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Thermodynamic Properties of the Planart-J Model
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Several thermodynamic quantities within the planart-J model are calculated using theT . 0
Lanczos method on clusters of up to 26 sites. The hole densitychsm, T d shows a non-Fermi-
liquid behavior as a function ofT and suggests a transition from small to large Fermi surfaces
ch , 0.15. The specific heat reveals a maximum at the exchange energy scale up toch  0.2, where it
becomes almostT independent forT * 0.15t. At constantT the entropy has maximum forch , 0.15
with large values at lowT , consistent with experiments on cuprates. In the underdoped regime
spin susceptibilityx0sT d exhibits a maximum at finiteT  T p, with T p decreasing with doping and
disappearing forch . 0.15. [S0031-9007(96)00800-9]

PACS numbers: 71.27.+a, 71.10.+x, 75.40.Fd
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The normal state of the superconducting cuprates
particular, the character of the low-energy excitations, s
lacks proper understanding. Although there appears
be a consolidation of experimental results probing th
transport [1], magnetic [2], thermodynamic [3], and sing
electron [4] properties, on the theoretical side seve
important questions about the nature of the correspond
quantum liquid remain open. While undoped cupra
are well understood in terms of a two-dimensional (2
S  1y2 antiferromagnet (AFM), it is less clear wha
changes are induced on doping the AFM with mob
holes. Besides the questionable existence of quasipart
(QP) in the sense of some type of Fermi liquid, t
character of the QP and the associated Fermi surf
(FS) in doped AFM are also controversial. While at lo
doping, theoretical studies [5,6] as well as experimen
findings [7] seem to favor the interpretation in terms
hole QP in a rigid band and related hole-pocket FS,
situation at larger doping is more consistent with the us
large electronic FS [4,8,9]. Nevertheless, several norm
state dynamical properties of cuprates have recently b
reproduced by using unbiased numerical techniques w
strong correlations taken fully into account [10,11].
is the aim of this paper to present results on relev
thermodynamic properties of correlated electrons, wh
could help in finding a proper concept for such system
but also in establishing the relevant model for cuprates

In the following we address some of the questio
above by studying finite-T static properties of the 2D
t-J model as a prototype model for strongly correlat
electrons and cuprates, in particular [12],

H  2 t
X
kijls

scy
jscis 1 H.c.d

1 J
X
kijl

s $Si ? $Sj 2
1
4 ninjd . (1)

Herec
y
is, cis are projected fermionic operators, excludin

the states with doubly occupied sites. To investigate
regime of cuprates we setJyt  0.3.
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Although there have been so far extensive numer
studies of the ground-state properties of thet-J model [13],
its finite-T properties are less explored. AtT . 0 a fruit-
ful technique in addressing several thermodynamic prop
ties proved to be the high-T series expansion [9,14,15]. I
the present study we aim at the calculation of the finiteT
static properties of the model Eq. (1) with a recently
troduced method, combining the Lanczos diagonaliza
technique and random sampling [10], which has been so
applied to the study of several dynamical responses [
We concentrate on calculating the quantities, which are
lated to the expectation values of the conserved opera
commuting with the Hamiltonian, Eq. (1). Such operato
are, e.g., total number of electronsNe, total energyH, and
Sz , the z component of the total spin operator. In term
of them some interesting thermodynamic quantities can
expressed, in particular, chemical potentialm, entropyS,
specific heatCV , and the uniform susceptibilityx0. The
reason to limit our treatment only to commuting operat
is technical, since in this case we can avoid time and m
ory consuming computations of wave functions and th
scalar products. This in turn enables us to study lar
clusters with up to 20 sites at all doping concentrations

We follow the method for the evaluation ofT . 0
static quantities [10]. To calculate the quantity of t
type TrffsNe, Sz, Hde2bsH2mNedg, the trace is expande
in terms of an arbitrary orthonormal set of basis fun
tions jnl, n  1, . . . , K , with good quantum numbersNe

andSz. Each statejnl is used as initial functionjfn
0 l for

the M-step Lanczos procedure [13], yielding a subsp
spanned by functionsjfn

j l, j  0, . . . , M. The Hamilton-
ian is diagonalized in this subspace to obtain the eigen
ues En

j and corresponding eigenvectorsjc
n
j l, which are

used to evaluatekfl

kfl ø
Nst

KV

KX
n1

M21X
j0

jknjcn
j lj2

3 fsNn
e , Sn

z , En
j de2bsEn

j 2mNn
e d, (2)
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where V  Trfe2bsH2mNedg is the grand-canonical par
tition function. Clearly, the expression (2) is exact f
K  M  Nst, whereNst is the dimension of the com
plete basis. In practiceK, M ø Nst are used, with state
jnl sampled randomly. More detailed discussions of
method and tests are given elsewhere [10,11]. In
present application it is essential that scalar produ
knjc

n
j l are trivially evaluated, since this is the compone

of the functionjf
n
0 l in the wave functionjcn

j l, i.e., can
be obtained from the eigenvectors of theM 3 M tridiag-
onal matrix without storingjfn

j l. Typically, also small
M & 100 is used, thus reorthogonalization of the Lancz
functions can be avoided. The computational effort in
present case is then equal to a ground-state Lanczos
cedure, repeatedK times. We employ in the following
typically K , 20021000 in everyNe sector.

We have calculated a few static quantities above us
the approximation (2) on clusters withN  16, 18, and
20 sites, thus having control over the finite-size effe
through comparison of the results. We also treated
undoped system withN  26 sites. In general, the result
are quite free of finite-size effects for temperaturesT .

TfssN , chd, which amounts toTfs , 0.1t for N  20 and
ch # 0.3.

We first analyze the hole densitych  1 2 kNelyN as
a function of T and m. In Fig. 1(a) we present curve
chsT d for severalmh, where the chemical potential fo
holes is mh  2m. Clearly, for mh , m

0
h the ground

state of the system contains no holes. Herem
0
h  21.99t

[13] is related to the minimum energy of a sing
hole added into the undoped system. The correspon
curves formh , m

0
h are denoted with dashed lines.

Fig. 1(a) we, in general, do not find aT2 dependence
of ch at low T , as expected for a normal Fermi liquid
except within the extreme overdoped regimech . 0.3.
In particular, in a broad range0.15 , ch , 0.3 very
unusual linear variation ofchsTd is observed at lowes
T . Moreover, a remarkable feature is a nonmonoton
chsT d dependence as the valuechs0d is varied. There
exists a doping concentrationcp

h such that derivative
dchydT at low T is positive for curves withchsT ,
0d , cp

h and negative for curves withchsT , 0d . cp
h.

The marginal dopingcp
h , 0.15 seems to be system

independent, as checked quantitatively for systems w
N  16, 18, and20.

In Fig. 1(b) we plot the variation ofch with mh at
several chosen temperaturesT . We include alsoT 
0.05t , Tfs, since in this case it shows less pronounc
finite-size effects. AsT ! 0 clearly chsmh , m

0
hd ! 0,

while chsmh . m
0
hd remains finite. The slopedchydmh,

being proportional to the compressibilityk of the hole
fluid, is finite for T . 0, indicating the absence of th
phase separation in the system at chosenJyt [15]. On
the other hand, Fig. 1(b) reveals that forT ! 0 k is
increasing and becoming large on approachingmh ,
r
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FIG. 1. (a) Hole densitych as a function ofT at several
values of hole chemical potentialmh in steps of0.1t. Dashed
lines denotemh , m

0
h. (b) ch as a function ofmh at various

T .

m
0
h, consistent with large (polaron) mass enhancem

of individual holes at vanishing doping. Moreover, w
cannot exclude a singular behavior (divergence) ofk, as
deduced from analogous results for the Hubbard mo
[16].

Next we find remarkable a feature appearing at the h
density ofch , cp

h, wheremh is essentially pinned at the
valuemh , 21.8t, i.e., does not vary withT . This pin-
ning is active in a wide range ofT and is again almost not
dependent on the system size. It is tempting to interp
the marginal concentrationcp

h as a change of the characte
of the FS. To establish the relation, we still have to re
on arguments which apply to the gas of noninteracti
fermions. Denoting bygs´d the density of the single-
fermion states, a simple Sommerfeld expansion yie
that the number of particles at fixed chemical potent
m is given bycesTd  cesT  0d 1 sp2y6dskBTd2g0smd.
Therefore the prefactor of theT 2 term is just proportional
to the derivative of the density of states. Indirectly, th
gives information about the character of the FS, since o
would plausibly associateg0smd . 0 for ce & 1 with a
893
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large electron FS, and oppositelyg0smd , 0 with holelike
FS or small hole pockets vanishing force ! 1. For 2D it
is straightforward to representg0smd more explicitly as a
line integral

g0smd 
1

2p2

Z
Lm

dl $k

j=´s $kdj2

∑
1
K

2
K̂ ? m21K̂

j=´s $kdj

∏
(3)

over the curveLm  h $k; ´s $kd  mj. Here 1yK is the
curvature ofLm (positive for electronlike orbits and vic
versa),K̂ the unit vector perpendicular toLm, andm21 
≠2´s $kdy≠ $k≠ $k the inverse effective mass tensor. Apa
from the effective mass term, this is similar to the e
pression for the Hall resistivity in terms of the curvatu
of the FS [17]. From Eq. (3) it follows that at least in th
region of the$k space, where the effective-mass tenso
positive definite,g0smd . 0 implies also that the averag
curvatureK21 of the FSL´ is positive. Although the ob-
served nonquadraticT dependence in Fig. 1(a) question
above arguments, we may still interpretdchydT , 0 (i.e.,
dceydT . 0) in Fig. 1(a) as an indication forg0smd . 0,
i.e., positive average curvature of the FS forch * cp

h.
This in turn implies a transition from the hole-pocket pi
ture [5–7], existing at low doping, to an electronlike F
[8,9] at ch , cp

h.
Next we consider the entropy

S  kB ln V 1 skHl 2 mkNeldyT . (4)
As a test we have checked and found agreemen
our entropy data with available results from the highT
series [18]. In Fig. 2 we show the doping dependen
of the entropy density (per site) at differentT # J and
N  16220. As expected, finite-size effects are mo
pronounced at lowestT  0.1t , Tfs. Nevertheless, a
all T , J the entropy has a broad maximum atch ,
0.15, indicating the highest density of many-body sta
in this “optimum” doping regime.

The magnitude of the entropy in the optimum regim
appears very large, i.e., atT  0.1t  Jy3 the entropy
per site iss , 0.39kB, which is almost 40% ofssT 

FIG. 2. Entropy densitys  SyN vs hole concentrationch at
severalT .
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`d for the same dopingch, although T ø J, t. In
other words, introducing the degeneracy temperature
ssTdegd  ssT  `dy2, for intermediate dopings ofch ,
0.15 we get Tdeg , 0.17t, being very small in compari-
son with any reasonable QP bandwidthW , e.g.,W  8t
of the noninteracting electrons. It is remarkable that
entropy of such magnitude has been deduced from
electronic specific heat measurements in YBa2Cu3O61x

materials [3]. For example, for the optimally doped m
terial with x  0.97 at T  300 K it was foundDs 
0.35kB per planar copper site (Ds  0.7kB per unit cell)
relative to the undopedx  0 sample. We find the cor-
responding valuessch  0.15d 2 ssch  0d , 0.30kB at
T  0.1t , 450 K (assumingt  0.4 eV [12]).

In Fig. 3 we present theT dependence of the specifi
heatCV  Ts≠Sy≠T dmyN at different dopings. For the
undoped AFM we have not observed any apprecia
size dependence on systems with 16–26 sites, and
results seem to be even superior to those obtained
other methods [19]. CV is strongly T dependent in
the observed intervalT  023.3J, with a maximum at
T , 2Jy3, and approximatelyCV ~ T2 at low T . As the
system is doped,CV sT d still exhibits a maximum, which
is, however, strongly suppressed and gradually move
lower T with increasingch. The peak can be attributed t
the thermal activation of the spin degrees of freedom w
an exchange energy scale persisting in the doped sys
as observed already in dynamical spin correlations [1
The presence of the exchange energy scale, howe
disappears in the “overdoped” regimech $ 0.3.

It is characteristic (and consistent with the vanishi
role of J) that in the optimally doped regimech , 0.2
we find CV sT d , const for 0.15t , T , t, being far
from the Fermi liquid behavior. The anomalous behav
in this regime impliesV ~ T , as follows from Eq. (4),
as well as a constant (flat) density of many-body sta
DsEd , const, as defined throughV 

R
DsEde2bEdE,

at least in a broad intermediate region of energies.

FIG. 3. Specific heat per site vsT at severalch. ch  0 was
obtained forN  26.
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FIG. 4. Uniform susceptibilityx0 vs T at severalch in steps
of 0.05. ch  0 was obtained forN  20.

seems natural to connect this phenomenon with the
served universality of dynamical response in the optim
doping regime [11].

Only at extreme overdopingch . 0.5 (low electron den-
sity) we were able to see indications of the Fermi-liqu
like CV ~ T behavior in a broad intervalT & t. On the
other hand, we have indications for a differentCV , gT
behavior at lowestTfs , T , 0.15t, as deduced from a
drop of CV in Fig. 3, which would be closer to the ex
perimental results [3] and the QP picture. Such int
pretation would be again difficult, since it would requi
Tdeg , 800 K. On the other hand, it is puzzling that ob
tained g in the low T , 0.15t regime can be matche
with the value for noninteracting fermions atce & 1 in
a tight-binding band renormalized only by a modest fac
tyt̃ , 2.5, as noted previously [3].

At last we consider the uniform spin susceptibilityx0 
ksSzd2lyNkBT , which is shown in Fig. 4 at severalch.
Again for ch  0 our results agree with other calculation
[14] down to T , 0.3J. In the undoped systemx0

exhibits a maximum atT  Tp , J, which gradually
shifts to lowerT with doping and finally disappears atch .

0.15. x0 at T ! 0 increases with doping, in agreeme
with experiments [2] and some previous results [13,1
The existence of such maximum atT  Tp in undoped
cuprates has been interpreted in terms of a pseudogap
At dopingch  0.15 we observe a monotonous, Pauli-lik
x0 for T , 0.2t, which could signify an onset of a QP
low-T behavior. On the scale of temperatures of the or
of t, however, we do not find the Fermi liquid behavi
x0  const up toch . 0.6.

To conclude, we have calculated several thermo
namic properties of strongly correlated electrons with
the t-J model and found essentially non-Fermi-liquid b
havior in a wide range of doping concentrations, up
ch . 0.3. Non-Fermi-liquid temperature dependence
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observed in chemical potential, specific heat, and u
form spin susceptibility, at least in the region of inte
mediate temperatures0.15t , T , t, while at very low
T , 0.15t we cannot exclude a possible QP charac
of low-energy excitations, as signified by nearly co
stantx0sT d andCV ~ T . We observe in addition a very
nonmonotonouschsm, T d dependence, which we relat
to a transition from a small hole-pocket-like to a larg
electronlike FS around dopingcp

h , 0.15. Entropy was
found to be consistent in magnitude with experiments
cuprates, again showing maximum atch , cp

h. Finally,
the calculatedx0sT , chd is consistent with experiments
confirming thet-J model as a suitable one for the expl
nation of normal-state properties of cuprates.
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