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Propagation of a Rippled Shock Wave Driven by Nonuniform Laser Ablation
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A simple analytical model is presented to study hydrodynamic perturbation growth in the sta
phase in laser fusion, namely propagation of a rippled shock driven by nonuniform laser ab
induced by initial target roughness or nonuniform laser irradiation. Analytical results agree quite
with experimental data for the rippled shock propagation in the case of uniform irradiation on a r
surface. Approximate formulas expressing both the time evolution of the shock front and the asym
behavior of the ablation front are obtained in the weak shock limit. [S0031-9007(97)02627-6]

PACS numbers: 52.35.Tc, 52.35.Py, 52.50.Jm
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To achieve ignition and high gain in inertial confineme
fusion (ICF) [1], a spherical pellet must implode efficient
and symmetrically. A shock wave driven by the laser ab
tion propagates through a shell, and shell acceleration t
follows. Hydrodynamic perturbation growth in the shoc
compressed phase seeds the Rayleigh-Taylor (RT) in
bility [2,3] in the subsequent acceleration. The study
the hydrodynamic perturbation growth is thus essential
a better understanding of the RT instability that is impo
tant not only in ICF but also in supernova explosions [4

When ablation pressure is applied on a target w
a rippled surface, a rippled shock wave is launched
accordance with the target surface. Also, when a unifo
target is nonuniformly irradiated by a laser beam,
rippled shock is driven by nonuniform ablation pressu
The oscillation of the rippled shock would genera
hydrodynamic perturbations [5]. In this paper, a simp
analytical model is developed to study propagation o
rippled shock associated with an initial surface roughn
of a target and nonuniform laser irradiation on a smoo
target. It will be shown that the temporal evolutio
of the rippled shock front and the deformation of th
ablation surface can be obtained by solving a linear wa
equation in the shock-compressed region with suita
boundary conditions, for example, the Rankine-Hugon
(RH) jump condition at the shock front [6–9], and th
Chapman-Jouguet deflagration (CJ) jump condition at
laser ablation surface [10]. We show explicit analytic
solutions of the model equation, and obtain approxim
formulas in the weak shock limit [11]. Some of th
solutions are compared with recent experimental res
[5]. It should be mentioned that since the model is bas
on the linear theory and the assumption of a station
laser ablation as the zeroth order hydrodynamics,
theory may be difficult to be applied directly to imprin
experiments [12]. In those experiments, a significa
imprint may be created by nonuniform laser irradiatio
before the stationary laser ablation takes place. Des
this fact, analytical solutions are useful to understand
underlying physics and the dependence on laser and ta
parameters.
0031-9007y97y78(10)y1920(4)$10.00
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At first, we sketch briefly the zeroth order profiles of
stationary shock wave driven by a steady laser ablatio
The domain can be separated into four regions by t
shock front, ablation front, and sonic point as shown
Fig. 1. We label these regions 0, 1, A, and 2 from rig
to left. The region 0 is a uniform state ahead of the shoc
the region 1 is the shock-compressed region, the region
is an ablation region between the ablation front and t
sonic point, and the region 2 beyond the sonic point is
isothermal rarefaction region. We can apply the RH jum
conditions at the shock front:

us

V0
­

us 2 yx1

V1
­

r
p1 2 p0

V0 2 V1
, (1a)

sn0V0 2 V1dp0 2 sn1V1 2 V0dp1 ­ 0 , (1b)

and the CJ jump conditions at the ablation front:

ua 2 yx1

V1
­

ua 2 yx2

V2
­

r
p2 2 p1

V1 2 V2
­ Ùm ­ r1ya ,

(2a)

sn1V1 2 V2dp1 2 sn2V2 2 V1dp2 ­ 2
2I
Ùm

, (2b)

whereus, ua, andyx are the shock and ablation surfac
velocities and fluid velocity in a laboratory frame, an

FIG. 1. Schematic diagram of shock propagation driven
laser ablation: (a)x-t diagram, and (b) density profile at certain
time. s, a, and so denote shock front, ablation front, and so
point, respectively. 0, 1, A, and 2 denote unperturbed, sho
compressed, deflagration, and isothermal rarefaction regio
respectively. Dashed line in (a) shows fluid flow.
© 1997 The American Physical Society
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p, r, and V are pressure, density, and specific volum
respectively. ya is the ablation velocity in a reference
frame moving with the fluid in the compression region
Ùm and I are the mass ablation rate and absorbed la
intensity, respectively, andn ­ sg 1 1dysg 2 1d andg

is isentropic exponent. The subscripts 0, 1, and 2 den
the values of the regions 0, 1, and 2, respectively. T
fluid velocity of the sonic point relative to the ablation
surface is equal to the sound speed of the sonic po
ua 2 yx2 ­

p
p2V2. We can uniquely determine the

zeroth order variables in each region by using the
conditions, once the uniform state ahead of the sho
sp0, V0d and the absorbed laser intensity and the dens
at the sonic pointsI , V2d are given. We assume the
density of the sonic point is the laser cut-off density [13
The sonic point density may not always be the cut-o
density especially for short wavelength lasers. Howev
this assumption is not so inaccurate in the case th
low-Z target is irradiated by0.53 mm laser. For a shorter
wavelength laser, we can solve the zeroth order jum
conditions by using the observed ablation pressuresp1d
or mass ablation rates Ùmd.

We consider a rippled shock wave and a nonunifor
laser ablation caused by an initial surface roughness
a target or nonuniform laser irradiation on a smooth ta
get. We assume the surface modulation of the target
be given asa0 expsikyd in the former, and the nonuniform
laser irradiation to be given asdI expsikyd in the latter,
wherea0, dI, andk are the surface amplitude, the pertu
bation of the absorbed laser intensity, and the perturbat
wave number, respectively. These nonuniformities indu
perturbations in the regions 1, A, and 2. According to th
linear theory [6–9,11], the pressure perturbation in th
shock-compressed region satisfies the wave equation
reference frame moving with the fluid:

≠2

≠t02 dp1sx0, t0d ­ c2
1

≠2

≠t02 dp1sx0, t0d 2 c2
1k2dp1sx0, t0d ,

(3)
where c1 is the sound speed anddp1 is perturbed
pressure, andx0 ­ x 2 yx1t and t0 ­ t. We can write
the general solution of Eq. (3) as:

dp1 ­
X
m

sAme2mu 1 Bme2mud fCmJmsrd 1 DmNmsrdg ,

(4)

wherer ­ kc1t0
p

1 2 sx0yc1t0d2 , u ­ tanh21sx0yc1t0d, m

is a separation constant, andJm and Nm are the Bessel
and Neumann functions, respectively [6,7,11]. The coe
ficientsA, B, C, andD as well as the separation constan
m must be determined by the boundary and initial co
ditions. It should be noted that because entropy wav
propagate with the fluid, an entropy perturbation in th
regionsds1 ~ dp1yp1 1 g1dV1yV1d does not depend on
time in the reference frame moving with the fluid.

The boundary conditions at the shock front are the sa
as in previous works [6–9]. For instance, linearizin
,
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Eq. (1a), the time derivative of the shock front ripple,Ùas,
is given by:

Ùasstd ; dusstd ­
g1 1 1

4r0c0Ms
dp1sust, td , (5)

where Ms is the shock Mach number, and we assum
g0 ­ g1 hereafter. At the ablation surface, linearizin
Eq. (2), we get three equations which give relatio
between the perturbations at the ablation front and thos
the sonic point [14]. For instance, linearizing Eq. (2a), th
time derivative of the ablation surface ripple,Ùaas; duad,
is given by:

Ùaastd 2 dyx1suat, td
ya

­
1

1 2 M

µ
dp1suat, td 2 dp2std

p1

1
dV1suat, td 2 MdV2std

V1

∂
, (6)

where we assume that the distance of the region A
very short compared with the perturbation waveleng
ls­ 2pykd, andM ­ g1syayc1d2. yayc1 represents the
ablation Mach number, which is much smaller than uni
in general. We assume that the first-order quantities
the sonic point satisfy the condition that the local Mac
number is equal to unity:

Ùaastd 2 dyx2std
c2

­
1
2

µ
dp2std

p2
1

dV2std
V2

∂
. (7)

In addition, we makedV2 ; 0 because the density of the
sonic point is taken to be the laser cut-off density [13
It is noted that we are not solving the perturbation
region 2. Rather, we substitute that physics with Eq. (
and the assumption thatdV2 ; 0 at the sonic point. This
could, in principle, be done because the flow in region
expands supersonically, and neither sound nor entro
waves can cross the ablation front and affect the flo
in region 1. The assumption ofdV2 ­ 0 may not be a
unique boundary condition. As a matter of fact, we ha
obtained similar results as explained below even with t
boundary condition ofdT2 ­ 0. Therefore, it should be
possible to solve the problem in region 1, by choosin
“plausible” boundary conditions at the sonic point.

We consider a rippled shock wave driven by an initi
corrugated surface. The coefficients and the separa
constant of Eq. (4) are determined by the initial and boun
ary conditions. The solution containing the Neuman fun
tion Nm must be dropped out to satisfy initial conditions a
the ablation frontsdI ; 0d. Moreover, the indexm must
be a positive odd integer to satisfy the initial and boun
ary conditions at the shock frontfass0d ­ aas0d ­ a0g.
Therefore, Eq. (4) becomesdp1 ­

P`
n$0 hEne2s2n11du 1

Fne1s2n11dujJ2n11srd, where the separation constantn is
an integer, and the coefficientsEn andFn are determined
by the boundary conditions. We can also expressas and
1921
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aa by using Eqs. (5) and (6), respectively.as andaa are
functions ofrs ­ kc1t

p
1 2 fsus 2 yx1dyc1g2 and ra ­

kc1t
p

1 2 fsua 2 yx1dyc1g2 because the shock and abla
tion fronts propagate along the trajectoriesx ­ ust and
x ­ uat, respectively.

Figure 2 shows the shock front ripple (solid line)
asya0, as a function ofrs and the ablation surface de-
formation (dot-dashed line),aaya0, as a function ofra.
The parameters used areI ­ 4 3 1013 Wycm2, lL ­
0.53 mm, r0 ­ 1.06gycm3 (CH target),p0 ­ 0.703 Mbar
(equivalent toT0 ­ 1 eV), l ­ 100 mm, g0 ­ 3, g1 ­ 3,
and g2 ­ 5y3, where lL is laser wavelength. Once a
rippled shock is launched, a pressure perturbation is i
duced by the lateral fluid motion behind the shock. Th
pressure perturbation causes the ripple of the shock fro
to be reversed and subsequently oscillate, as the pr
sure perturbation increases the deformation of the ablati
front monotonously. The amplitude of the shock rippl
decays as the shock propagates. Since the pressure
turbation at the ablation front also decays with time, th
deformation of the ablation front approaches an asym
totic value as shown in Fig. 2. It takes longer time for th
ablation surface deformation to reach the asymptotic val
as compared with the oscillation period of the ripple
shock. It should be also noted that the increase
the ablation surface deformation is different from th
Richtmyer-Meshkov (RM) instability because in the RM
instability there is a finite growth rate,Ùaa fi 0, and thus
no asymptotic amplitude [8,11]. In comparison with th
rippled shock driven by a rippled rigid piston (dotted line
in Fig. 2) [7,9], the amplitude of the shock surface rippl
driven by laser ablation decays much faster than th
driven by the rigid piston. This is due to the fact that in
the laser ablation case the pressure perturbation behind
shock is weakened because of the mass flow across the

FIG. 2. Shock front ripple,asya0, and ablation surface de-
formation, aaya0, as functions of normalized timesrs and ra,
respectively. Solid line and circles show the exact solutio
and approximate formula ofasya0, respectively. A dotted line
showsasya0 driven by a rippled piston. Dot-dashed line show
the exact solution ofaaya0.
1922
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lation surface and also because of the deformation of
ablation surface that accompanies the perturbed pressu

In the weak shock limit, it seems reasonable that t
first terms (E0 and F0) are dominant in the solution for
dp1 [11]. In addition, since the ablation Mach number i
much smaller than unityfsua 2 yx1dyc1 ­ yayc1 ø 1g,
by expanding the coefficients into a power series ofyayc1
and retaining the leading order term, we get:

asstd
a0

. J0srsd 1
2M2

s 1 2

3M2
s 1 1

J2srsd . (8)

This approximate formula is shown by circles in Fig. 2
which agrees quite well with the exact solution eve
for relatively largeMss­ 3.74d. On the other hand, the
calculation ofaastd is not as straightforward as forasstd.
However, we can get an asymptotic value foraa:

aas`d
a0

. 1 1
8M2

s sM2
s 2 1d

s3M2
s 1 1d f2g1M2

s 2 sg1 2 1dg
c1

ya
.

(9)

The asymptotic value of the ablation surface deformati
increases monotonously as the shock intensity increas
However, the exact solution starts to saturate arou
the shock intensity ofsp1 2 p0dyp1 , 0.6. The shock
intensity of 0.6 corresponds to the absorption intensity
,1013 Wycm2 for the parameters used, since in our mod
the shock intensity is determinate by the absorbed la
intensity through the CJ jump conditions.

In Fig. 3, we compare the theoretical values with th
experimental results [5]. Figures 3(a) and 3(b) show t
normalized shock front ripple,asya0, and the normalized
perturbation of the areal mass density,drlysdrld0, re-
spectively, as functions of the normalized time,ustyl,
wheresdrld0 is an initial value of the areal mass densit
perturbation. The parameters used are the same as th
in Fig. 2. Both the oscillation period and decay rate of th
rippled shock front agree quite well with the experiment
results as shown in Fig. 3(a). In Fig. 3(b), agreement b
tween the theory and the experiment is also found on t
areal mass density perturbation.

We now also investigate a rippled shock driven b
nonuniform laser irradiation on a smooth target. W
can determine the coefficients and separation constan
Eq. (4) by using the boundary conditions and the initi
conditions given byass0d ­ aas0d ­ 0 and dI ; const.
As a result, Eq. (4) becomesdp1 ­

P`
n$0hEne22nu 1

Fne12nujJ2nsrd. In this problem, since the nonunifor-
mity is continuously supplied by laser, there is a finit
asymptotic value of the velocity perturbation of the abla
tion front contrary to the previous case. In the weak sho
limit, we can obtain the approximate formulas for both th
shock front ripple,asstd, and the asymptotic growth rate
of the ablation surface,Ùaas`d:

kasstd
dIyI

. K1

∑
J1srsd 1

s2 2 b2
s dM2

s 1 3

s2 1 b2
s dM2

s 1 1
J3srsd

∏
, (10)
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FIG. 3. (a) Shock front ripple,asya0, and (b) areal mass
density perturbation,drlysdrld0, as functions of normalized
time, ustyl. Solid lines are theoretical values, and squa
experimental results.

Ùaas`dyc1

dIyI
.

2
3g1

c1

ya

∑
1 1 K2

M2
s 2 1

s2b2
s 1 1dM2

s 1 1

∏
,

(11)

where bs is the shock Mach number with respe
to the fluid behind the shock,K1 ­ sg1 1 1dy
f3g1bs

p
1 2 b2

s g, and K2 ­ s1 2 bsdys1 1 bsd.
In Fig. 4, we compare the results of Eqs. (10) and (1
with the exact solutions. Figure 4 shows the normaliz
shock front ripple,kasysdIyId, as a function ofrs and
the normalized growth rate of the ablation surfac
s Ùaayc1dysdIyId, as a function ofra. The parameters use
are the same as those of the previous problem. Since
higher laser intensity drives the larger ablation pressu
the shock front ripple increases with time at first a
oscillates subsequently. The first maximum of the dime
sionless shock ripple reaches,0.65 for the parameters
used. The asymptotic value ofÙaa has a weak depen
dence of the shock intensity. Namely,s Ùaayc1dysdIyId is
,5 7 for low to high shock intensityf0 , sp1 2 p0dy
p1 , 1g. We have also found a good agreement betwe
the approximate formulas given by Eqs. (10) and (11) a
the exact solutions for a wide range of the shock intens

We have developed a simple analytical model to inv
tigate propagation of a rippled shock driven by nonu
es
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FIG. 4. Shock front ripple,kasysdIyId, and growth rate of
ablation surface,s Ùaayc1dysdIyId, as functions of normalized
times rs and ra, respectively. Solid line and circles show
the exact solution and approximate formula ofkasysdIyId,
respectively. Dot-dashed line shows the exact solution o
s Ùaayc1dysdIyId.

form laser ablation induced by an initial surface roughnes
of a target or nonuniform laser irradiation on a smooth
target. In the weak shock limit, we obtain approximate
formulas for the shock front ripple and the asymptotic
behavior of the ablation surface.
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