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High-Harmonic Generation of Attosecond Pulses in the “Single-Cycle” Regime
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High-harmonic generation with excitation pulses shorter than 25 fs is studied theoretically using a
model. For very short excitation pulses, a new regime of harmonic generation by a “single-cycle”
the driver pulse can be reached. In this regime, the temporal coherence of the adjacent harmonic o
is dramatically improved compared with longer excitation pulses, even though the discrete harmo
structure in the emission disappears. X-ray pulses as short as 100 attoseconds can be emitted,
increased conversion efficiency of laser-to-harmonic radiation. [S0031-9007(97)02387-9]

PACS numbers: 42.65.Re, 32.80.Rm, 42.50.Hz, 42.65.Ky
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Extremely short-duration coherent soft x rays can
produced by focusing a high-intensity femtosecond las
pulse onto gases, clusters, and solids [1–6]. High h
monics of the exciting laser are produced in the forwa
direction, which can extend up to order 135. This proce
thus up-shifts a femtosecond pulse from the visible in
the soft-x-ray region of the spectrum.

Most experiments to date have usedø100 fs laser
pulse widths to generate high harmonics. More recen
we used laser pulses as short as 26 fs to extend
wavelength range of the emitted harmonics, to increa
the conversion efficiency of laser to x rays, and
increase the tunability of the soft-x-ray source [4,7
However, low-energy pulses with pulse widths short
than 26 fs have already been generated [8], and it
reasonable to assume that amplified sub-10 fs pulse
the intensities required for harmonic generation (typica
1015 W cm22) will be available in the near future. Thus
further improvements in coherent soft-x-ray generati
will soon be possible.

A simple picture can be used to qualitatively understa
high-harmonic emission [9,10]. The intense laser pu
ionizes the outer electron in an atom, by suppressing
Coulomb barrier binding the electron to the atom, s
that the electron can tunnel through the core poten
[11]. Once free, the electron moves in the field o
the laser, to gain a maximum energy of3.17Up, where
Up  E2y4v2 is the quiver energy of a free electron i
the optical field of amplitudeE and frequencyv. When
the laser field reverses, the electron can reencounter
atom, and emit high harmonics if it undergoes stimulat
recombination with the parent ion. Thus, the energy
the highest harmonic emitted by the atom is predict
semiclassically to beIp 1 3.17Up , where Ip is the
ionization potential of the atom. This cutoff rule ha
been confirmed experimentally for pump pulses long
than 100 fs, but for shorter pulses (i.e., sub-25 fs)
does not apply, since then the amplitude of the excitati
pulse changes significantly during the generation of ea
individual harmonic, and hence the value ofE which
determinesUp is not precisely known [4]. Moreover, in
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recent work, we demonstrated that when the pump pul
duration approaches the period of the optical pulse, a
the Keldysh parameter is close to unity, the atom exhibi
a nonadiabatically delayed response, which reduces
ionization “rate” [7].

In this Letter, we theoretically model harmonic genera
tion by intense pulses with durations of 5–25 fs. We fin
that a completely new regime of interaction is reached f
the shortest excitation pulses, when asingle cycleof the
excitation pulse drives harmonic emission over a range
adjacent harmonic orders. As a result, the temporal c
herence of the harmonics is dramatically improved com
pared with longer excitation pulses, and more efficien
x-ray pulses, with durations as short as 100 attosecon
can be emitted. This behavior is unique to very short e
citation pulses, because even for the case of a 25 fs la
pulse (10 cycles FWHM), the high harmonics are gene
ated during more than two periods of the optical puls
That means that in the simple semiclassical picture, t
electron reencounters the core more than two times, whi
leads to the observation of relatively broad but still dis
crete harmonics. However, the subsequent reencount
perturb the phase relation between the different portio
of the harmonic spectrum, which are generated at diffe
ent times during the process of ionization. This resul
in a decrease in coherence of the harmonics for pulses
duration 25 fs or longer.

Our analysis is based on a numerical solution of th
Schrödinger equation (in atomic units), for an electron i
a smoothed 3D Coulomb potential:

i
≠

≠t
csr, td 

∑
2

1
2

D 2
1

r 1 a
1 r ? Estd

∏
csr, td .

(1)
In contrast to previous work [12,13], in Eq. (1) we use

smoothing parametera, in order to make the calculation
insensitive to the size of the spatial step. For linear
polarized light along thez axis, we expand the wave
function in spherical harmonics:

csr, td 
X̀
l0

1
r

Rlsr , tdY 0
l sud . (2)
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This reduces Eq. (1) to a set of coupled equations for t
radial wave functionRlsr , td [12,13]:

i
≠

≠t
Rlsr , td 

∑
2

1
2

≠2

≠r2 2
1

r 1 a
1

lsl 1 1d
2sr 1 ad2

∏
3 Rlsr , td 1 rEstd

3 fc1
l Rl11sr , td 1 c2

l Rl21sr , tdg , (3)

wherec1
l and c2

l are parameters related to the Clebsch
Gordon coefficients.

In the 1D case, wherel  0 and 2` , r , 1`,
and for no external field, Eq. (3) possesses a doub
degenerate set of normalized bound-state eigenfunctio
with even and odd parity. For small values of th
smoothing parametera, the eigenfunctions are close to
those of hydrogen [14]. We usea  0.037 a.u., for
which the even bound states have energies (in a.u.)
218.9, 20.359, 20.105, 20.0492, etc., while the odd
bound states have energies20.443, 20.117, 20.0532,
etc. The most deeply bound even states218.9 a.u.d is
unphysical [14], and is not connected to other stat
through dipole transitions. In the 3D case, where0 #

r , `, there are no even bound states, and all rad
eigenfunctionsRnlsrd are zero at the core. We calculate
the radial eigenfunctions for a given value ofa. The
ionization probability is then calculated from

Pstd  1 2
X
nl

ÇZ
RnlsrdRlsr , tdr dr

Ç2
, (4)

while the scattered field is estimated by using the expe
tation value of the dipole acceleration:

Er std ~
X

l

Z `

0

c1
l Rp

l srdRl11srd 1 c2
l Rp

l srdRl21srd
sr 1 ad2 dr .

(5)

Equation (3) is solved by an efficient split-step techniqu
where the diffusion operator is taken by a fast Fourie
transform, and the time evolution due to the coupling b
tween the different channelsl 2 1, l, l 1 1, is calculated
by a fourth-order Runge-Kutta scheme. Here we use
to 25 channels for the angular momentuml.

Figure 1(a) shows the harmonic spectrum of a 25
laser pulse, with a peak intensity of1.1 3 1015 Wycm2

sE  0.18 a.u.d. It can be seen that the harmonic peak
are still distinguishable for such a short pulse, althoug
there is observable broadening of the peaks and no
between the peaks. (For 100 fs laser pulses of the sa
peak intensity, the harmonic peaks are half the width o
a log scale.) In order to test the validity of theIp 1

3.17Up rule, in Fig. 1(b) we plot the time dependenc
of the 51st harmonic (obtained by a Fourier transform
the corresponding spectral amplitude). We see that t
harmonic is generated duringø3 cycles of the laser pulse,
during which time the ionization probability varies from
10% to ø100%. During this time also, the amplitude
of the incoming pulse changes byø30%, and therefore
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FIG. 1. (a) Harmonic spectrum of a 25 fs laser pulse with
peak intensity1.1 3 1015 Wycm2. (b) Time dependence of the
normalized laser field (bold line), ionization probability (dashed
line), and the normalized 51st harmonic (thin line).

the E field to use is ambiguous. We choose a value o
the field of ø0.108 a.u., which corresponds to the field
at the peak of the harmonic. TheIp 1 3.17Up rule
yields a value of 57 for the number of harmonics in
this case. However, from Fig. 1(a) it is clear that for a
25 fs laser pulse, there is no sharp cutoff of the harmon
spectrum, as is the case for longer pulses. Therefor
the Ip 1 3.17Up gives a rough estimate for the width
of the harmonic plateau only when we know in advanc
the value of the instantaneous intensity at which th
harmonics are generated.

In order to study high harmonic generation occurring
over a time period of less than 2 optical cycles, we calcu
lated the harmonic output for a 10 fs excitation pulse with
an intensity of1.1 3 1015 Wycm2, shown in Figs. 2(a)–
2(c). The discrete nature of the harmonics is smeare
especially for the higher orders, an effect which can b
attributed to the broad bandwidth of the driving pulse
which is mixed by the nonlinear atomic response. In add
tion, there are several spectral regions, separated by sh
drops in the harmonic intensity, positioned at 30th, 50th
and 70th harmonics. Figures 2(b) and 2(c) show the tim
dependence of the emission from these regions, and sh
that the spectral components of these bands are genera
during different cycles of the laser pulse. Therefore high
harmonic generation by a very short pulse ensures go
correspondence between the time and frequency history
the harmonic spectrum. This effect can be used to contr
the properties of the high harmonics. These effects b
come even more pronounced for harmonic generation b
a 5 fs laser pulse, as shown in Figs. 2(d), 2(e), and 2(f
In this case we observe a fewer number of bands in th
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FIG. 2. (a) Harmonic spectrum of a 10 fs laser pulse w
peak intensity1.1 3 1015 Wycm2. (b) Time dependence o
the laser field (bold line), ionization probability (dashed line
and the superposition of harmonics 30–55. (c) As in (b)
harmonics 55–70. (d) Harmonic spectrum of a 5 fs laser pu
with peak intensity1.1 3 1015 Wycm2. (e) Time dependence
of the laser field (bold line), ionization probability (dashe
line), and the superposition of the harmonics 20–60. (f)
in (b) for the harmonics 61–81. Note that the fundamen
and harmonic fields are normalized in arbitrary units beca
of the very large difference between the corresponding abso
values.

spectral domain [Fig. 2(d)], and the harmonic structure
most disappears. This implies that the harmonic gene
tion occurs during very few reencounters of the electr
with the core [15]. Figures 2(e) and 2(f) show the tim
dependence of the radiation corresponding to the spec
band between the 20th and 60th harmonics, and betw
the 61st and 81st harmonics, respectively. A compa
son between Figs. 2(b) and 2(c) and Figs. 2(e) and 2
shows that for a 5 fs pulse, there is almost a unique c
respondence between the frequency and time evolutio
the harmonic emission. Moreover, Fig. 2(f) shows th
the spectrum between the 61st and 81st harmonics co
sponds to a sub-500 attosecond pulse in the time dom
Moreover, the attosecond duration is quite insensit
to the exact spectral bandwidth selected, and there
should be relatively easy to implement experimenta
with good efficiency by separating the appropriate sp
tral band using either filters or broadband x-ray mirro
Other schemes proposed for attosecond pulse genera
require the use of elliptically polarized light [16] or othe
compression techniques [17]. Figures 2(e) and 2(f) a
show that the atomic ionization which occurs does n
strongly perturb the phase relationships between the
monics. Although there is significant ionization prior
the attosecond pulse generation [Fig. 2(f)], for these su
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ciently short laser pulses the harmonic field generated d
ing each reencounter only weakly depends on the hist
of the interaction (i.e., previous reencounters). Therefo
there is no need to require a single-reencounter regime
order to generate attosecond pulses [15].

Another advantage of using shorter pulses is that
ionization saturates at relatively high values of the fie
[see Figs. 1(b), 2(b), and 2(e)] and hence the harmo
spectrum extends to much higher frequencies. We o
serve that for shorter pulses, a redistribution of the e
ergy between the different harmonic orders occurs, wh
the lower orders are weaker, while the higher orders a
stronger, than for longer pulses. The suppressed ion
tion for shorter pulses is due in part to the nonadiabatic
sponse of the atom to the rapidly increasing electric fie
[7]. First we note that in 3D, the nonadiabatic response
the atom manifests itself for shorter pulse durations th
for 1D, since in 3D, a large portion of the electron clou
misses the nucleus, and does not experience as stron
acceleration as for the 1D case. To illustrate these
effects for different pulse durations, Fig. 3 shows the co
respondence in time between the incoming pulse and
dipole moment of the atom at the fundamental frequen
for the case of a 100 fs pulse and a 10 fs pulse. It is cle
that for the 100 fs pulse, the two waves are in phase
values of the ionization up to 100%, while for the 10
pulse, there is a phase lag of the dipole moment with
spect to the incident laser field at values well below fu
ionization of the atom. Physically what is happening
that during tunneling, a portion of the electron cloud r
mains trapped in intermediate states, as shown in Fig
Although in order to calculate the population of the fir
excited state in Fig. 4, we use a projection on the ba
atomic state, we assume that during the subsequent
riods of the laser field the trapped portion of the electr
cloud takes part in the subsequent harmonic generation

FIG. 3. Time dependence of the normalized laser field (bo
line), the dipole moment at the fundamental frequency (th
line), and the ionization probability (dashed line) for (a)
100 fs laser pulse and (b) a 10 fs laser pulse.
1253
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FIG. 4. Time dependence of the population of (a) the grou
state, and (b) first excited state of the atom for different pu
durations.

a series of cascade Raman transitions between the dre
atomic states. This effect contributes to the higher ef
ciency of harmonic conversion for shorter pulses.

In order to investigate changes in the harmonic gene
tion process across the laser beam, as the intensity
creases due to the Gaussian shape, we checked the m
predictions for intensities of1014 and 5 3 1014 Wycm2.
We found good temporal synchronization between t
peaks of the radiated field in both cases, i.e., a stro
attosecond peak appears at the same moment in time a
Fig. 2(f). However, for lower intensities the main pea
is surrounded by weaker peaks, corresponding to em
sion from adjacent periods of the laser pulse. Therefo
a flat-top spatial distribution would be used to genera
the attosecond x-ray pulses in the actual experiment.

In conclusion, using a 3D model we demonstrated th
it is possible to generate an attosecond soft-x-ray pul
using the process of high-harmonic generation with su
10 fs laser pulses. Using such short driving pulses,
harmonic emission becomes very broad spectrally, a
the highest orders almost merge together. However,
temporal coherence of these higher merged harmonic
higher than that of the lower-order discrete harmonic
1254
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Thus, these harmonics can be spectrally selected using
simple broadband x-ray filter to produceø100 attosecond
duration x-ray pulse widths.
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