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Theory of an Output Coupler for Bose-Einstein Condensed Atoms
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The evolution of a two component Bose-Einstein condensate, consisting of atoms in two distinct
hyperfine states, is modeled using a generalization of the Gross-Pitaevskii equation. Coherent
coupling of the components by a microwave or RF field gives rise to a range of spatiotemporal
behaviors, controlled by the strength and detuning of the applied field. From an initial trapped
single component state, a second component can be generated which may escape from the trapping
region or remain trapped within the first component. The initiating mechanism is identified and
characterized. [S0031-9007(97)02539-8]
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Following the first observations of Bose-Einstein con
densation in an atomic gas in 1995 [1,2] attention is no
turning to exploring the properties of this new state o
matter. A number of studies of the dynamical properti
of the condensates have now been made at JILA and M
[3,4]. These studies have confirmed the validity of th
mean-field approaches to modeling atomic Bose-Einst
condensed gases aroundT ø 0. Recently [5], the MIT
group have demonstrated coherent transfer of an initia
trapped condensate into another atomic state, which m
escape the trap and form a coherent atomic beam. Such
output coupling mechanism may eventually constitute
important element of an atom laser, indeed some wou
claim that the experiment constitutes a realization of
pulsed atom laser.

In this Letter we present a theoretical study of an ou
put coupler based on a closely related mechanism, nam
coherent coupling between internal atomic states of t
condensate. Zenget al. [6] have also studied the coher
ent coupling of internal condensate states, but a key
ditional feature of the present paper is the inclusion
spatial effects. For simplicity we shall assume the ato
has two states,j1l and j2l, with the initial condensation
occurring in the trapped statej1l. Statej2l, which has
different trapping properties and is typically unconfine
by the magnetic trap, is coupled toj1l by an RF or mi-
crowave field tuned near thej1l ! j2l transition. The
0031-9007y97y78(9)y1607(5)$10.00
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interaction of the field may thus generate condensate
statej2l, from an initial condensate which is entirely in
state j1l. In one of their experiments, the MIT group
used a broad band short pulsed field to couple differe
Zeeman states. In others, they used a longer durati
nearer to monochromatic field to transfer condensate
of the trap [7]. Here, we shall examine the effects o
a monochromatic field and show that it can lead to
variety of behaviors controlled by the amplitude an
detuning of the coupling field. For example, the con
densate in statej2l, although untrapped by the mag
netic potential, may become completely trapped with
the first condensate by the mean field. In other sit
ations, direct escape from the trapping region occurs.
rich set of phenomena arises from the interplay of the c
herent coupling features with the other mechanisms ch
acteristic of alkali atom condensates, predominantly t
mean-field and the trapping potential. The coherent co
pling gives rise to certain features that are familiar fro
the well known two-state Rabi behavior, but importan
new features with an essential spatial character arise,
these can be used to modify and control the spatial ev
lution of the interacting condensates. In this Letter w
focus on novel aspects of this system which may also
of relevance in the eventual design of an atom laser.

We illustrate a specific realization of our scheme
Fig. 1 which is a level diagram of theF ­ 2 andF ­ 1
© 1997 The American Physical Society 1607
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FIG. 1. Coherent coupling scheme between Rubidium grou
level states.

hyperfine levels of the5S1y2 manifold of 87 Rb. This
diagram is appropriate to the experiment of Anderso
et al. [1], where condensation was achieved in thejF ­
2, M ­ 2l state. A circularly polarized microwave field
of ø7 GHz will couple this trapped state to the anti
trappedjF ­ 1, M ­ 1l state. Alternatively, an RF field
within the F ­ 2 hyperfine manifold could be used to
couple a trappedjF ­ 2, M ­ 1l state to the untrapped
jF ­ 2, M ­ 0l state. We note that while we have take
the particular example of rubidium, a similar couplin
scheme will apply to other alkali atoms.

The equations we use to describe this system are
rived using a second quantized many body field theore
cal treatment. The Hamiltonian is of similar form to th
standard bosonic case for atoms undergoing binary ela
collisions [8], but generalized to account for the two inte
nal atomic statesj1l and j2l, coupled by magnetic dipole
interaction with the oscillating magnetic fieldB cossvtd.
In statej1l the atom experiences an attractive harmon
potential, while in statej2l the potential is different by a
factor of k which may be zero, or even negative (an an
trapped state). Applying a mean-field approximation
the equations for the field operators, as in the derivati
of the well known Gross-Pitaevskii equation [8], we ob
tain the following equation for the mean fields (or orde
parameters)C1sr, td andC2sr, td of the two states:

≠C1

≠t
­ i=2C1 2

i
4

r2C1

2 iCsjC1j
2 1 2jC2j

2dC1 1 iVC2 ,

≠C2

≠t
­ i=2C2 2

ik
4

r2C2

(1)

2 iCsjC2j
2 1 2jC1j

2dC2 1 iVC1 2 iDC2 .
1608
nd

n

-

n
g

de-
ti-

e
stic
r-

ic

ti-
to
on
-
r

Here r and t, the spatial and temporal coordinates
are scaled in harmonic oscillator units (see, for exampl
Ref. [9]) and the nonlinearity parameterC is given by
C ­ NU0yh̄v whereN is the number of atoms andU0 is
the s-wave scattering effective interaction strength (e.g
Ref. [9]), appropriately generalized to two component
[10]. We can be confident of the validity of mean-
field theory for these systems, given its success
predicting the excitation spectrum [11,12]. For simplicity
we have assumed the scattering interaction is independ
of the internal state of the atoms. Furthermore, we hav
ignored loss and growth mechanisms so thatN is fixed.
The coherent coupling is described by the termsiV C2

and iVC1 2 iDC2 in the above equations, where the
parameterV ­ m ? Byh̄ is the bare Rabi frequency,
(with m the magnetic dipole between statesj1l and j2l)
and D is the detuning (see Fig. 1). The mean fields ar
normalized according toZ `

2`
sjC1j

2 1 jC2j
2dd3r ­ 1 . (2)

In general, the coupled equations forC1 and C2
must be solved numerically. In this paper we limit
ourselves to the one dimensional case so that in Eq. (
=2 ! ≠2y≠x2 where x is the spatial variable, and we
have obtained solutions over a wide variety of paramet
regimes. Although as expected with coupled nonlinea
partial differential equations, there are many variants o
behavior, nevertheless some important physical tren
emerge. Here we report and explain the most importa
of these and demonstrate some distinctive and perha
unanticipated behavior that can arise from them. In a
of the following cases, we have setk ­ 0 in Eq. (1) so
that statej2l is untrapped.

At large values ofV or jDj, a simple form of cycling
between the two condensates occurs that is reminisce
of the Rabi cycling familiar from NMR or quantum
optics. We illustrate this behavior in Fig. 2 for the cas
of V ­ 35 andD ­ 5, where we have chosen the initial
state to be a trapped condensate eigenstate [13] with
atoms in internal statej1l. For this case, each spatial
part of the condensate has the same cycling period, a
this is sufficiently short that the time spent in statej2l
is too brief to allow the untrapped condensate to escap
When the values ofV andjDj are small (compared to the
chemical potential, see below) the cycling behavior ma
begin to exhibit distinct spatial character. This can b
seen in Fig. 3 whereV ­ 2 andD ­ 25, and the initial
condensate again begins in a trapped eigenstate. Over
time duration shown, the kinetic energy terms in Eq. (1
have little effect in mixing spatial locations, so that the
shape of the condensates is determined largely by t
cycling. The salient feature is that now the cycling varie
spatially and it has a maximum modulation in a relativel
narrow spatial range, causing the second condensate
form predominantly in this region.
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FIG. 2. Evolution of condensate density for each compone
for the caseC ­ 200, V ­ 35, andD ­ 5.

We can obtain an analytic understanding of this beh
ior by considering Eq. (1) in the Thomas-Fermi regim
[14] and using the formal similarity of the equations
the classic Rabi problem, to give the following approx

FIG. 3. Evolution of condensate density for the caseC ­
200, V ­ 2, andD ­ 25.
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mate expression for the initial evolution of the density o
componentj2l:

jC2sx, tdj2 ­ jC1sx, 0dj2
2V 2

Vsxd2
s1 2 cosfVsxdtgd . (3)

In obtaining this equation we have neglected the fact
of 2 in the exchange terms in Eq. (1), allowing us t
approximate the self interaction terms byCjC1sx, t ­
0dj2. The spatially dependent cycling frequencyVsxd is
given by

Vsxd ­
q

D
2
eff 1 4V 2 , (4)

where the effective detuning is

Deff ­ CjC1sx, 0dj2 1 D 2
1
4

x2 ø m 1 D 2
1
2

x2.

(5)
The final form for Deff in Eq. (5) is obtained from

the Thomas-Fermi form of the wave functionjCsx, t ­
0dj2 ­ sm 2 x2y4dyC, where the chemical potential is
given bym ­ s3Cy8d2y3 and the wave function is consid-
ered zero except between22

p
m , x , 2

p
m. Conden-

satej2l reaches a peak on-axis density att ­ pyVs0d,
and thus the condition for the cycling of the condensa
to be independent of spatial location (i.e., as in Fig. 2)
thatVsxdyVs0d ø 1 across the wave function, i.e.,

D2 1 4V 2 ¿ msm 1 2jDjd . (6)

When this latter condition is not met, spatial variation
of the cycling may give rise to a more complex spatia
shape with narrow maxima and minima of density, suc
as seen in Fig. 3. The initial spatial maximum injC2sxdj2
arises largely from the variation of the factorjC1sx, t ­
0dj22V 2yVsxd2 in Eq. (3) which peaks atxp ­ 6f4m 2

2sfm 2 Dg2 1 4V 2d1y2g1y2. A useful simple estimate of
xp is obtained as being the position whereDeff vanishes,
i.e., atxp ø 6

p
2sm 1 Dd, which will be real, and within

the extent of the Thomas-Fermi wave function, provide
2m , D , 2m.

Once sufficiently sharp spatial features develop that t
time scale for kinetic energy initiated spatial diffusion is
comparable to the cycling time, the Thomas-Fermi trea
ment is no longer valid. Other mechanisms, in particula
mutual repulsion of the two condensates, may now beg
to play a significant role in the condensate evolution an
cause dramatically different long time behavior as w
now illustrate. In Fig. 4, where the parameters are th
same as in Fig. 3, except hereD ­ 110, condensatej2l
is formed near the edges of condensatej1l, and subse-
quently steadily escapes the trap. Condensatej1l occupies
the central region, and the coherent collisional repulsio
between condensates (which is twice as large as the c
lisional self interaction) acts to push condensatej2l away
from the trap region. This configuration represents an ou
put coupler, since condensatej2l continually forms at the
1609
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FIG. 4. Evolution of condensate density for the caseC ­
200, V ­ 2, andD ­ 10.

edges of condensatej1l, and streams off as a coheren
atomic beam.

In Fig. 5, by contrast, a situation is produced where th
central region is occupied by condensatej2l alone, and is
surrounded by condensatej1l, which itself is confined by
the trapping potential. The mutual collisional repulsio
compresses the nominally untrapped condensatej2l and
prevents its escape. This configuration is produced usi
exactly the same parameters as Fig. 3, but with the ext
nal field turned off aftert ­ 1.2. The initial propagation
is given in Fig. 3, but immediately following this cycling
dominated regime, collisional repulsion and diffusion be
come the dominant mechanisms and combine to produc
very deep minimum in the center of condensatej1l, which
fills with condensatej2l. Once the external field is turned
off, mutual repulsion quickly expels vestiges of the minor
ity condensate from either region, leading to the final con
figuration. Our simulations show this to be long lived an
stable against spatial fluctuations. The stability mech
nism is that condensatej2l tends to expand by diffusion,
while the trapping potential compresses condensatej1l to-
wards the center of the trap. Mutual repulsion preven
the condensates from merging together.

We have seen that a plane wave external field c
generate a second condensate coherent with the fi
and the spatial character of thetwo condensates may be
manipulated by simply altering the strength or detunin
of the external field. Although our simulations are
carried out only in one spatial dimension, they may b
1610
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FIG. 5. Evolution of condensate density for the same param
eters as in Fig. 3, but with the coupling field turned off a
t ­ 1.2

immediately applicable to the “cigar” shaped condensat
that the MIT group is now producing with their cloverlea
trap [15]. Furthermore, we expect that many of th
important properties we have discussed will carry ove
into fully three dimensional calculations. For the MIT
sodium condensate, the valueV ­ 35 corresponds to a
value of B ­ 1.3 mG, D ­ 10 corresponds to 1.1 kHz,
and C ­ 200 corresponds (in the 3D case, see Ref. [9
to N ø 65 000.

Perhaps of most immediate interest is the possibility w
have shown of using the external electromagnetic field
produce a controllable output coupler for atom fields. I
three dimensions, it may prove feasible to combine a tra
geometry for condensatej1l with the choice of external
field parameters in such a way that condensatej2l forms
near the edge, in one spatial dimension only. Thus
would be confined in two dimensions and escape in o
dimension as a directed coherent matter beam.

This work was supported financially by the New
Zealand Marsden Fund under Contract PVT 603. T.
wishes to thank Dr. N. Mulgan for helpful discussions.
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