
VOLUME 78, NUMBER 10 P H Y S I C A L R E V I E W L E T T E R S 10 MARCH 1997

smic
anck
inary
uggest
able
What Would We Learn by Detecting a Gravitational Wave Signal
in the Cosmic Microwave Background Anisotropy?
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(Received 20 June 1996)

Inflation generates gravitational waves, which may be observable in the low multipoles of the co
microwave background anisotropy but only if the inflaton field variation is at least of order the Pl
scale. Such a large variation would imply that the model of inflation cannot be part of an ord
extension of the standard model, and combined with the detection of the waves it would also s
that the inflaton field cannot be one of the superstring moduli. Another implication of observ
gravitational waves would be a potentialV 1y4 ­ 2 to 4 3 1016 GeV , which is orders of magnitude
bigger than the prediction of most models. [S0031-9007(97)02506-4]

PACS numbers: 98.80.Cq, 04.30.Db, 98.70.Vc
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Inflation generates a density perturbation and gravit
tional waves. The density perturbation is thought to b
responsible for large scale structure and, together with
possible gravitational wave contribution, for the cosm
microwave background (cmb) anisotropy. It is well know
that the detection of a gravitational wave contribution t
the cmb anisotropy would immediately determine the valu
V and slopeV 0 of the potential while relevant scales are
leaving the horizon during inflation [1,2], with an eventua
measurement of the spectral index of the density perturb
tion fixing V 00 [1–3] and additional data providing limited
additional information about the shape ofV [4]. Here I
point out that a detection would also tell one that the infla
ton field variation during inflation is at least of order the
Planck scale, and go on to discuss the theoretical implic
tions of both this result and the value ofV .

If d
2
H is the spectrum of the curvature perturbatio

associated with the density perturbation, andPg is the
spectrum of the gravitational waves (as defined fo
example in [1]), it is convenient to consider the rati
rskd ­ 0.139Pgyd

2
H . The spectra are in general scal

dependent, andrskd has been normalized so that in
an analytic approximation [5] it gives the ratio of the
two contributions to the mean-square quadrupole of t
cmb anisotropy seen by a randomly placed observ
For higher multipoles the corresponding ratio is rough
constant in the range2 # l & 100, but then it falls off
sharply so that it will be detected if at all in the abov
range.

The standard slow-roll paradigm of inflation [6] pre
dicts [5,8–10]

d2
Hskd ­

1

75p2m6
Pl

V 3

V 02
, (1)

rskd ­ 6.9m2
PlsV

0yV d2 , (2)

where mPl ­ s8pGd21y2 ­ 2.4 3 1018 GeV is the
Planck scale. The right hand sides are evaluated wh
k ­ aH where kya is the wave number,a is the scale
factor, andH ­ Ùaya.
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In an intervalD ln k , 1, the fractional changes ind2
H

andPg are predicted to beø 1. Since thelth multipole
of the cmb anisotropy corresponds to a scalek21 .
2ysH0ld the relevant range2 # l & 100 corresponds to
only D ln k . 3.9 so rskd will have a roughly constant
value which from now on will be denoted simply byr.
Ignoring any variation, one can show [11] that because
cosmic variance a valuer . 0.07 is necessary in orde
to have a better than even chance of eventually detec
the gravitational wave contribution, and approximately t
same result should hold for the average even if there
some variation.

At present, observation provides only a weak upp
bound onr, which has not been quantified properly but
something liker & 1 [12]. The COBE observations give
a good normalization [13],dH . 1.9s1 1 rd1y2 3 1025,
and using it one finds [14]

V 1y4 . sry0.07d1y4 3 1.8 3 1016 GeV. (3)

Thus a detection ofr would give a valueV 1y4 ­ 2 to
4 3 1016 GeV.

The slow-roll paradigm also gives

1
mPl

Ç
df

dN

Ç
­ mPl

Ç
V 0

V

Ç
­

µ
r

6.9

∂1y2

, (4)

where df is the change in the inflaton field indN ­
Hdt . d ln a Hubble times. While the scales correspon
ing to 2 # l & 100 are leaving the horizonDN . 3.9, so
the corresponding field variation is

DfymPl . 3.9sry6.9d1y2 ­ 0.39sry0.07d1y2. (5)

We see that a detectabler requiresDf * 0.4mPl. This is
a minimum estimate for the total field variation, becau
inflation continues afterwards for some numberN of e
folds. The standard estimate [1] isN . 50, but [2] with
late reheating and a single epoch of thermal inflati
[16,17] N . 25. In either case it is clear thatrskd can
© 1997 The American Physical Society 1861
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increase significantly on smaller scales, making the to
field variation much bigger than the estimate (5). In fac
there is a whole class of models where the increase
typically so strong that a detectabler requiresDf ¿
mPl . These are the models where the inflaton field is ne
a maximum of the potential [2].

[If the potential is V . V0 2
1
2 m2f2 one has

sDfymPld2 . V0ysm2
Plm

2d ­ 2ys1 2 nd ¿ 1 (where
1 2 n is the spectral index), butr . s6.9y2d s1 2

nde2s12ndN , 0.051s25yNd which is unde-
tectable. If V . V0f1 2 sfyMdpg, with p . 2
and M * mPl, one has Df . M * mPl but r ­
6.9p2sMymPld2pys p22d fNpsp 2 2dg2s2p22dys p22d which
is detectable only ifM is very big (M . 6.3mPl if p ­ 3
andM . 8.4mPl if p ­ 4). Similar results hold ifV is a
mixture of terms, say quadratic at smallf and quartic at
largerf, provided that all terms have the same sign.]

Now let us consider inflation model building in the
light of all this. In the earliest models [18] the inflaton
field is rolling towards a vacuum expectation value (ve
kfl ø mPl, makingDf ø mPl andr negligible. These
models were at best unattractive because the inflaton fi
had to be very weakly coupled, so “primordial” mode
were suggested, where the vev andDf are of ordermPl

[19] or bigger [20]; these still give negligibler because
inflation takes place near a maximum of the potenti
Then power-law potentialsV ~ fp were considered [21],
where the field during inflation is rolling towards th
origin with a value and a variation of order10mPl, giving
a detectabler . Finally (confining ourselves to the cas
of Einstein gravity), “hybrid” inflation has been propose
[22], where the inflaton field is accompanied by anoth
field responsible for most of the potential energy, inflatio
ending when it is destabilized. Like the earliest mode
typical hybrid inflation models have [23]Df ø mPl (and
therefore negligibler), but unlike them they need no
involve very small couplings [24].

Should we care whether the field variation is big o
small, when building a model of inflation? In the contex
of global supersymmetry (or no supersymmetry) th
answer would be no, becausemPl makes no appearance
in the field theory. However, according to present idea
the extension of the standard model chosen by nature
likely to involve supergravity. In that context, one expec
the potential to have an infinite power-series expansion
each field,

V ­ V0 1
1
2

m2f2 1 lq 4

1 l0m2
Plf

6 1 l00m24
Pl f8 1 . . . . (6)

(For simplicity, I am supposing that odd powers are e
cluded by a symmetry.) Ordinary field theory corre
sponds to a truncation at low order, which is justifie
if all fields are small. This is indeed the case for th
usual applications of field theory, involving the stan
1862
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dard model, its minimal supersymmetric extension, a
more ambitious extensions invoking such things as ne
trino masses, Peccei-Quinn symmetry, or a grand unifi
theory (GUT).

So the answer to the question is that we should ca
very much. Small-field models, which in practice see
to mean hybrid inflation models, are under relatively goo
control; it will be enough to keep one or two dominan
low-order terms in expansion (6) ofV (with perhaps
quantum corrections [18,26]), and one can hope to furth
restrictV by requiring that the fields relevant for inflation
already appear in an extension of the standard mo
designed for some other purpose [27].

If a gravitational wave effect is detected in the cm
anisotropy, we shall need a model of inflation in whic
the inflaton field is of ordermPl or bigger. For a generic
field one has no idea what to expect in this regim
The only exception is for the superstring moduli, whe
superstring theory provides some guidance. The mod
potential looks [28,29] as if it might be marginally capabl
of supporting inflation, in that the expected values
m2

PlsV 0yV d2 and m2
PlV

00yV at a generic point are of
order 1 so that there could be an exceptional regi
in the moduli space where these quantities are bo
small. Investigations using specific models [28,30,3
have actually concluded that viable inflation does n
occur, but even if it does it will probably not give a
detectabler . The reason is that one expects the size of t
region in field space where inflation can occur to be on
of ordermPl, and in order to motivate the initial condition
by invoking eternal inflation [32] one will probably want
to start inflation near a maximum of the potential. As w
saw earlier, the combination of these two requiremen
will probably not give a detectabler.

The conclusion is that a model of inflation giving a
detectabler will probably live in uncharted territory,
where there is as yet no theoretical guidance as to the fo
of the potential. There is no particular reason to invok
the usually-considered formsV . A 6 Bfp, though of
course one should still test such forms against observat
by measuring bothr and the spectral index of the densit
perturbation [1,2].

Finally, let us return to the result thatV 1y4 will have
to be a few times1016 GeV if there is a detection. It has
been pointed out by several authors [27,33,29–35] th
such a big inflationary potential is difficult to understan
on the basis of particle theory, which might generical
suggest a scale of ordersmmPld1y2 or smm2

Pld1y3 with
m , 102 GeV. More particularly, one does notexpect
such a potential to be generated by the Higgs sec
of a GUT, because this would give (at the maximum
V , m2

hkfhl2, and although coupling constant unificatio
suggests vevskfhl , 1016 GeV there is no reason for the
massesmh to be so big [36]. But in the face of a measure
V 1y4 of this order one might set aside all prejudice, an
look at the viability of a hybrid inflation model with a
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GUT higgs as the noninflaton field anda large inflaton
field variation.

To summarize, the observation of a gravitational wa
signal in the cmb anisotropy would require a revision
current thinking about the likely form of the inflationar
potential, in respect of both the field variation and t
height of the potential. Turning the viewpoint around, it
fair to say that there is at present a considerable theore
prejudice against the likelihood of such an observation
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