 105, andK ­ 0 the system possesse
a chaotic attractor. A period-one orbit, which has beco
unstable in a period doubling bifurcation, can be stabiliz
at finite control K . Kc ø 2.1. From the exponentia
decay of the control signalz2std 2 z2st 2 1d, using a
standard least squares method, we determine the rea
imaginary parts of the Floquet exponentL 1 iV for
several values of the control amplitude. Our findings a
summarized in Fig. 2. We clearly observe the predic
dependence on the control amplitude. Using the va
Kopt ø 2.4 we determine the two parametersl andx 0 by
means of Eqs. (15) and (16) and compare our simulati
with the theoretical prediction from Eqs. (12) and (13
The quantitative coincidence is within a few perce
This result is even more convincing when keeping
mind that the theoretical prediction is just a first ord
computation in the control amplitude which actually is n
so small. For larger values ofK we observe an additiona
frequency in the control signal. Such a property can
attributed to the second (stable) Floquet branch and m
also be evaluated by Eq. (7). Finally, as a by-product,
obtain an estimate of the Floquet exponentl 1 iv of the
uncontrolled orbit.

In addition to analytical calculations and computer sim
lations we have performed experiments on a nonlin
electronic circuit (see, e.g., [10]). We consider a nonline
diode resonator consisting of a capacity diode (1N400
an inductor (470 mH), and a resistor (40 V) (cf. Fig. 3).

The control device consists of a cascade of electro
delay lines with a limiting frequency of about 2 MH
and several operational amplifiers acting as preamplifi
subtractor, or inverter. The device allows us to apply
controlling force of the form6KfUstd 2 eUst 2 tdg 1

U0with parameter rangesK ­ 0 300, e ­ 0 2, t ­
10 7000 ns, andU0 ­ 25 15 V. For conventional de-
layed feedback controle has to be adjusted carefully to on
and the offsetU0 to zero. This was done in the exper
ment reported here. The circuit was sinusoidally driv
with an amplitude of 2 V and a frequency of 990 kHz. A
cordingly the delay time was set tot ­ 1010 ns. From the
transient dynamics of the control signal we again obtain
decay rate and the frequency (cf. Fig. 4). For comparis
it
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FIG. 2. Real and imaginary part of the Floquet expon
for a numerical simulation of Eqs. (17). The data (symbo
have been obtained from the decay of the control signal
variation of the control amplitudeK. The solid lines indicate
the analytical solutions of Eqs. (12) and (13) withl ø 0.97,
x 0 ø 20.23.

with the theoretical prediction we take the valuesKc ø 34
andKopt ø 37.5 to determine the two parametersx 0t and
lt from Eqs. (15) and (16). The quantitative agreem
with Eqs. (12) and (13) is within a few percent, except
the real part beyondKopt.

Apart from the reasons already mentioned the dev
tions can be attributed to the limited accuracy of the va
Kopt. Since the transients are affected by noise a pre
estimate of the exponents is difficult to obtain for sm
decay rateL.

In conclusion, we have shown that the main lim
ing factor for time-delayed feedback control results fro
the torsion of the unstable periodic orbit. This topolo
cal property determines whether the control mechan
works at all. We have worked out the general featu
of the transient behavior including critical and optim
control amplitudes. Our approach describes at least
generic properties for stabilizing unstable periodic orb
with an unstable manifold like Möbius strip. Our simu
lations have shown that the features described above
accessible from the transient behavior of the control sig

FIG. 3. Experimental setup of a nonlinear diode resona
with time-delayed feedback device.
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FIG. 4. Real and imaginary part of the Floquet exponent
the electronic circuit experiment. The data (symbols) have b
obtained from the decay of the control signal on variati
of the control amplitudeK. The solid lines indicate the
analytical solutions of Eqs. (12) and (13) withlt ø 1.09,
x 0t ø 20.016.

and hence are observable in experiments. The electr
circuit experiment demonstrates that an analysis al
these lines is possible even for ultrafast experiments.
theoretical approach, based on an expansion of the ge
expression (7), resembles a Ginzburg–Landau-like tr
ment of phase transitions. It can be easily extended
incorporate, e.g., the degeneracy of several Floquet
ponents of the features of spatially extended, that me
high–dimensional systems.
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