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We argue that the space-time uncertainty relation of the formDXDT * a0 for the observability of
the distances with respect to time,DT , and space,DX, is universally valid in string theory including
D-branes. This relation has been previously proposed by one (T. Y.) of the present authors as a
qualitative representation of the perturbative short-distance structure of fundamental string theory
show that the relation, combined with the usual quantum mechanical uncertainty principle, explai
key qualitative features of D-particle dynamics. [S0031-9007(97)02389-2]
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It is often stated that in the fundamental string theo
there exists a minimum length of order of

p
a0 ; ,s

beyond which we cannot probe the structure of spac
time. This comes about from the properties of strin
amplitudes in the high-energy limit [1,2] and also in th
high-temperature limit [3]. Such a statement is indee
quite natural when we have only the ordinary string stat
as possible probes for short distances, since string sta
themselves have an intrinsic extension of the order
length,s.

Recently, however, we found that string theory, i
fact, allows a variety of objects of various dimensions
solitonic excitations and that they are bound to play cruc
roles in nonperturbative formulations of string theory. I
particular, we have even pointlike objects called D0-bran
[4] or D-particles. Recent studies [5–12] of D-particl
dynamics revealed the possibility of probing the distan
scales of eleven-dimensional (11D) Planck scale of t
orderg1y3

s ,s, the natural scale of the M-theory [13], which
is indeed much shorter than the string scale,s for weak
string coupling (the importance of shorter length scal
in string theory has been suggested earlier in [14]).
we remember that the string scale represents the uni
fundamental constant of Nature in the natural unitc 
h̄  1, its precise significance must certainly be clarifie
The purpose of the present paper is to remark that a sim
space-time uncertainty relation [15] proposed in 1987
one of the present authors is an appropriate interpretat
for the meaning of the string scale,s, since it is universally
valid for both ordinary string scattering and D-particl
dynamics.

Let us begin by briefly recalling the arguments o
Ref. [15] which motivate the space-time uncertainty r
lation. Consider a high-energy scattering of arbitrary o
jects whose interactions are mediated by strings. If t
energy scale is of orderE, the smallest time scale probed
by this scattering event is of orderDT , 1

E . Now, what
is the typical spatial length scale probed by this scatteri
event? If both the scattering objects and their interactio
0031-9007y97y78(7)y1219(4)$10.00
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were described by the usual local field theories neglec
ing quantum gravity, we would be allowed to state tha
it is determined by the typical wavelength of the objects
namely, 1

E for sufficiently high energies. Hence, in prin-
ciple, we would have no limitation for probing the short
distance scale, provided we neglect quantum gravity.
on the other hand, the interactions are mediated by fund
mental strings, high energies do not necessarily imply th
the typical spatial scale is given by the wavelength of th
scattering objects, since higher energies dominantly cau
larger fluctuations with respect to string excitations durin
interactions than with respect to the center of mass m
tion because of the huge degeneracy of string excitati
modes. It is easy to see [15,16] that the typical (smeare
out) spatial extensionDX of strings with energyE is of
orderDX , ,2

sE. This implies the simple relation for the
indeterminacies of the space and time lengths,

DXDT * ,2
s , (1)

which we call the space-time uncertainty relation. I
Ref. [15], this relation was proposed as a natural spac
time representation of thest-duality properties of string
scattering amplitudes. As discussed later in Ref. [16],
can also be derived as a direct consequence of the wor
sheet conformal invariance.

From the viewpoint of the space-time uncertainty rela
tion, the usual argument [17] for the minimal length es
sentially amounts to assuming that the observable leng
is the average of the spatial and time distances; we wou
then have the lower boundDX1DT

2 $ ,s. Clearly, how-
ever, what is the dominant scale measured by scatt
ing experiments depends on which kinematical region
we are interested in. For example, a high-energy low
momentum transfer (peripheral) scattering experiment c
probe the small time scale, but the spatial scale is n
necessarily small. Thus, it corresponds toDT ! 0, and
our relation (1) implies that the spatial length scale grow
as

,2
s

DT , ,2
sE as the laboratory energyE increases. By

adapting the string-bit argument due to Susskind [18
© 1997 The American Physical Society 1219
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this longitudinal length scale of a string, growing linearl
with energy, leads to the Regge interceptas0d  2 of the
probability amplitudeAsEd , Eastd21, in conformity with
the existence of a graviton. [Here,t is the invariant mo-
mentum transfer whose dependence is determined b
cally by the effective transverse size of the string.] O
the other hand, a high-energy fixed-angle scattering
studied in [2] tries to probe short distances with respe
to both space and time. In this case, since relation
shows there is no such degrees of freedom, the amplit
damps exponentially in the high-energy limit.

As long as we only use the strings as probes, it see
difficult to imagine a scattering experiment which makes
possible to measure directly the regionDX ! 0, because
of the intrinsic extension of the string. In Refs. [15,16
it was suggested that we interpret relation (1) in the lim
DX ! 0 as an explanation as to why it is possible
treat the asymptotic string states, propagating an infi
itely long time DT ! `, as local external fields in the
sigma-model approach to world-sheet string theory. T
asymptotic states correspond to thes-channel poles. Com-
bined with the Regge-pole exchange picture for the lim
DT , 1

DX ! 0, relation (1) is thus interpreted as a natur
space-time interpretation of [Regge-pole]$ [resonance-
pole] duality. Now it is clear that the D0-branes ar
ideal objects for the purpose of directly probing the sho
spatial length scale and testing relation (1) beyond su
formal arguments. Fortunately, there already appea
several works cited above which studied the dynamics
D0-branes in the low-energy limit. In the following, we
show that all the results so far are consistent with re
tion (1), and the most crucial feature behind these resu
can be naturally understood on the basis of (1).

First of all, we note that the slow velocity limit studied
in these works is appropriate just for probing the sm
DX regions where (1) implies thatDT grows. Moreover,
it seems fairly clear that the space-time uncertain
relation conforms just to the basic principles emphasiz
in Ref. [10] that the leading singular behavior in th
short spatial distance limit is determined by the infrare
behavior of brane world-volume quantum theory. In fac
this statement is a direct consequence of the dua
betweens and t channels, which was nothing but th
original interpretation of relation (1) as discussed above

Now, let us consider the scattering of two heavy D-pa
ticles of massm 

1
gs,s

with slow typical velocityy. If we
assume that there is a limitation for the meaningful spa
time lengths in the form (1), what is the smallest possib
spatial length scaleb probed by this scattering? Let

b , yh,s .

The typical time length of the scattering ist 
b
y . Sub-

stituting these relations to (1) withDX , b, DT , t, we
must haveh  1y2,

b ,
p

y ,s . (2)

This length scale first appeared in [6], where an ann
lus amplitude of open strings is computed, and was furth
1220
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analyzed in detail in [10] using the effective world line
theories [19] (0 1 1-dimensional super Yang-Mills matrix
quantum mechanics) of D-particles. Relation (2) consti
tutes one of the most crucial relations in all previous dis
cussions of short-distance structure in D-particle dynamics
Following [10], we often call the scale

p
y ,s the stadium

size. From the point of view of the effective super Yang-
Mills matrix model, the stadium size is the limit for the
spatial scale where the Born-Oppenheimer approximatio
for the coupling between the D-particle coordinates and th
short open-string excitation connecting them ceases to b
valid. The dynamics of the latter, corresponding to the
off-diagonal part of the adjoint Higgs fields originating
from the 10D gauge fields by dimensional reduction, is
governed by the time scaleO s,2

sybd while that of the for-
mer, the diagonal part of the Higgs, is byO sbyyd. If the
Born-Oppenheimer approximation is not valid, we canno
clearly separate the diagonal part as the spatial coordinat
of D-particles, and hence we must have (2). Our proposa
is thus to interpret this result as a consequence of the un
versal space-time uncertainty relation (1).

Now, once relation (2) is known, the important fact
that the characteristic spatial length scale of D-particle
dynamics is nothing but the eleven-dimensional Planc
scale associated with M-theory is understood from th
usual uncertainty relation. If the time duration of the
scattering is of orderDT , b

y , y21y2,s, the usual
time-energy uncertainty relation applied for a pointlike
D-particle implies an uncertainty with respect to the
D-particle velocity of orderDy , gsy21y2 which leads
to the spread of the wave packet of ordergsy21,s during
the time intervaly21y2,s. Here, we used the fact that the
kinetic energy of a D-particle is 1

2gs,s
y2 for weak string

coupling. [For the present order estimate, we can negle
the potential energy of orderO s y4

sDXd7 d,6
s which is smaller

than the kinetic energy whenDX * b.] In order that the
minimum length scaleb ,

p
y be meaningful,b must be

larger than this spread. Thus we have the lower boun
for the velocity [10]

y * g2y3
s

which leads to the 11D Planck scaleb , g
1y3
s ,s of the

M-theory as a meaningful smallest distance probed b
D-particle scattering at low velocities.

From the viewpoint of the effective super Yang-Mills
matrix model, the 11D Planck scale is easily understoo
from a scaling argument [8,9] which says that coupling
constant gs can be eliminated from the dynamics by
making a rescaling,Xi ! g1y3

s Xi andt ! g21y3
s t, for the

D-particle coordinatesXi and time t, respectively. We
here emphasize a trivial but crucial fact that theopposite
scalings for the space and time coordinates just conform
to a necessary requirement for the validity of relation (1).

Actually, as pointed out in [10], when we consider
a D-particle in the presence of a large number of D4
branes, it becomes possible to probe arbitrary short spati
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distance scale. This is basically due to the fact that the D
branes produce an effective metric for the moduli spa
of a D0-particle which makes the effective mass of th
D0-particle much heavier than that in the flat space
short distances: The effective action in the presence
N coincident parallel D4-branes is given by

Seff 
Z

dt

∑
1

2gs,s

µ
1 1

Ngs,3
s

r3

∂
y2 1 O sNy4,6

syr7d
∏

,

where r is the distance between the D-particle and D
branes. According to [10], this metric is likely to be exac
without a0 and instanton corrections. When the distan
r is much shorter thansNgsd1y3,s, the mass of the D-
particle is effectively given bym , N,2

syr3 ¿
1

gs,s
. We

can then easily check that the spread of the D-partic
wave packet can be neglected during the timet , y21y2,s

compared with the stadium size
p

y ,s for large N (if r
itself is the stadium size

p
y ,s). This allows us to probe

arbitrary short lengths with respect to the distance betwe
the D-particle and D4-branes and hence indicates that
singular spatial metric in the D0-particle moduli space
meaningful even in the limitr ! 0. On the other hand,
since the time scale grows indefinitely, we cannot ta
about the interaction time in any meaningful way in th
limit of short spatial distance.

The space-time uncertainty relation (1), in general, sa
that, to probe the short spatial distances, an inversely la
time interval is necessarily required and vice versa. Thu
if it is universally valid, we would not be able to introduce
the concept of the space-time event which is local wi
respect to both space and time.

Although we expect that the space-time locality is lo
eventually in any theory including quantum gravity, rela
tion (1) suggests a specific manner on how this happe
in fundamental string theories. It is very important t
see whether this way of expressing the significance of t
string constant,s is useful in the dynamics of more genera
branes and strings, including D-instantons. Since the int
action between general D-branes is governed by the fu
damental strings and relation (1) originates from th
conformal invariance of the fundamental string dynamic
it is reasonable to expect its general validity, if we interpr
the relation appropriately. Here, the case of D-instanto
(D-1-branes) is very special since we cannot talk abo
time evolution in their dynamics. It is known [20] that the
invariant scattering amplitude of massless string states
a fixed D-instanton for arbitrary energy is simply given b
1
t apart from the kinematical factor wheret is the invariant
t-channel energy, provided we supply the appropria
fermion contribution to cancel possible fermion zer
modes. The polet  0 represents the massless dilato
exchange contribution. Namely, the amplitude for wea
string coupling is reproduced by a local field theor
without anya0 correction for any energy. This isnot a
contradiction to our space-time uncertainty relation, sin
the above behavior can be interpreted to correspond to
special case whereDT , ,2

s
DX , 0: DT , 0 reflects the
4-
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pointlike nature of the D-instanton in space-time, while
DX ! ` is associated with the long-range propagation o
a virtual dilaton exchange. Indeed, after the integratio
over the position of a single D-instanton, we would hav
t  0. From the viewpoint of (1), the appearance of the
long-range exchange of massless dilaton is a necess
condition for the existence of the pointlike instanton
sDT , 0d contribution. Therefore, the apparent loss o
the stringy property of the D-instanton-string interaction
may be regarded as yet another piece of evidence for t
universal nature of the space-time uncertainty relation. O
course, this argument is restricted to one instanton cas
The multi-instanton dynamics is much more complicate
due to stringy interactions and the integration over th
collective coordinates. Further investigations on gener
D-brane dynamics including instantons from our view
point will be useful for clarification towards more precise
and general interpretation of the space-time uncertain
relation.

Our discussions so far assumed weak string couplin
However, given that, except for type IIA theory and
heteroticE8 3 E8 theory, the S-duals of string theories
are again string theories, it is natural to expect that th
relation is valid even at strong string coupling. Note
that the string constant,s can be regarded as invariant
under the S-dual transformations, and therefore the strin
tension with respect to the correctly rescaled spac
time coordinates remains the same as well. In the ca
of type IIA (which we are mainly concerned with in
the present paper) and heteroticE8 3 E8, the dual is
the M-theory, whose strong (string) coupling limit is
believed to be described by 11D supergravity in th
long-distance limit. If the recent interesting conjecture
[21] that the microscopic M-theory is describedexactly
by the 0 1 1D Yang-Mills matrix model in the infinite-
momentum frame is correct, it is plausible that ou
uncertainty relation continues to be valid even for stron
string coupling, since the time scale in the Galilean
dynamics of the off-diagonal elements is then alway
given by the difference of the diagonal elements

,2
s

jxi2xj j

for the D-particle coordinatesxi , xj, which is the basis for
relation (1) from the viewpoint of the super Yang-Mills
matrix model as a world line theory of D-particles.

Another relevant question towards a possible genera
ization of the space-time uncertainty relation would be
whether we can have a similar relation for spatial domain
without including the time length. As a simple example
let us consider a measurement of the position of a D
particle inside D4-branes by scattering with an externa
D-particle. Classically, a bound state of a D-particle with
N coincident D4-branes can be described by an instanto
solution of the D4-brane gauge field [22]. Probing the D
particle inside these D4-branes is equivalent to probing th
localization of the background fieldA. The localization of
A is disturbed by the massless D4-brane open string mod
as the decay product of pairs of open strings connecting t
D-particle probe and D4-branes. We note that D4-bran
1221
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open string modes are the inevitable product if the impac
parameter is sufficiently small. The dissipation rate is
calculated in [6] for D-particle–D-particle scattering, and
in [10] for D-particle–D4-brane scattering. When the im-
pact parameter is of orderDX, the space-time uncertainty
relation shows that the typical energy transferred to th
massless open string modes of the D4-brane is of ord
DE , DT21 , DX

,2
s

. If this energy is used for the inter-
action with the D-particle inside the D4-brane to probe its
position, it would contribute to an uncertainty of the ve-
locity of the D-particle inside, of orderDy 

gs,s

yDT , which
implies uncertainty of the position of ordergs,s

y dur-
ing the interaction timeDT . On the other hand, the
D-particle inside the D4-brane travels the distance o
the order yDT . Thus the net uncertainty of the po-
sition of the D-particle inside the D4-brane is at leas
of order DY , s gs,s

y 1 yDTdy2 $
p

DT,sgs. [This
argument can be made more accurate by using th
distribution

R
p3dp for a localized wave function,

the result will remain the same.] Combined with (1),
this suggests the validity of a strange relation of the
following type: DXDY2 * gs,3

s . When the D-particle–
4-brane impact parameterDX is very small, a large
lump of massless 4-brane modes is produced, and t
D-particle inside the 4-branes becomes difficult to locate
DY * s gs,3

s
DX d1y2. The 11D Planck scale appeared here

again, but the argument is apparently independent o
the discussion for the minimum stadium size for the
projectile D-particle. We do not know whether this new
relation has a universal meaning beyond the situatio
discussed here. The origin of this relation might be
related to the holographic principle [23]. We should
note here that, depending on various situations suc
as the dimensionalities of D-branes and the direction
of the spatial distances we are interested in, the cha
acteristic spatial scale can vary from case to cas
This is easily seen from the scaling arguments of th
supersymmetric Yang-Mills (SYM) matrix models.
We want to emphasize that, in contrast to this, rela
tion (1) for the transverse distances between D-brane
and the time scale is universal since the transvers
distances and the time always have opposite scalin
behavior.

From a formal point of view, what is lacking in
our arguments is a mathematical foundation for the
appearance of the uncertainties. For example, we cann
at present give any precise quantitative definitions fo
the space and time uncertainties. We feel that ther
should be a formulation of the theory which surpasse
strings and D-branes. In this respect, a very urgent an
challenging problem seems to construct a completel
covariant formulation of interacting D-particle dynamics
as an extension of the SYM models towards its quantum
geometrical reformulation. Covariance would require
us to treat even the time variables as noncommutativ
objects and also to include all brane-antibrane dynamic
1222
t

e
er

f

t

e

he
,

f

n

h
s
r-
e.
e

-
s
e
g

ot
r
e
s
d
y

-

e
s

automatically. It would hopefully lay the mathematica
foundation for the space-time uncertainty relation.
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