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Quantum Jumps as Decoherent Histories
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Quantum open systems are described in the Markovian limit by master equations in Lindblad fo
I argue that common “quantum jump” techniques, which solve the master equation by unrave
its evolution into stochastic trajectories in Hilbert space, correspond closely to a particular se
decoherent histories. This is illustrated by a simple model of a photon counting experiment. [S00
9007(97)02717-8]
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Recently a great deal of work has been done in qu
tum optics on “quantum jump” simulations of continu
ously measured systems with dissipation [1–5]. In t
technique, a system described by a master equation
the reduced density operatorr in the Markovian approxi-
mation [6],

Ùr ­ 2 ifĤ, rg 1
X
m

L̂mrL̂y
m 2

1
2

L̂y
mL̂mr

2
1
2

rL̂y
mL̂m , (1)

is “unraveled” into a jump process for pure states.Ĥ
is the system Hamiltonian, and thehL̂mj are a set
of Lindblad operatorswhich model the effects of the
environment.

Around the same time, the decoherent histories form
lation of quantum mechanics was developed [7–12].
this formalism, one describes a quantum system in te
of an exhaustive set of possible histories, which m
satisfy adecoherenceor consistencycriterion. Histories
which satisfy this criterion have probabilities which obe
the usual classical probability sum rules.

Both quantum trajectories and decoherent histories
scribe a quantum system in terms of alternative poss
evolutions; they thus bear a certain resemblance to e
other. What is more, quantum jumps are commonly int
preted as giving the results of continuous measureme
and histories which correspond to records of a “classic
measuring device should always decohere [10]. Th
there should be a set of decoherent histories which co
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sponds to the quantum trajectories of a continuously m
sured system.

Exactly such a correspondence has recently been sh
between decoherent histories and quantum state diffus
(QSD), another unraveling of the master equation,
Diósi et al. [13]. Though this result was pioneering, i
was rather abstract, and lacked any direct connection t
physical measurement situation. Similar results for y
another unraveling were given by Paz and Zurek [1
and Diósi [15] in a model with exact decoherence, b
also far removed from physical measurement situatio
Other treatments [16] have been framed in terms
measurement alone.

Consider a quantum system with a HamiltonianĤ0,
completely isolated except for a single channel of deca
which is monitored by an external photon detector. W
model this detector as a single two-level system (t
“output mode”) with statesj0l and j1l strongly coupled
to an environment representing the remaining degrees
freedom of the device.

The measuring device produces two important effec
The first is dissipation. Excitations of the output mod
will be absorbed by the measuring device with a rateG1

which we assume to be rapid compared to the dynami
time scale of the system. The time1yG1 represents the
time resolution of the detector.

The second effect is more subtle but just as importa
decoherence. As the state of the output mode b
comes correlated with the internal degrees of freedom
the measuring device, the phase coherence between
© 1997 The American Physical Society 1833
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ground and excited states of the output mode is lost.
vestigations of this process have shown that the loss
coherence is generally far quicker than the actual rate
energy loss [17]. This decoherence rate isG2 ¿ G1.

We suppose that the system is linearly coupled to t
output mode via the Hamiltonian,

ĤI ­ ksây ≠ b̂ 1 â ≠ b̂yd , (2)

and the total Hamiltonian is

Ĥ ­ Ĥ0 ≠ 1̂ 1 ksây ≠ b̂ 1 â ≠ b̂yd , (3)

where â and b̂ (ây and b̂y) are the lowering (raising)
operators for the system and output mode, respective
The hierarchy of evolution rates isG2 ¿ G1 ¿ k.

The total system obeys the master equation,

Ùr ­ 2 ifĤ, rg 1 G1b̂rb̂y 2
G1

2
b̂yb̂r 2

G1

2
rb̂yb̂

1 G2szrsz 2 G2r ; L r , (4)

where r is the density matrix for the combined system
and output mode, and the Pauli operatorsz acts on the
output mode. L is theLiouville superoperator.This is
a linear equation, and so can be formally solved:

rst2d ­ expfL st2 2 t1dgrst1d . (5)

Assume that we start in a pure statejCl ­ jcl ≠ j0l.
We can expandr,

rstd ­ r00std ≠ j0l k0j 1 r01std ≠ j0l k1j

1 r10std ≠ j1l k0j 1 r11std ≠ j1l k1j . (6)

In terms of these components the master equation
comes

Ùr00 ­ 2ifĤ0, r00g 2 ikâyr10 1 ikr01â 1 G1r11 ,

Ùr01 ­ 2ifĤ0, r01g 2 ikâyr11 1 ikr00ây 2 Gr01

­ Ùr
y
10 ,

Ùr11 ­ 2ifĤ0, r11g 2 ikâr01 1 ikr10ây 2 G1r11 , (7)

whereG ­ G1y2 1 2G2 ¿ G1 ¿ k. (This combination
G occurs frequently in the equations which follow.)

Since ther01, r10, r11 components are heavily damped
we can adiabatically eliminate all components other th
r00 [18]:

Ùr00 ­ 2 ifĤ0, r00g 1
2k2

G
âr00ây 2

k2

G
âyâr00

2
k2

G
r00âyâ , (8)

to first order ink2yG, provided that the system is not s
highly excited as to emit too rapidly, i.e.,kkâyâl ø G1.

We can unravel the master equation (8) into a sum o
quantum jump trajectories. First, define a non-Hermiti
effective Hamiltonian,

Ĥeff ­ Ĥ0 2 isk2yGdâyâ . (9)
1834
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Assume that the system (excluding the output mode
begins in a pure statejcl. jcl evolves according to the
Schrödinger equation,

djcl
dt

­ 2
i
h̄

Ĥeffjcl , (10)

interrupted at random times by sudden quantum jumps

jcl ! âjcl . (11)

These jumps correspond to the detection of photons [1,2
Note that this evolution does not preserve the norm
of the state. The physical state is taken to bejc̃l ­
jcly

p
kc j cl, the renormalized state.

The probability that an initial statejcl evolves for
a timeT and undergoesN jumps during intervalsdt
centered at timest1, . . . , tN is

s2dtk2yGdN Trhe2iĤeffsT2tN dâe2iĤeffstN 2tN21dâ · · · âe2iĤefft1

3 jcl kcjeiĤ
y

efft1 ây · · · âyeiĤ
y

effsT2tN dj ,
(12)

i.e., the norm of the unrenormalized state gives th
probability for that state to be realized.

Equation (8) is valid only as long as the Markovian
approximation remains good. In the case of our toy mode
this means that it is valid only on time scales longer tha
1yG1. Thus, rather than a jump occurring at a timeti , it is
more correct to consider the jump as occurring during a
intervaldt , 1yG1 centered onti . This is fine as long as
the jumps are separated by more thandt on average, i.e.,
the system is not too highly excited.

By averagingjc̃l kc̃j over all possible trajectories with
the probability measure (12), one can show that this unra
eling reproduces the master equation (8) as required [3]

Now, let us turn to the decoherent histories picture. I
nonrelativistic quantum mechanics, a set of histories fo
a system can be specified by choosing a complete s
of projectionshP̂ j

ajstjdj at a sequence of timest1, . . . , tN ,
which represent different exclusive alternatives:X

aj

P̂ j
aj

stjd ­ 1̂, P̂ j
aj

stjdP̂ j
a

0
j
stjd ­ daja

0
j
P̂ j

aj
stjd .

(13)

A particular history (denotedh) is given by choosing
oneP̂ at each point in time. Thedecoherence functional
on a pair of historiesh andh0 is

Dfh, h0g ­ TrhP̂ N
aN

stN d · · · P̂ 1
a1

st1drst0dP̂ 1
a

0
1
st1d · · · P̂ N

a
0
N
j ,

(14)

where rst0d is the initial density matrix of the system
[10]. This satisfies thedecoherence criterionif the
off-diagonal terms vanish,Dfh, h0g ­ 0, h fi h0. The
diagonal terms then give the probabilities of the histories
pshd ­ Dfh, hg.
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Suppose our initial pure state isjCl ­ jc0l ≠ j0l, and
we consider histories composed only of the Schröding
projections,

P̂0 ­ 1̂ ≠ j0l k0j, P̂1 ­ 1̂ ≠ j1l k1j , (15)

representing the absence or presence of a photon in
output mode. The projections are spaced a short ti
dt apart, and a history is composed ofN projections,
representing a total timeT ­ Ndt. A single historyh
is specified by a stringha1, a2, . . . , aN j, whereaj ­ 0, 1.
In this case, by the quantum regression theorem [19]
decoherence functional (14) becomes

Dfh, h0g ­ TrhP̂aN
eL dtsP̂aN21 e

L dt

3 s· · · eL dtsP̂a1 jCl kCjP̂a
0
1
d · · ·dP̂a

0
N
dj .

(16)

The Liouville time evolution superoperators (5) evolv
pure states into mixed states. This is counteracted by
effect of the repeated projectionŝPa.

From Eq. (7), we can determine the character of t
different histories. The crucial parameter is the size of t
spacingdt between projections. The interesting regime
in the range

1
G

ø dt ø
1

G1
. (17)

On this time scale, theG2 terms are sufficient to ensure
decoherence, while the effects of theG1 terms are
resolved into individual pure state trajectories. This last
a subtle point. The probability of a photon being emitte
in any single time step is small. However, if a photo
is emitted, it has an appreciable possibility of bein
absorbed on a time scale1yG1. The effect of decoherence
produces the termssk2yGdâyâr00 and sk2yGdr00âyâ in
Eq. (8), which are included in the effective Hamiltonia
(9). These terms are already important on a time sc
dt ø 1yG1. By contrast, the terms2k2yGdâr00ây is
produced by the effects of dissipation, which only becom
important on a time scale1yG1. It is this term which
causes pure states to evolve into mixed states in Eq.
By choosing a timedt ø 1yG1, we can maintain the
purity of the system state over a full trajectory, as w
shall see.

If the external mode is initially unexcited, withr ­
r00 ≠ j0l k0j, then after evolving for a timedt the state
becomes

seL dtrd00 ­ r00 2 ifĤ0, r00gdt 2
k2

G
âyâr00dt

2
k2

G
r00âyâdt 1 h.o.t.

ø e2isĤ02isk2yGdâyâddtr00eisĤ01isk2yGdây âddt,

seL dtrd01 ­
ik
G

r00ây 1 h.o.t. ­ seL dtrdy
10 ,

seL dtrd11 ­
2k2

G
âr00âydt 1 h.o.t. (18)
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Here we see the appearance of the effective Hamiltoni
Ĥeff, just as in the quantum jump unraveling.

If the initial state isr ­ r11 ≠ j1l k1j, after a timedt
the state becomes

seL dtrd00 ­ G1dte2iĤeffdtr11eiĤ
y

effdt 1
2k2

G
âyr11â

1 h.o.t.,

seL dtrd01 ­ 2
ik
G

âyr11 1 h.o.t.­ seL dtrdy
10 ,

seL dtrd11 ­ s1 2 sG1 1 2k2yGddtde2iĤeff dtr11eiĤ
y

effdt

1 h.o.t., (19)

Once again the effective Hamiltonian appears, togeth
with two additional effects. The first is the possibility
that the photon in the excited mode will be absorbe
by the measuring device. The second (much smalle
effect is the possibility that the photon will be coherently
reabsorbed by the system. This last process is so weak
to be negligible.

By combining the above expressions with the appropr
ate projectionsP̂0 andP̂1 (which pick out ther00 or r11

component, respectively), we can write down the proba
bilities of all possible histories.

Note that the magnitude of the off-diagonalr01,10 terms
in both cases is of orderOskyGd. (This is also true for
transitions from off-diagonal to diagonal terms.) This will
be important in estimating the decoherence of this set
histories.

Consider the history given by an unbroken string ofN
P̂0 projections, corresponding to no photon being emitte
during a timeNdt.

The probability of such a history is given by the
diagonal element of (16). We can expand the tim
evolution superoperator using (18) and see that afterdt
we get

P̂0eL dtsjcl kcj≠j0l k0jdP̂0

øse2isĤ02isk2yGdâyâddtjcl kcj

3 eisĤ01isk2yGdâyâddtdj0l k0j . (20)

Repeating thisN times, and taking the trace, we get

pshd ø Trhe2ĤeffNdtjcl kcjeiĤ
y

effNdtj , (21)

which agrees exactly with the probability of the quantum
jump trajectory when no jumps are detected.

Suppose now that at timeNdt a photon is emitted, so
that instead of using a final projection̂P0 we useP̂1. This
corresponds to keeping ther11 component of expsL dtdr
instead ofr00, and yields a probability

pshd ø s2dtk2yGdTrhâe2iĤeffNdtjcl kcjeiĤ
y

effNdtâyj ,
(22)
1835
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Once again, this agrees exactly with the probability
the corresponding quantum jump trajectory. What ha
pens after the output mode has “registered” as being
the excited state? Essentially, there are two possibiliti
Either the output mode can drop back to the unexcit
state (representing absorption of the photon by the m
suring device) or it can remain in the excited state.

P̂0eL dtsjc 0l kc 0j ≠ j1l k1jdP̂0 ø G1dtjc0l kc 0j ≠ j0l k0j ,
(23)

P̂1eL dtsjc 0l kc 0j ≠ j1l k1jdP̂1

ø s1 2 G1dtde2iĤeffdtjc 0l kc 0jeiĤ
y

effdt ≠ j1l k1j .
(24)

We see that the output mode has a probability
roughly G1dt per timedt of dropping back to the ground
state, while the system state continues to evolve accord
to the effective Hamiltonian̂Heff.

This is slightly different from quantum jumps. Quan
tum jumps are resolved only on a time scale1yG1, not
dt ø 1yG1. However, there is a near-unity probabilit
of the external mode returning to the ground state with
a time of order1yG1, so one can simply sum over all his
tories in which the photon is absorbed within this tim
It is easy to see that these will, once again, match
quantum jump trajectories exactly. This type of coar
graining is common in decoherent histories [10,11], a
does not alter the form of the result.

By combining the three cases described in this secti
one can produce histories of multiple jumps. It is cle
that the probability of such a history will be exactly of th
form (12).

In order for this discussion of probabilities to be mea
ingful, we must require the histories to be decoherent. E
act decoherence is a very difficult criterion to meet. It
more usual to show that a model isapproximatelydeco-
herent. In order for the probability sum rules to be sat
fied to a precisione ø 1, we require that [20]

jDfh, h0gj2 , e2Dfh, hgDfh0, h0g ­ e2pshdpsh0d (25)

for all distinct historiesh, h0. Generally speaking, the
more “different” a pair of histories (i.e., the more projec
tions they differ in), the more suppressed the off-diagon
term. So it suffices to look at two histories which differ a
a single timeti; one having a projection̂P0 and the other
P̂1. This is equivalent to picking out ther01 or r10 com-
ponent of expsL dtjc0l kc 0j at that time.

Examining the components given by Eqs. (18) an
(19),

jDfh, h0gj2

pshdpsh0d
,

1
sGdtd2

, (26)

we expect the sum rules to be obeyed with a precision
roughly Os1yGdtd (where we once again have assume
kkâyâl is small compared withG1).
1836
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We have seen how, in this simple model of a contin
ous measurement, the set of quantum jump trajecto
corresponds to a set of decoherent histories. One of
principal goals of the decoherent histories program w
to create a formalism which would reproduce the resu
of the usual Copenhagen formalism in measurement s
ations. It is pleasant to note that extensions to repea
or continuous measurements follow naturally within d
coherent histories.

In this Letter, I considered only one measureme
scheme, direct photodetection. In fact, there are ma
different schemes which give rise to different unravelin
of the same master equation—heterodyne and homod
detection, to name two [4,21]. I have no doubt th
arguments similar to those I have advanced in this pa
will demonstrate similar correspondences to different s
of decoherent histories.

This correspondence also has obvious practical be
fits. Enumerating a full set of decoherent histories a
calculating their probabilities is an arduous and unrewa
ing task, in general. There is a great deal of accum
lated experience in simulating quantum trajectories;
situations where one would like to generate individu
decoherent histories with correct probabilities, existi
numerical techniques could be used.

The decoherent histories formalism was develop
largely in response to the problems of quantum cosm
ogy, while quantum trajectories arose from problems
quantum optics and atomic physics. Both extend t
von Neumann description of quantum mechanics to n
realms of application. As the connections between
two formalisms are further explored, we can hope tha
great deal of interesting physics will emerge.
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Note added.—After completion of this research,
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different approach [22].
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