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Heat Conduction in Chains of Nonlinear Oscillators
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We numerically study heat conduction in chains of nonlinear oscillators with time-reversible
thermostats. A nontrivial temperature profile is found to set in, which obeys a simple scalin
relation for increasing the numberN of particles. The thermal conductivity diverges approximately
as N1y2, indicating that chaotic behavior is not enough to ensure the Fourier law. Finally, we show
that the microscopic dynamics ensures fulfillment of a macroscopic balance equation for the entro
production. [S0031-9007(97)02611-2]
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The approach to nonequilibrium statistical mechani
through the introduction of microscopically time
reversible models has been shown to be rather powe
in the context of many-particle dynamics [1]. If the
reversibility property is supplemented by the so-calle
chaotic hypothesis, the tools developed for strictly
hyperbolic systems allowed making general statistic
predictions that have been successfully tested [2]. Amo
the achievements of this approach, we recall the derivat
of the Onsager reciprocity relations [3] and the expre
sion of entropy production in terms of a self-generat
dissipation rate [4].

So far, however, most of the numerical efforts i
this area have been restricted mainly to the descript
of gases and fluids, where the thermostats, introduc
to keep the energy constant, affect each particle
(with a few exceptions, such as Refs. [3,5,6]). In th
present Letter we investigate the possibility of extendi
the above approach to a chain of coupled nonline
oscillators, with specific reference to heat-conductio
properties of insulating solids. In this context, the mo
natural choice is to put only the chain extrema in conta
with two thermal baths at different temperatures.

A further motivation for the present work is the lac
of convincing results about the validity of the Fourie
conduction law in 1D systems. Let us briefly review
the current state of the arts. In the simplest case
coupled harmonic oscillators, it was rigorously show
[7] that, if the extrema of the chain are put in conta
with stochastic heat reservoirs operating at differe
temperatures, a nonequilibrium stationary state sets
with no temperature gradient in the bulk. As a resu
thermal conductivityk turns out to be proportional to
the number of oscillatorsN. Such a divergence simply
follows from the existence of extended waves (phonon
freely traveling and carrying energy along the lattic
without attenuation.

Afterwards, the role of impurities has been taken in
account, since it was expected that phonon waves sho
0031-9007y97y78(10)y1896(4)$10.00
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be damped by the scattering processes due to defects,
possibly removing the divergence ofk. Unfortunately, it
was found that although isotopic disorder in a harmon
chain yields a nonzero temperature gradient in the bu
[8,9], it still implies a diverging conductivitysk ø N1y2d
[10,11]. A finite k has been obtained only by placing a
the oscillators in contact with independent thermal bat
[12]. As a result, one can conclude that no physical
sound description of Fourier law can be obtained wi
harmonic chains.

More than disorder, anharmonicity has been invok
as the key feature of real solids responsible for norm
heat conduction [13]: Nonlinearities make phonons i
teract among themselves, thus impeding free propagati
In the spirit of the general theory of dynamical system
nonintegrability, rather than anharmonicity, is the prop
erty that should be responsible for a finite conductivit
In fact, nonlinear normal modes (solitons) freely transpo
energy along the chain. Our numerical simulations pe
formed with a Toda chain [see Eqs. (1) and (2) for th
precise definition of the model] do reveal the same sc
nario as for linear chains (see also [14]).

Numerical experiments for chains with chaotic smoo
potentials [14,15] have been performed with too fe
particles to allow, even in the most detailed investigatio
[16], a conclusive study of the dependence ofk on
N . The same can be said for the case where bo
anharmonicity and disorder have been simultaneou
included [17,18].

Finally, we must recall two somehow artificial model
that lead to contradictory conclusions: The first one is
chain of harmonic oscillators with an infinite barrier set a
a given distance [19]; the second is the so-called ding
ling model, where harmonic oscillators alternate with fre
particles [20]. While in the former case the conductivit
has again been found to diverge, in the latter the auth
found convincing evidence that it attains a finite value.

In this Letter we study the Fermi-Pasta-Ulam (FPU
model, which represents the simplest anharmon
© 1997 The American Physical Society
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approximation of a monoatomic solid. Specifically, we
consider a chain ofN oscillators, indicating withqi

the displacement of theith particle from its equilib-
rium position. Fixed boundary conditions are assume
sq0 ­ qN11 ­ 0d, while the dynamics of the central
N 2 2 oscillators is ruled by the equations of motion

q̈i ­ fi 2 fi11 , (1)

wherefi ­ 2V 0sqi 2 qi21d andV sxd ­ x2y2 1 bx4y4
is the interaction potential (b has been fixed equal to
0.1). Nosé-Hoover thermostats [1,21] act on the first an
the last particle, keeping them at temperatureT1 andT2,
respectively,

q̈1 ­ 2z1 Ùq1 1 f1 2 f2 , Ùz1 ­
Ùq2

1

T1

2 1 ,

q̈N ­ 2z2 ÙqN 1 fN 2 fN11 ,

Ùz2 ­
Ùq2

N

T2

2 1 . (2)

The dynamical equations are left invariant under time r
versal composed with the involutionpi ! 2pi. Recent
numerical observations [22] show that time-reversib
nonequilibrium dynamics yields results compatible wit
the predictions of Ref. [2], despite the fact that th
system under investigation is not strictly Anosov. W
expect that this should hold also for our model at suffi
ciently high temperatures. However, we shall not furthe
address this point here; this will be the subject of a forth
coming paper [23].

We have performed extensive numerical simulation
with several values ofN andT6, integrating the equations
of motion with an improved fourth-order Runge-Kutta
Ghil algorithm. The first clear result is the convergenc
to a well defined spatial profile of the local temperatur
Ti ­ kp2

i l (k?l denoting time average). The asymptotic
stationary state satisfies the local equilibrium condition, a
confirmed by the fluctuations ofTi that are in agreement
with the canonical ones. The only exceptions are repr
sented by the particles close to the boundaries, where
temperature profile seems to exhibit a singularity. Glob
ally, the profiles satisfy a simple scaling relation, as clear
shown in Fig. 1, where the values ofTi , corresponding to
different chain lengths (and the same boundary tempe
tures), are plotted versusiyN. The adoption of the above
scaled units is tantamount to considering the contin
um limit with the lattice spacinga equal to1yN . How-
ever, this is to be taken only as a formal interpretation,
the mass density obviously diverges whenN ! `; con-
versely, if the equations are rescaled in such a way th
both energy and mass densities are kept constant, one fi
that the nonlinearity coefficientb should diverge.

The nonlinear shape of the profiles could be interprete
as an indication of a temperature-dependent conductivi
but this is incorrect, since simulations done with such sma
temperature differences asT1 2 T2 ­ 4 still reveal clear
deviations from linearity. This is rather an indication o
d
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FIG. 1. Scaling of the temperature profiles for the FPUb
model. The imposed temperatures areT1 ­ 152 andT2 ­ 24,
and chain lengths areN ­ 128, 194, and256 (dashed, dotted,
and solid lines, respectively). Averages are carried over a t
interval ø106, after a transientø104.

the relevant role played by boundary conditions; indeed
seemingly square-root-type singularity in the temperat
profile is always observed at the chain extrema.

The next result concerns the local heat fluxJsx, td,
which is implicitly defined by the continuity equation,

ÙHsx, td 1 divJsx, td ­ 0 , (3)

where H ­
P

i Hidsx 2 xid, Hi ­ p2
i y2 1 V sqi 2

qi21d and xi ­ ia 1 qi. By Fourier transforming (in
space) Eq. (3), and upon expanding in powers of
wave numberk, one eventually finds that the heat flux
the ith position is given by [23,24]

Jistd ­ apifi11 , (4)

wherepifi11 has the simple interpretation of the flow o
potential energy from theith to the neighboring particle
We have checked thatJ ; kJistdl is independent of the
lattice positioni, as it should indeed be for a stationa
nonequilibrium state.

The only physically meaningful setting for the compa
son of heat fluxes for different values ofN is achieved by
fixing a ­ 1, as it is the case in real systems where t
lattice spacing is determined by the mutual interactio
The data reported in Fig. 2 shows thatJ scales to zero as
N2a , with a ­ 0.55 6 0.05. The same scaling behavio
has been obtained for different choices of the temperatu
T1 and T2, provided that they are sufficiently larg
to ensure a chaotic behavior. This implies that t
conductivity,

k ­
J

dTydx
, (5)

diverges asN12a , since the temperature gradient vanish
as N21. Therefore, we are forced to conclude th
1897
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FIG. 2. Scaling of the heat fluxJ with the number of
oscillatorsN for the FPUb model (same temperatures as
Fig. 1). The inset refers to the case of an imposed cons
gradient sT1 2 T2dyN (see text) with the same bounda
temperatures: Scaling withN21 implies that the conductivity
is constant.

Fourier law is not satisfied in the present framewo
and that chaoticity is not sufficient to ensure its validi
Surprisingly, the above behavior is similar to the o
found in harmonic chains with random masses [1
as if disorder and anharmonicity played the same r
However, we have no explanation for this fact.

Two further remarks should be added as a commen
the scaling behavior ofJ. First, from the very definitions
[Eqs. (4) and (5)], one realizes that the assumptiona ­
N21y4 implies an asymptotically finitek, but this is no
more than just a formal statement. Second, notice
in the present philosophy, which is the standard o
adopted in the literature,T1 andT2 are kept fixed while
N diverges, so that the temperature gradient (i.e.,
external field) goes to 0. Accordingly, in the limit o
large N, the chain gets closer and closer to equilibriu
so that, independently ofsT1 2 T2d, a linear regime
(in the Green-Kubo sense) is eventually attained. T
is at variance with other physical settings, such
electric charge transport, where the external field is a
parameter whose magnitude can be fixed independe
of the system size. Accordingly, it is not obvious how
study nonlinear corrections in this framework, if they a
relevant at all.

As a last comment on thermal conductivity in FP
chains, we want to stress that a truly finitek is observed
when each particle is thermostated independently, acc
ing to a linear temperature profile. Obviously, in this ca
kJistdl depends on the lattice site, but its average va
over all sites is found to scale asN21 (see the inset o
Fig. 2). This is analogous to what was found in Ref. [1
with stochastic heat baths. Needless to say, this re
sounds a bit artificial, as the profile is imposed from
outside.
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Returning to the usual case, the energy balance at
chain extrema implies that

J ­ 2kz6p2
1,N l ­ 2kz6lT6 , (6)

where the last equality is obtained from the conditio
kdz 2

6ydtl ­ 0. The above equation expresses the gene
scenario arising in time-reversible models that a noneq
librium stationary state corresponds to a spontaneo
emergence of dissipation [2,4]. The global volume co
traction rateg in phase space is given by the average
the divergence of the velocity field, i.e.,g ­ kz1 1 z2l.
In all simulations we checked thatg . 0, as long as
T1 fi T2, consistently with a theorem recently proved b
Ruelle [25]. In any case,kz1l is always negative (pro-
vided thatT1 . T2), as indeed prescribed by energy ba
ance. In fact, the energy is pumped in from the hot res
voir, flows through the chain, and is eventually absorb
in the cold reservoir. Dynamically, it is at least bizarr
that the hot thermostat is characterized by a local expa
sion of volumes: This is completely opposite to the a
proach in terms of stochastic baths, where dissipation
always assumed. To what extent this peculiar feature
physically meaningful is unclear; nevertheless, the inte
pretation in terms of entropy production makes perfe
sense. In fact, Eq. (6) can be rewritten as

kz1l 1 kz2l ­ J

µ
1

T2

2
1

T1

∂
, (7)

with the convention thatJ . 0 is an incoming flux.
Equation (7) can be physically interpreted as a balan
relation for the global entropy production. According t
the general principles of irreversible thermodynamics, t
local rate of entropy productions in the bulk is given by

ssxd ­ J
d

dx

µ
1

Tsxd

∂
. (8)

Upon integrating Eq. (8), the right-hand side of Eq. (7
is obtained, which can thus be interpreted as the glo
production rate of entropy in the bulk. On the other han
according to general arguments on reversible thermos
[2], the left-hand side of Eq. (7) is identified with the
entropy production from the heat baths. Equation (7) h
been numerically tested in a wide range of temperature

A relevant consequence of Eq. (6) is thatz6 are
proportional toJ, so that not only the fluxes but also
the dissipationg vanish in the thermodynamic limit
N ! `. This is indeed a remarkable difference wit
respect to other models of gases and fluids studied, e
in Refs. [2,4,5], where the dissipation is always extensiv
In our opinion, this is due to the vanishing ofdTydx, and
not to the fact that thermostats act only at the boundari
Indeed, by globally thermostating the two halves of th
lattice at two different temperatures [26], we find thatg,
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which is now the sum ofN contributions, still goes to zero
asN21y2.

Although it is generally believed that nonlinearit
yields a finite thermal transport coefficient, we ha
shown that this is not true in FPU chains equipp
with time-reversible thermal baths. The specific cho
of the thermostat does not affect the generality of o
conclusions since the repetition of some simulatio
with isokinetic (Gaussian) thermostats [1] lead to simi
results. Another possible explanation of the divergen
of k could be the dimensionality of the system: It mig
be that solitonlike propagation is generically favore
in 1D systems. At the present stage this is only
speculation that needs further investigation. Another it
that should be seriously taken into account conce
boundary conditions. If, as we suspect, the nonlin
shape of the profile stems from the peculiar functioni
of the thermostats, it is not to be excluded that a differ
setup could lead to more physically meaningful resu
Some preliminary simulations performed by thermostat
a number ofO sNd particles on both the left and righ
sides suggest a possible slow convergence to a fi
k value. In any case, the anomalous behavior of
conductivity is presumably to be attributed to the almo
free evolution of the small-wave-number Fourier mod
even at high energies [27]. In fact, the small coupling
such modes with the rest of the chain suggests the poss
existence of perturbations traveling almost undamp
along the chain.
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to undertake the present study and for enlighten
discussions, and E. G. D. Cohen for his many suggestio
criticisms, and transfer of enthusiasm. One of us (R. L.
indebted to Ph. Choquard for clarifying discussions on
definition of heat flux. Part of this work has been done
the Institute for Scientific Interchange, Turin, Italy, durin
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