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Thermodynamic Properties of the Planarz-J Model

J. Jakic and P. Prelosek

J. Stefan Institute, University of Ljubljana, 1001 Ljubljana, Slovenia
(Received 8 March 1996

Several thermodynamic quantities within the planaf model are calculated using thE > 0
Lanczos method on clusters of up to 26 sites. The hole denrsity,T) shows a non-Fermi-
liquid behavior as a function of" and suggests a transition from small to large Fermi surfaces at
c¢p ~ 0.15. The specific heat reveals a maximum at the exchange energy scaleup-t06.2, where it
becomes almost independent fof” = 0.15¢. At constantT the entropy has maximum fey, ~ 0.15
with large values at lowr', consistent with experiments on cuprates. In the underdoped regime the
spin susceptibilityy(7T) exhibits a maximum at finitd” = 7™, with T* decreasing with doping and
disappearing foe;, > 0.15. [S0031-9007(96)00800-9]

PACS numbers: 71.27.+a, 71.10.+x, 75.40.Fd

The normal state of the superconducting cuprates, in Although there have been so far extensive numerical
particular, the character of the low-energy excitations, stillstudies of the ground-state properties ofthdemodel [13],
lacks proper understanding. Although there appears tis finite-T properties are less explored. At> 0 a fruit-
be a consolidation of experimental results probing theiful technique in addressing several thermodynamic proper-
transport [1], magnetic [2], thermodynamic [3], and single-ties proved to be the high-series expansion [9,14,15]. In
electron [4] properties, on the theoretical side severalhe present study we aim at the calculation of the fiffite-
important questions about the nature of the correspondingtatic properties of the model Eq. (1) with a recently in-
quantum liquid remain open. While undoped cupratedroduced method, combining the Lanczos diagonalization
are well understood in terms of a two-dimensional (2D)technique and random sampling [10], which has been so far
S = 1/2 antiferromagnet (AFM), it is less clear what applied to the study of several dynamical responses [11].
changes are induced on doping the AFM with mobileWe concentrate on calculating the quantities, which are re-
holes. Besides the questionable existence of quasiparticlésted to the expectation values of the conserved operators,
(QP) in the sense of some type of Fermi liquid, thecommuting with the Hamiltonian, Eqg. (1). Such operators
character of the QP and the associated Fermi surface, e.g., total number of electroNs, total energyH, and
(FS) in doped AFM are also controversial. While at low S, the z component of the total spin operator. In terms
doping, theoretical studies [5,6] as well as experimentabf them some interesting thermodynamic quantities can be
findings [7] seem to favor the interpretation in terms ofexpressed, in particular, chemical poteniiglentropys,
hole QP in a rigid band and related hole-pocket FS, thepecific heatCy, and the uniform susceptibility,. The
situation at larger doping is more consistent with the usualeason to limit our treatment only to commuting operators
large electronic FS [4,8,9]. Nevertheless, several normals technical, since in this case we can avoid time and mem-
state dynamical properties of cuprates have recently beesry consuming computations of wave functions and their
reproduced by using unbiased numerical techniques withcalar products. This in turn enables us to study larger
strong correlations taken fully into account [10,11]. It clusters with up to 20 sites at all doping concentrations.
is the aim of this paper to present results on relevant We follow the method for the evaluation af > 0
thermodynamic properties of correlated electrons, whictstatic quantities [10]. To calculate the quantity of the
could help in finding a proper concept for such systemstype Tr[f(N,,S., H)e #H~#NJ] the trace is expanded
but also in establishing the relevant model for cuprates. in terms of an arbitrary orthonormal set of basis func-

In the following we address some of the questionstions |n), n = 1,..., K, with good quantum numbers,
above by studying finitd" static properties of the 2D andS,. Each statdn) is used as initial functiomeg) for
t-J model as a prototype model for strongly correlatedthe M-step Lanczos procedure [13], yielding a subspace

electrons and cuprates, in particular [12], spanned by functionisp;’), j = 0,...,M. The Hamilton-
ian is diagonalized in this subspace to obtain the eigenval-
H= —1¢ Z(CJTXC"S + H.c) uesE; and corresponding eigenvectdig;), which are
(ij)s used to evaluatéf)
ps p< 1
+ JZ(Si < 8; — gnin;j). 1)
(i) N, KoMl
~ st n\|2
Herec,?;, ¢;s are projected fermionic operators, excluding 2 KQ n; ,Zo Knlgr)l
the states with doubly occupied sites. To investigate the )
regime of cuprates we sgf/r = 0.3. X f(N?,S2 EDe PE TRND), (2)
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where Q = Tr[e ##H~#N)] is the grand-canonical par- 0.4
tition function. Clearly, the expression (2) is exact for

K = M = Ny, whereNy; is the dimension of the com-

plete basis. In practick, M < N are used, with states 03 |
|n) sampled randomly. More detailed discussions of the
method and tests are given elsewhere [10,11]. In the
present application it is essential that scalar products < 02
(nly}') are trivially evaluated, since this is the component

of the function|¢g) in the wave functiony}), i.e., can

be obtained from the eigenvectors of thexX M tridiag- 041
onal matrix without storind¢;). Typically, also small

M = 100 is used, thus reorthogonalization of the Lanczos
functions can be avoided. The computational effort in the 0.0
present case is then equal to a ground-state Lanczos pro-
cedure, repeated times. We employ in the following

typically K ~ 200—1000 in everyN, sector. 03 ' ' 2

We have calculated a few static quantities above using (b)
the approximation (2) on clusters witki = 16, 18, and
20 sites, thus having control over the finite-size effects — TH=0.05
through comparison of the results. We also treated the 0.2 1 === 0.10 |
undoped system withh = 26 sites. In general, the results T g;z
are quite free of finite-size effects for temperatufes- S 0.25 N=20
Tt (N, c;), which amounts td, ~ 0.1¢ for N = 20 and J1e0.3
cp, = 0.3. T 0 o |

s

We first analyze the hole density = 1 — (N.)/N as /;‘f’, o/
a function of T and x. In Fig. 1(a) we present curves Py
cy(T) for severalw,, where the chemical potential for e

. 0 0.0 = el .
h = — M. y h h -3.0 -2.5 -2.0 -1.5 -1.0

holes is u m. Clearly, for u, < u; the ground
state of the system contains no holes. Hefe= —1.99¢ P/t

[13] is rela.ted to the minimum energy of a S'”g"? FIG. 1. (a) Hole densityc, as a function of7 at several
hole added into th(? undoped system. The correspondingyjyes of hole chemical potential, in steps of0.17. Dashed
curves foru, < w; are denoted with dashed lines. In jines denoten;, < uj. (b) ¢, as a function ofu, at various
Fig. 1(a) we, in general, do not find & dependence T.

of ¢, at low T, as expected for a normal Fermi liquid,

except within the extreme overdoped regimg> 0.3. 4%, consistent with large (polaron) mass enhancement
In particular, in a broad rangé.15 < ¢, < 0.3 very of individual holes at vanishing doping. Moreover, we
unusual linear variation o€, (7T) is observed at lowest cannot exclude a singular behavior (divergence) pfis

T. Moreover, a remarkable feature is a nonmonotonougeduced from analogous results for the Hubbard model
cn(T) dependence as the valug(0) is varied. There [16].

exists a doping concentration, such that derivative Next we find remarkable a feature appearing at the hole
dcy/dT at low T is positive for curves withe,(T ~  density ofc;, ~ ¢, whereu, is essentially pinned at the
0) < ¢, and negative for curves with,(T ~ 0) > ¢;,.  value u, ~ —1.8¢, i.e., does not vary witl. This pin-
The marginal dopingc, ~ 0.15 seems to be system ning is active in a wide range df and is again almost not
independent, as checked quantitatively for systems withlependent on the system size. It is tempting to interpret

N = 16, 18, and20. the marginal concentratiarj, as a change of the character
In Fig. 1(b) we plot the variation ot;, with u;, at of the FS. To establish the relation, we still have to rely
several chosen temperatur&s We include alsoT =  on arguments which apply to the gas of noninteracting

0.05¢ < Ty, since in this case it shows less pronouncedermions. Denoting byg(e) the density of the single-
finite-size effects. A§ — 0 clearly c,(u, < u)) — 0,  fermion states, a simple Sommerfeld expansion yields
while ¢, (up > ) remains finite. The slopgc,/dw,,  that the number of particles at fixed chemical potential
being proportional to the compressibility of the hole  w is given byc,(T) = c.(T = 0) + (7%/6)(kgT)*g'(1).
fluid, is finite for T > 0, indicating the absence of the Therefore the prefactor of thHg? term is just proportional
phase separation in the system at chogén[15]. On to the derivative of the density of states. Indirectly, this
the other hand, Fig. 1(b) reveals that for— 0 « is  gives information about the character of the FS, since one
increasing and becoming large on approachjag ~  would plausibly associatg’(w) > 0 for ¢, < 1 with a
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large electron FS, and oppositedy(w) < 0 with holelike <) for the same dopingc,, althoughT < J,z. In
FS or small hole pockets vanishing far — 1. For 2D it  other words, introducing the degeneracy temperature by
is straightforward to represegt(x) more explicitly as a  s(Tgs) = s(T = «)/2, for intermediate dopings af, ~
line integral 0.15 we getTy, ~ 0.17¢, being very small in compari-
1 dl; 1 k- -m-'k son with any reasonable QP bandwidih e.g.,W = 8t

2] £ [— — —ﬁ} (3) of the noninteracting electrons. It is remarkable that the
27° i, |Vf(k)|f K Ve (k)| entropy of such magnitude has been deduced from the
over the curveL, = {k; (k) = nu}. Herel/K is the electronic specific heat measurements in YBa&Og+ .
curvature ofL,, (positive for electronlike orbits and vice materials [3]. For example, for the optimally doped ma-
versa),k the unit vector perpendicular to,, andm~! =  terial with x = 0.97 at 7 = 300 K it was foundAs =

9%e(k)/okok the inverse effective mass tensor. Apart0-35kp per planar copper siteA¢ = 0.7kp per unit cell)
from the effective mass term, this is similar to the ex-relative to the undopedl = 0 sample. We find the cor-
pression for the Hall resistivity in terms of the curvatureresponding value(c, = 0.15) — s(c; = 0) ~ 0.30kg at

of the FS [17]. From Eq. (3) it follows that at least in the T = 0.1z ~ 450 K (assuming = 0.4 eV [12]). 3
region of thek space, where the effective-mass tensor is " Fig. 3 we present th& dependence of the specific
positive definiteg’(x) > 0 implies also that the average N€atCv = T(3$/dT),/N at different dopings. For the
curvaturek ! of the FSL, is positive. Although the ob- Undoped AFM we have not observed any appreciable
served nonquadratie dependence in Fig. 1(a) questions Sizé dependence on systems with 16—26 sites, and our
above arguments, we may still interpet, /dT < 0 (i.e., results seem to be even superior to those obtalngd by
dc,/dT > 0) in Fig. 1(a) as an indication fo'() > 0, other methodg [19]. Cy is strongly T deper_1dent in
i.e., positive average curvature of the FS for = ¢;.  the observed interval’ = 0—3.3J, W;th a maximum at
This in turn implies a transition from the hole-pocket pic- 7 ~ 2//3, and approximately’y « < atlow 7. As the

ture [5-7], existing at low doping, to an electronlike FS System is dopedC’y(T) still exhibits a maximum, which

g'(n) =

[8,9] atc, ~ cj. is, however, strongly suppressed and gradually moves to
Next we consider the entropy lower T with increasinge,. The peak can be attributed to
the thermal activation of the spin degrees of freedom with
S=kginQ + (H) — u{N.))/T. (4) an exchange energy scale persisting in the doped system,

As a test we have checked and found agreement gis observed already in dynamical spin correlations [11].
our entropy data with available results from the higgh- The presence of the exchange energy scale, however,
series [18]. In Fig. 2 we show the doping dependencdlisappears in the “overdoped” regimg = 0.3.

of the entropy density (per site) at differefit=< J and It is characteristic (and consistent with the vanishing
N = 16—20. As expected, finite-size effects are mostrole of J) that in the optimally doped regime, ~ 0.2
pronounced at lowesf = 0.1 ~ Ty. Nevertheless, at we find Cy(T) ~ const for0.15¢ < T < t, being far

all T < J the entropy has a broad maximum @t ~  from the Fermi liquid behavior. The anomalous behavior
0.15, indicating the highest density of many-body stategn this regime implies() « T, as follows from Eq. (4),
in this “optimum” doping regime. as well as a constant (flat) density of many-body states

The magnitude of the entropy in the optimum regimeD(E) ~ const, as defined through = [ D(E)e PEdE,
appears very large, i.e., & = 0.1 = J/3 the entropy at least in a broad intermediate region of energies. It
per site iss ~ 0.39kg, which is almost 40% of(T =

0.8 T T 0.6 T T T T

c, T

FIG. 2. Entropy density = S/N vs hole concentration, at ~ FIG. 3. Specific heat per site % at severak;,. ¢, = 0 was
severalT. obtained forN = 26.
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0.6 : T T T observed in chemical potential, specific heat, and uni-
form spin susceptibility, at least in the region of inter-
6,=0.25 mediate temperatures15: < T < ¢, while at very low

T < 0.15¢ we cannot exclude a possible QP character
of low-energy excitations, as signified by nearly con-
stant yo(7) andCy « T. We observe in addition a very
nonmonotonousc,(w, T) dependence, which we relate
to a transition from a small hole-pocket-like to a large
electronlike FS around doping, ~ 0.15. Entropy was
found to be consistent in magnitude with experiments on
cuprates, again showing maximum @t ~ cj,. Finally,

the calculatedyy(T, c;,) is consistent with experiments,
confirming ther-J model as a suitable one for the expla-
nation of normal-state properties of cuprates.

04
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0.2
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0.0

FIG. 4. Uniform susceptibilityy, vs T at severak;, in steps
of 0.05. ¢, = 0 was obtained foiv = 20.
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