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Noise-Enhanced Multistability in Coupled Oscillator Systems
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We study nonequilibrium phenomena in a globally coupled oscillator system with a third harmo
pinning force in the presence of an additive noise and a fluctuating interaction. The system sh
a subcritical saddle-node bifurcation from an asymmetric state to a symmetric state at a critical n
intensity leading to multistable states. The fluctuating interaction increases the critical noise inten
and thus enhances the multistability drastically. We show phase diagrams and discuss the nature
phase transition. [S0031-9007(97)02587-8]
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Noise effect on a dynamical system has been studi
extensively in the context of equilibrium and nonequilib
rium phenomena. The study of phase transition, origina
limited to equilibrium systems, was extended to nonequ
librium systems [1]. While an additive noise provide
equilibrium phenomena such as a disordering effect and
symmetry-breaking transition, a multiplicative noise cou
pled to the state of the system induces nonequilibrium ph
nomena such as a change of the stability of the system. T
multiplicative noise remains the focus of current resear
[1–3]. The question of the interplay between multiplica
tive and additive noises in the systems has also been rai
continuously [3,4]. While second-order transition induce
by the multiplicative noise has been studied [1,5], its effe
on first-order transition remains to be investigated.

In this paper we study the effect of the multiplicative
noise on the multistability investigating the nonequilib
rium phenomena of the globally coupled oscillator system
with a third harmonic pinning force subject to a fluctu
ating interaction and an additive noise. It is shown th
the additive noise and the fluctuating interaction induc
a subcritical saddle-node bifurcation from an asymmetr
state to a symmetric state at a critical noise intensi
leading to multistable states. The fluctuating couplin
increases the critical noise intensity and thus enhances
multistability drastically. We show phase diagrams an
discuss the nature of the phase transition.

In the presence of additive and multiplicative noise
a model ofN coupled oscillators with a third harmonic
pinning force under study is expressed by the Langev
equation

dfi

dt
 2 b sins3fid 2

K
N

f1 1 sMhistdg

3

NX
j1

sinsfi 2 fjd 1 sAjistd , (1)

wherefi, i  1, 2, . . . , N , is the phase of theith oscillator.
On the right-hand side of Eq. (1) the first term is a thir
harmonic pinning force, and the second term describ
global coupling which depends on the phase difference
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two oscillators with fluctuating interaction.jistd andhistd
are independent Gaussian white noises characterized b

kjistdl  khistdl  kjistdhjst0dl  0 ,

kjistdjjst0dl  khistdhjst0dl  2dijdst 2 t0d ,

and sA and sM measure the intensities of the additiv
noise and fluctuating interaction, respectively. Througho
this paper we setK  1 using a suitable time unit.

Equation (1) is invariant under the global finite transl
tion

fi ! fi 1
2p

3
(2)

for all fi’s and under the global inversionfi ! 2fi for
all fi’s. In the absence of the noises the system has th
stable fixed points synchronized perfectly at0, 2py3, and
4py3, respectively. The stable fixed points are relat
by the symmetry operation (2). For small additive nois
the system fluctuates near the fixed points implying th
in the large-N limit, the phase space divides into thre
ergodic components related by the symmetry operat
(2) and that the system remains in a ergodic compon
given initially leading to the asymmetric state. Th
ergodic components merge into an ergodic whole pha
space for large additive noise restoring the symmetry a
thus leading to a phase transition. Numerical simulatio
show that the global finite translation symmetry is broke
at small additive noise intensity. The global inversio
symmetry, however, persists regardless of the additive a
multiplicative noise intensities with the initial condition
which belongs to the ergodic component including th
fixed point fi  0 for all i. For the other initial
conditions the system has the symmetry of the glob
inversion following the global translation.

The macroscopic behavior of the system can be d
scribed by the probability distributionPshfij, td of fi’s at
time t, whose evolution is governed by the Fokker-Plan
equation [6]. In the large-N limit, after integrating over
N 2 1 phases and changing sums to integrals the stoch
tic differential equation (1) yields the partial differentia
© 1997 The American Physical Society
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equation

≠P
≠t

 2
≠

≠f

("
2b sins3fd 2

Z 2p

0
df0 sinsf 2 f0dnsf0, td

1 s2
M

Z 2p

0
df0 sinsf 2 f0dnsf0, td

Z 2p

0
df00 cossf 2 f00dnsf00, td

#
Psf, td

)

1
≠2

≠f2

("
s2

A 1 s2
M

√Z 2p

0
df0 sinsf 2 f0dnsf0, td

!2#
Psf, td

)
, (3)
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with the probability distributionPsf, td of fi at time
t in Stratonovich interpretation. In Eq. (3)nsf, td, the
normalized number density of the oscillators with phasef

at time t, is given bynsf, td 
PN

i1 d sssfistd 2 f dddyN .
Since Eq. (3) has a closed form inf with integrations
of nsf0, td multiplied by sinf0 and cosf0 over f0, fi’s
are statistically independent, and thus,nsf, td may be
identified with Psf, td. In this paper we analyze the
steady state probability distributionPsfd achieved as
t ! `.

Since Eq. (3) is invariant under the global inversio
we can assumePsfd as an even function, i.e.,Ps2fd 
Psfd restricting the system within the ergodic compone
including the statefi  0 for all i. This symmetry is
confirmed by extensive numerical simulations. One c
obtain Psfd’s of the other ergodic components by th
global translation operation (2). With this assumption th
stationary probability distribution is written as

Psfd  Z21 exps2g cosfd s1 1 A cosfdb21y2

3 s1 2 A cosfd2b21y2, (4)

where

b 
sD 1 3bds2

MD2 1 4bs
2
A

2s
2
MD2

p
s2

A 1 s2
MD2

,

g 
4b

s
2
MD2

,

A 
sMDp

s2
A 1 s2

MD2
,

with a normalization constantZ given by
R2p

0 Psfd df 
1 and a self-consistent equation

D 
Z 2p

0
cosfPsfddf ; fsDd . (5)

WhenD  0, Eq. (4) has the translational symmetry (2
leading toPsfd  expfb coss3fdy3s

2
AgyZ, and nonzero

D gives the symmetry-breaking states related by the tra
lation operation (2). Thus,D plays a role of an order pa-
rameter for the translational symmetry. Figure 1 show
Psfd for the symmetric and the asymmetric states. F
smallD expandingPsfd as a power series ofD we obtain
n

t

n

e

)

s-

s
or

the self-consistent equation (5) as

D 
D

2s
2
A

1
5C1 1 s5bC0 1 bC2 1 5C1s

2
Ads2

M

40s
2
AC0

3 D2 1 OsD3d , (6)

with Cm 
R2p

0 cossmfd expsb cosfy3s
2
Ad df. While

for small sA Eq. (5) gives a solution of nonzeroD, for
largesA it has only a solutionD  0. This implies that
there is a transition from a symmetric (D  0) state to a
symmetry-breaking (D fi 0) state at a critical noise inten-
sity sAc. If the transition is continuous, then the critica
noise intensity is given bysAc  1y

p
2 [5]. The convex-

ity of Eq. (6) for smallD, however, gives the possibility
of first-order transition.

Figure 2 showsD 2 fsDd zeros of which are solutions
of self-consistent equation (5). WhensM  0 andb  1,
Fig. 2(a) shows the discontinuous transition. ForsA ,

sAc0  1y
p

2, there are two zeros ofD 2 fsDd; one
is zero and the other is nonzero. Since the slope
D 2 fsDd at D  0 is negative,D  0 is an unstable
solution of Eq. (5). Thus whensA , sAc0, the system
is on a symmetry-breaking (D fi 0) state. ForsAc0 ,

sA , sAc1 ; 0.7111 there are three zeros ofD 2 fsDd
with stable symmetric (D  0) and symmetry-breaking
(D fi 0) states implying multistability. ForsA . sAc1

there is only a solutionD  0 representing a symmetric
state. The effect of fluctuating interaction on the syste

FIG. 1. Schematic diagram ofPsfd for the symmetric (D 
0) state and the asymmetry (D . 0) state.
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FIG. 2. Plots ofD 2 fsDd versusD (a) for various values of
sA with sM  0 andb  1, and (b) for various values ofsM
with sA  0.8 andb  1.

is shown in Fig. 2(b) atsA  0.8 andb  1. While for
sM , sMc ; 2.9, D 2 fsDd has only a solutionD 
0 representing a symmetric state, forsM . sMc it has
three solutions, two stable and one unstable, implying
multistability of symmetric and symmetry-breaking state

Figure 3(a) shows the solutions of the self-consiste
equation (5) as a function ofsA for various values ofsM .
For smallsA there are two solutionsD  0 andDs [solid
line in Fig. 3(a)]. WhileD  0 is an unstable solution,
Ds fi 0 is a stable solution. AssA increases up tosAc0
the stabilities of the solutions persist reducingDs. At
sA  sAc0, a saddle-node bifurcation occurs changing t
stability of D  0 from an unstable state to a stable sta
and producing an unstable nonzero solutionDu [dashed
line in Fig. 3(a)] atD  0. As sA increases further up
to sAc1, Du increases andDs decreases.Du andDs meet
together atsA  sAc1 leading to an inverse saddle-nod
bifurcation. ForsA . sAc1 there is only a stable solution
D  0 implying a symmetric state.

Figure 3(b) shows the solutions of self-consistent equ
tion (5) as a function ofsM for various values ofsA. For
sA , sAc0 [sA  0.705 in Fig. 3(b)], there are two solu-
1618
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FIG. 3. Plots ofD obtained from the self-consistent equatio
(5) (a) versussA for various values ofsM with b  1,
and (b) versussM for various values ofsA with b  1.
Solid and dashed lines represent stable and unstable soluti
respectively. e’s indicate D in steady state obtained from
the numerical simulation for the system of sizeN  104 at
sA  0.8 andb  1.

tionsD  0 andDs [solid line in Fig. 3(b)] for all values
of sM ; while D  0 is an unstable solution,Ds fi 0 is a
stable solution. WhensA . sAc0, for smallsM there is
only a stable solutionD  0. At sM  sMc the stability
of D  0 changes from an unstable state to a stable st
and the saddle-node bifurcation occurs at finiteD produc-
ing a stable and an unstable solutions,Ds [solid line in
Fig. 3(b)] andDu [dashed line in Fig. 3(b)], respectively
As sM increases abovesMc up to some value ofsM , sM0,
Ds increases andDu decreases. AtsM  sM0 Ds has a
maximum value, and assM increases furtherDs also de-
creases. In Fig. 3(b) we also show the numerical simu
tion result consistent with the analytical one atsA  0.8.

Figure 4 shows phase diagrams in thesM-sA plane for
various values ofb. For all sM , there are two transition
points sAc0 and sAc1 at which the transitions from the
symmetry-breaking phase (BS) to the multistable phase
(MS) and from the multistable phase to the symmetr
phase (S), respectively, occur. While in theS phase with
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FIG. 4. Phase diagrams in thesM -sA plane for various values
of b. S, BS, andMS represent symmetric, symmetry breakin
and multistable phases, respectively.

D  0 the phase space is ergodic as a whole, in theBS
phase withD fi 0 the phase space divides into the thr
ergodic components related by the translation opera
(2). In theMS phase there are four ergodic componen
one symmetric component withD  0 and three asym-
metric components withD fi 0. The asymmetric com-
ponents are also related by the translation operation
Thus, in theMS phase symmetric and asymmetric com
ponents coexist.

The transitions are subcritical saddle-node bifurcatio
As sM increases,sAc1 increases with constantsAc0 ex-
panding the multistable phase. While whensM  0 the
multistable region issA [ s0.707, 0.711d, whensM  10
it is sA [ s0.707, 1.017d expanded 77.5 times. The fluc
tuating interaction enhances the multistable region dra
cally. In Fig. 5 we show the jump of stable solutionD of
Eq. (5) at the transition pointsAc1. At sM  0 the jump
is finite implying the discontinuous transition. AssM in-
creases up to some value ofsM , sMp the jump increases
and assM increases further it decreases showing a pe
and implying the maximum discontinuity atsMp.

In conclusion, we have investigated the nonequilibriu
phase transition of globally coupled oscillators with a thi
harmonic pinning force in the presence of additive a
multiplicative noises. It has been shown that the noi
induce a subcritical saddle-node bifurcation from an asy
metric state to a symmetric state at a critical noise
tensities leading to the multistability. The multistabilit
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FIG. 5. Plots of jump values ofD at transition points versus
sM for various values ofb.

has been enhanced drastically by the multiplicative noi
Discontinuity of the transition is maximized at finite mul
tiplicative noise intensity. This noise-enhanced multist
bility comes from the role of the multiplicative noise tha
it reduces the fluctuation intensity,

PN
j1 sinsfi 2 fjd 

D sinfi in the Langevin equation (1). SinceD  0 in the
symmetric state andfi  0 for all i in the synchronized
(symmetry-breaking) state, the fluctuation intensity is ze
in both states. Thus the multiplicative noise tends to s
bilize both symmetric and synchronized states enhanc
the multistability.
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