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Nonperturbative Study of Generalized Ladder Graphs in aw2x Theory
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The Feynman-Schwinger representation is used to construct scalar-scalar bound states for the set of
all ladder and crossed-ladder graphs in aw2x theory in3 1 1 dimensions. The results are compared to
those of the usual Bethe-Salpeter equation in the ladder approximation and of several quasipotential
equations. Particularly for large couplings, the ladder predictions are seen to underestimate the
binding energy significantly as compared to the generalized ladder case, whereas the solutions of the
quasipotential equations provide a better correspondence. Results for the calculated bound state wave
functions are also presented. [S0031-9007(96)00744-2]
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One of the important issues in the study of a comp
ite hadronic system at higher energies is the search
practical and reliable schemes to describe its relativi
dynamics. Our knowledge about the relativistic two-bo
bound state problem in field theory is almost exclusiv
based on the application of the ladder approximation
the Bethe-Salpeter equation (BSE) [1,2]. Unfortunate
the general applicability of the ladder theory can be qu
tioned on physical grounds. In particular, the so-cal
one-body limit does not lead to the Klein-Gordon equ
tion as it should. Moreover, gauge invariance cannot
satisfied within this approximation. In order to recov
these properties, at least the set of all crossed ladder
tributions is needed additionally [3–5]. So far, howev
the study of the two-body Green function beyond the la
der theory has not been considered feasible in prac
With this situation in mind, several quasipotential equ
tions (QPEs) have been proposed and studied as pos
candidates for an effective theory. Both the ladder B
as well as various QPEs have been used in numerous
ies throughout a wide range of systems, including mes
[6–9], small nuclei [10–12], few-electron atoms [1], an
positronium [2].

In constructing the QPEs, one usually chooses the
proximations leading to them such that the above m
tioned problems are, at least partially, solved. Howev
due to our ignorance of the behavior of thefull BSE solu-
tions, it is presently unclear which of the possibly infini
number of QPEs provides the best effective descript
In this connection it is clearly of interest to have a
tual solutions available for cases where a larger clas
graphs than the ladder series is included in the BSE
that do not suffer from the difficulties inherent to the la
ter approximations. Such solutions may serve as a tes
ground for the various QPE descriptions. Here we pres
results for the case where, in addition, the complete se
all irreducible crossed-ladder graphs is also included
the kernel of the BSE, being the minimal set that is fr
from the above problems. Self-energy and vertex corr
tions are not taken into account. The inclusion of the
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contributions are not expected to lead to qualitatively d
ferent predictions [13].

In this Letter the bound states formed by two sca
particlesw, with massm interacting through the exchang
of a third scalar particlex with massm, are determined
using the Feynman-Schwinger representation (FSR)
13–18]. Starting from the Euclidean action for the abo
w2x theory

S ­
Z

d4xfs≠lwd2 1 m2w2

1
1
2 s≠lxd2 1

1
2 m2x2 1 gw2xg , (1)

we may reconstruct the bound state of twow particles
with the set of one-meson exchange and all irreduc
crossed-ladder graphs as the driving force by explicitly
tegrating out the fields in the two-body Green functionG.
Details of this procedure can be found in Ref. [4]. A
cording to [4], the FSR offers a closed expression for
“quenched”G (i.e., neglecting the possible occurrence
vacuum fluctuationww loops) in terms of path integral
over the particle trajectoriesz and z of the twow par-
ticles. Neglecting also the contributions corresponding
the self-energy and vertex corrections, it has the form

G ­
Z `

0
ds

Z `

0
ds

Z
sD zdxysD zdx y

3 exps2Kfz, sg 2 Kfz, sg 1 V fz, z, s, sgd , (2)

whereK andV are given by

Kfz, sg ­ m2s 1
1
4s

Z 1

0
dt Ùz2

lstd , (3)

V fz, z, s, sg ­ g2ss
Z 1

0
dt

Z 1

0
dt Dssszstd 2 zstdddd .

(4)

Our main objective here will be to compare the pred
tions obtained from Eqs. (2)–(4) to those from the lad
BSE and various QPEs.

The functional integrations are over all possible pat
subject to the boundary conditionszs0d ­ x, zs1d ­ y,
© 1996 The American Physical Society
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and similarly forz. In 3 1 1 dimensions, the free two
point functionDsxd is given by

Dsxd ­
m

4p2jxj
K1smjxjd . (5)

In [4] it was shown that, for unequal masses, Eq.
satisfies the correct one-body limit. In addition, it wa
proven that, combined with Eq. (4), it effectively sums u
all ladder and, due to the absence of any ordering in
interaction kernel, also all crossed-ladder contributions
G. Each graph of this set is UV finite, so that no sho
distance regularization is required.

The bound state spectrum can be determined by stu
ing the behavior ofG with respect to variations of its
initial points sx, xd and final pointssy, yd. Considering, in
particular, large timelike separationsT ­

1
2 s y4 1 y4 2

x4 2 x4d, we infer from the spectral decomposition

G ­
X̀
n­0

cn exps2mnTd T!`. c0 exps2m0Td , (6)

that asymptotically the Green function is dominated
the ground state contribution.

Notice that the path integrals in Eq. (2) are quantu
mechanical ones. This amounts to a considerable red
tion in the number of degrees of freedom as compa
to, for example, putting the field action (1) on a discre
four-dimensional lattice. As a result, accurate calculatio
can also be carried out with this approach for very lar
timesT .

Let us now briefly discuss the traditional Bethe-Salpe
approach [1,2] to the two-body bound state proble
In the ladder approximation the wave functionC in
momentum space obeys the following integral equation

S21sqdCsqd ­
i

s2pd4

Z
d4q0Vsq 2 q0dCsq0d , (7)

where q is the relative momentum between the tw
w particles. After a Wick rotation, the free two-bod
propagatorS and the bare interactionV assume the
following form in the center of mass frame:

Ssqd ­
1

sq2 1 v2 1 m2 2
1
4 sd2 1 sv2

, (8)

V sq 2 q0d ­ g2 1
sq 2 q0d2 1 sv 2 v0d2 1 m2

, (9)

with the relative momentumq ­ sq, vd. In the bound
state region, Eq. (7) supports solutions only for values
the invariant energy

p
s that corresponds to bound states

Since for unequal masses Eq. (7) in the ladder appro
mation does not possess the correct one-body lim
several modifications to it have been proposed. Genera
they reduce the description from a four-dimensional to
three-dimensional one by making an ansatz for one of
functions involved. This ansatz is chosen such that
resulting quasipotential equation does possess the co
)
s
p
he
to
t-

dy-

y

m
uc-
ed
e
ns
e

er
.

:

o

of
.
xi-
it,
lly,
a

he
he
rect

one-body limit. Here we study three particular exampl
the BSLT equation [19], the equal-time (ET) equatio
[8,10,11,20], and the Gross equation [5,12], which ha
been widely used in the literature.

For the BSLT equation, one assumes that the p
structure of the two-body propagator can be approxima
via a dispersion relation. Similar to the BSLT case,
the ET prescription, the interaction is usually supposed
be independent of the relative time, i.e., also neglect
retardation effects. An additional term is supplied
order to include some of the crossed-box contributio
In doing so, the correct one-body limit is obtained in th
approach. Finally, in the Gross formalism, one puts o
of the two particles on its mass shell by hand. The
procedures lead to the following forms ofSsqd:

SQPEsqd BSLT
­ 2pdsvd

1p
q2 1 m2

1q
q2 1 m2 2

1
4 s

(10)

ET
­ 2pdsvd

1p
q2 1 m2

1q
q2 1 m2 2

1
4 s

3

µ
2 2

s
4sq2 1 md

∂
(11)

Gross
­ 2pdsv 1

1
2

p
s 2

p
q2 1 m2 d

3
1

4
p

s
p

q2 1 m2

1q
q2 1 m2 2

1
2

p
s

.

(12)
For all cases the delta function allows for the elimin

tion of the relative energy variablev from the descrip-
tion. The ladder BSE and three-dimensional QPEs w
solved by performing a standard partial wave decompo
tion, thereby factorizing the angular variables.

The FSR solutions were obtained by discretizing t
functional integrals according to

sD zdxy !

µ
N

4ps

∂2N N21Y
i­1

Z
d4zi (13)

The normalization in Eq. (13) was chosen such that, wh
expanded in the couplingg2, the Green function correctly
reproduces the Feynman perturbation series. In term
the discretized variables the functionalsK andV assume
the following form:

Kfz, sg ! m2s 1
N
4s

NX
i­1

szi 2 zi21d2, (14)

V fz, z, s, sg !
g2ss
N2

3

NX
i, j­1

Dsss 1
2 szi 1 zi21 2 zj 2 zj21dddd . (15)

The discretized boundary conditions arez0 ­ x, zN ­ y,
and similarly forz.
815
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The integral over all degrees of freedom was perform
with the Metropolis Monte Carlo algorithm. The groun
state mass can be obtained most efficiently by compu
the logarithmic derivative ofG instead ofG itself

LsT d ; 2
d

dT
lnfGsT dg T!`

! m0 . (16)

Introducing the shorthand notationZ for the full set
of degrees of freedom and puttingSfZg ; Kfz, sg 1

Kfz, sg 2 V fz, z, s, sg, we may writeLsT d as

LsT d ­
Z

D ZS0fZge2SfZg
¡Z

D Ze2SfZg, (17)

where the prime denotes an analytical differentiation
the functionals with respect to the end pointT . According
to Eq. (17) the ground state mass is obtained by avera
S0fZg over an ensemble generated by the actionSfZg
for sufficiently large T . The FSR ground state wav
function C can be found readily by performing a
additional integration ofG in Eq. (2) over the spatia
relative componentsr ; y 2 y of the final point and
incorporating this coordinate in the setZ. By keeping
track of the distribution ofjrj’s when computingLsT d,
ther dependence ofC can be determined.

The convergence inN was studied, and the mass
the bound state was found to become independent oN
at typical values ofN ­ 35 40. Furthermore,mT ­ 40
usually sufficed forLsT d to become independent ofT and
to reach its asymptotic estimate (16). Since the integ
over s ands in Eq. (2) formally diverge for large values
a cutoff smax had to be introduced in order to render t
functional integrals finite. No dependence on the value
smax was observed.

In Fig. 1 we present calculations of the ground st
mass as a function of the conventional (dimensionle

FIG. 1. Ground state massm0 of thew2x theory as a function
of the dimensionless coupling constantg2y4pm2 for mym ­
0.15. The inset shows the evolution of the Gross ground s
and its unphysical branch over a larger range of couplings.
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coupling constantg2y4pm2 for the casemym ­ 0.15.
Since the self-energy contributions have been neglec
in the FSR calculations, we may directly compare t
predictions to those of the ladder BSE and the vario
QPEs. The range of validity of the ladder theory is se
to be restricted to the region of small couplings, Gen
ally speaking, for stronger couplings all approximatio
tend to underbind the system as compared to the FSR
sults. All QPEs generate more binding energy than
ladder BSE, and their results are generally closer to
FSR ones. For the Gross equation we also performe
calculation where the retardation in the interaction was
glected, i.e., we simply putv ­ v0 ­ 0 in the potential
(9). From Fig. 1 we see that in this case the retardat
leads to additional attraction. The ET approximation pa
ticularly is seen to give results that relatively provide th
best correspondence with the FSR ones.

We remark that, due to the energy dependence in
two-body propagator, the Gross equation allows for a s
ond, unphysical solution that starts at

p
s ­ 0 for g2 ­ 0

and for which
p

s grows with increasingg2. This feature
is an artifact of this particular approximation and has a
been observed in other, but similar, dynamical equatio
[6,21]. Inclusion of negative energy propagation effec
was seen to cure this pathological effect. Both the phy
cal and unphysical solutions are shown in the inset
Fig. 1, and it is seen that they “annihilate” each other
g2y4pm2 . 5.1, for which

p
s . 1.4m.

In order to compare the FSR ground state wave funct
to those of the ladder BSE and the various QPEs,
adjust the coupling constants such that the same va
of the ground state mass is found. In Fig. 2 we sho
the ladder BSE and FSR wave functions for relative tim
t ­ 0 and compare them to the QPE wave function
For convenience, the FSR wave function is normaliz
according to the standard nonrelativistic one. The m

FIG. 2. Equal-time FSR and ladder BSE Euclidean wa
function compared to those of the various QPEs. All solutio
correspond to a bound state atm0 ­ 1.882m.
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FIG. 3. FSR and ladder BSE Euclidean wave functions
three values of the Euclidean relative timet. The ground state
mass for both calculations was atm0 ­ 1.882m.

of the ground state for all cases ism0 ­ 1.882m and we
take mym ­ 0.15. At large separations we expect th
the wave function behavior is essentially determined
the binding energy of the composite system. This is
agreement with the calculated results shown in Fig.
The main difference between the QPE predictions
short distances is due to the asymptotic behavior of th
two-particle free propagatorSQPEsqd for large values ofq.

Effects of relativity in the dynamics are anticipated
play an important role in the relative timet dependence of
the wave function, especially at small spatial separati
between the constituents. In Fig. 3 we compare the lad
BSE and the FSR ground state wave functions for th
values of the Euclidean relative timet. From this, we see
that the ladder BSE prediction falls off considerably fas
in t as compared to the FSR result. This may be d
to the fact that we need a substantially larger coupl
constant in the BSE case to obtain the same bind
energy. As a result the relativistic effects are enhan
in the interaction. At a large distance, both calculat
wave functions agree essentially with each other a
moreover, show a very slow falloff int, consistent with
our expectation.

For actual hadronic systems the complication of ferm
ons also has to be considered. Some progress has
achieved recently in including spin degrees of freedo
within the FSR approach. It is clearly of great intere
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to study this further. In this paper we have presented
the scalar case the first calculations of bound state pro
ties beyond the ladder approximation using the Feynm
Schwinger representation. When comparing our res
to those of the Bethe-Salpeter equation in the ladder
proximation, we find that the crossed ladders contrib
significantly to the binding energy.

It is a pleasure to thank Yu. A. Simonov for many val
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