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Neutron Scattering Evidence for Localized Soft Modes in Amorphous Polymers
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The localization of low-frequency vibrational modes in amorphous solids can be determin
from incoherent neutron scattering. Time-of-flight data from polystyrene and polybutadiene show
localization of the boson peak modes to about ten monomers. [S0031-9007(96)00693-X]

PACS numbers: 61.43.–j, 61.12.–q, 61.41.+e, 63.50.+x
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At present, there is still no satisfactory understanding
the low-frequency excitations in glasses and underco
liquids. Recently, numerical work discovered a localiz
tion of some low-frequency vibrational modes [1–6]. T
evidence is not fully conclusive, because the modes t
to delocalize with increasing cell size and the influence
long wavelength modes is missing.

In real glasses, there is no direct evidence so
One does find low-frequency vibrations coexisting w
the sound waves and giving rise to the boson peak
Raman and neutron scattering [7]. If there is a continu
crossover from the low-barrier tunneling states [8] to th
additional vibrational modes, one would expect them
be localized. Such a crossover has been postulated i
soft potential model [9]. An evaluation of low-temperatu
specific heat data in terms of that model [10] estimate
number of 20 to 100 atoms partaking in a single vibratio
mode, in good agreement with the numerical work [1–
One begins to understand vibrational localization in por
solids [11], but the physical reason for the vibration
localization in disordered bulk matter is not yet clear.

In this Letter, we show that incoherent inelastic neut
scattering allows one to measure the localization of lo
frequency vibrational modes in glasses. The metho
applied to two amorphous polymers, polystyrene a
polybutadiene.

Consider a localized low-frequency mode at a f
quencyvs. For simplicity, let us assumeNs atoms with
the total massMs and vibrating with the same amplitud
us (though not necessarily in the same direction) in t
mode. ForkBT ¿ h̄vs,

ku2
sl ­

kBT
Msv2

s
. (1)

As an example, the low-frequency vibrations in am
phous selenium seem to be localized to 20 atoms [
At the boson peak frequency (1.4 meV), one calcula
a mean square displacementku2

sl of 0.012 Å2 for such a
localized mode at 100 K. The average mean square
placement measured at that temperature [12] is0.009 Å2

for a single direction. Thus the mean square displacem
contribution from the localized mode at a participati
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atom exceeds the average contribution from all the ot
modes, at least in the direction of vibration of the loc
ized mode. Since it is precisely that direction which
sampled in the inelastic neutron scattering from the loc
ized mode, one expects to see an increase of the effe
Debye-Waller factor exponent in the one-phonon scat
ing at the mode frequency.

The contribution of atomi participating in the mode to
the one-phonon scattering [13] from the localized mode
given by

S
s1d
i,locsQ, vd ­

1
2

e22WisQdQ2kusl2 cos2 udsv 6 vsd .

(2)
Hereu is the angle between the direction of vibration
atom i in the mode and the direction of the momentu
transfer vectorQ. The Debye-Waller factorWisQd is
given by

2WisQd ­ sa 1 ku2
sl cos2 udQ2, (3)

where aQ2 describes the contribution from a
other modes.

Averaging overu and the participating atoms, one find
that the one-phonon scattering from the localized mo
is seen with a Debye-Waller factor2W ­ sa 1 DadQ2,
where

Da ­
3
5

ku2
sl . (4)

MeasuringDa through theQ dependence of the inelast
scattering, one can determine the localization of the mo

The inelastic scattering does not only contain the o
phonon term, but also multiphonon terms [13], whi
give a negative contribution to the effective Debye-Wal
exponent in the inelastic scattering. They result fro
all possible combinations of different vibrations, so th
calculation is rather cumbersome. However, there is
easy way to take them into account, at least to a reason
approximation. One fits theQ dependence of the ful
inelastic intensity at a given energyh̄v by the one-phonon
form

S
s1d
incsQ, vd ­ fsvdQ2e2asvdQ2

(5)
© 1996 The American Physical Society 659



VOLUME 77, NUMBER 4 P H Y S I C A L R E V I E W L E T T E R S 22 JULY 1996

u

o
d

o
t
o

a

t

re
l

c

f

o
o
le
a

d

to
y

e
in
,
n

u
il
n
r

o
in
c
t

u
r

v

ty-
ison
sian

l-
um
fter
le-

e-
do

ew
t-
to

d,

n
-
or-

5).
e-
in
ies
the
ies

ye-

nts
ed
nt
us
-

the
ith
)

nd
at
of
ent
over the whole relevant frequency range of the spectr
Thus one gets at each frequency two parameters, nam
the initial slopefsvd againstQ2 at smallQ and the effec-
tive Debye-Waller exponentasvd. The latter contains the
Da of the one-phonon scattering which one is looking f

In order to extractDa, one can compare the fitte
values of the effective Debye-Waller exponentsasvd
with those calculated in the Gaussian approximati
The Gaussian approximation assumes for each a
a Gaussian probability distribution around its positi
at time zero. The time-dependent widthgstd of that
probability distribution is assumed to be the same for e
atom and each spatial direction.SsQ, vd is then obtained
as the Fourier transform in time of the intermedia
scattering function

SsQ, td ­ e2gstdQ2

. (6)

The Gaussian approximation has been found to be
sonably accurate in high resolution experiments on po
mers at elevated temperatures [14,15], but seems to
at lower temperatures in other substances [16,17], indi
ing an influence of localized low-frequency modes at lo
temperatures.

Equating the Q2 coefficients in the expansions o
SsQ, td and of the Fourier transform ofSsQ, vd, one finds

gstd ­
Z `

2`
fsvd s1 2 cosvtddv . (7)

Thus one can calculate the full Gaussian scattering fr
fsvd alone and fit the scattering law with the one-phon
form, Eq. (5), to see what the effective Debye-Wal
exponent in the measurement range should be without
localized modes. The difference can then be attribute
the localization.

We evaluated time-of-flight data on amorphous pro
natedcis-transpolybutadiene [18] and amorphous pol
styrene [19]. To check the validity of the procedure, w
also did a measurement of a 98% crystallinetranspolybu-
tadiene sample. All data were taken on the spectrom
IN6 at the HFR at Grenoble with a wavelength of the
coming neutrons of4.1 Å. At that particular wavelength
one has the largestQ range available at the instrume
and an exceptionally high intensity.

The comparison of experiment and theory requires s
stantial corrections for self-absorption, resolution ta
multiple scattering, and coherent scattering contributio
This is illustrated in Fig. 1, which shows raw and co
rected data. The dashed line shows the result of a gl
fit of the whole data set in terms of Gaussian scatter
The deviations from that fit are larger than the statisti
error of the measurement, but they are smaller than
corrections, which therefore require due care.

The self-absorption correction is a standard proced
which requires good knowledge of the scattering, abso
tion, and shape of the sample. The correction for tails
the elastic line are pleasantly small at the chosen wa
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FIG. 1. Q dependence of the inelastic scattering from polys
rene between 0.5 and 2.5 meV at 180 K, showing a compar
of raw and corrected data and the difference between Gaus
and non-Gaussian fits.

length because of the sharp cutoff of the beryllium fi
ter. We only used the energy gain part of the spectr
and calculated the other part via detailed balance. A
subtracting these tails, the inelastic scattering from sing
scattering processes must extrapolate to zero for zeroQ.
This can be used to judge the quality of the multipl
scattering correction. We used different procedures to
that correction, including numerical calculations and a n
analytical procedure, with similar results. After subtrac
ing multiple scattering, the curves did indeed extrapolate
zero at zeroQ for all frequencies. Once this is guarantee
it is possible to extrapolateSsQ, vd for higher frequencies
to small Q. This allows a final normalization correctio
using

R
SincsQ, vddv ­ 1 to remove the remnants of co

herent scattering. A more detailed account of these c
rections will be given in a forthcoming paper [20].

After correcting, one can fit theQ dependence of
an inelastic channel with the one-phonon term, Eq. (
The one-phonon form with an effective adapted Deby
Waller factor turned out to describe the data with
experimental error for all three samples at all frequenc
and temperatures. Figure 1 shows an example for
quality of the fit. Repeating the same fit up to frequenc
of 3kBT , one gets a set offsvd from which one can
determine the Gaussian values for the effective Deb
Waller exponentsasvd.

Figure 2 compares the Debye-Waller expone
asvd fitted to the measured data with those determin
from the Gaussian approximation for three differe
examples. The first in Fig. 2(a) shows amorpho
cis-trans polybutadiene at 60 K (glass transition tem
perature 183 K). One observes deviations from
Gaussian values at low frequencies, consistent w
a mass Ms of 580 atomic units (eleven monomers
participating in a single localized mode. The seco
example in Fig. 2(b) is amorphous polystyrene
180 K, well below its glass transition temperature
373 K. One finds good agreement between experim
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and Gaussian calculation above 5 meV (note that
15 meV the Debye-Waller exponent becomes ne
tive, because the density of states is low and the m
phonon scattering prevails), but at low frequencies
finds deviations. These deviations again seem to fol
the 1yv2 behavior predicted by Eq. (1) down to abo

FIG. 2. Comparison of measured and calculatedasvd. The
dashed line adds a1yv2 term to the Gaussian calculation. (
Amorphous cis-trans polybutadiene at 60 K, (b) amorphou
polystyrene at 180 K, and (c) crystallinetrans polybutadiene
at 180 K.
at
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ti-
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w
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1 meV within experimental error (below 1 meV, on
expects a slower increase ofku2

sl due to the anharmonicity
and to the sound wave contribution to the inelas
scattering [10]). From the prefactor, one calculates [
Eqs. (1) and (4)] a total massMs of 650 atomic units
(about six polystyrene monomers).

The crystalline sample in Fig. 2(c) shows no deviati
at the lowest frequency (the deviations around 5 meV
probably due to the stronger effects of the remnant coh
ent scattering which is much sharper inQ). The abso-
lute values are about the same as those of the amorp
sample at a 3 times lower temperature. Since the m
square displacement of the crystalline sample increa
essentially linearly with temperature, this implies mu
smaller values in the crystalline polymer.

It is interesting to relate the non-Gaussian behav
of the inelastic data to the corresponding non-Gauss
behavior of the elastic line. TheQ dependence of the
elastic line of the incoherent scattering for an ensem
of N Gaussian scatterers with different mean squ
displacements is given to orderQ4 by

1
N

NX
i­1

e2aiQ2

ø ef2aQ211y2sa22a2dQ4g, (8)

wherea and a2 are the averages ofai and a
2
i , respec-

tively. The dimensionless coefficientsa2 2 a2dya2 is
denoted as thenon-GaussianityA0.

For our experiment, the non-Gaussianity parameterA0

can be calculated from the equations

a ­
Z `

2`

fsvddv ,

A0 ­ 2

R`

2` fsvdasvddv

a2 2 1 ,

(9)

where the integrals are taken over the inelastic part
the scattering. For polystyrene at 180 K, one finds
value of 0.52, much higher than the value 0.09 anticipa
from the factor of 2 between the average mean squ
displacements of the five protons on the phenyl ring a
the three protons on the chain [21]. However, the va
is in good agreement with recent triple axis measureme
of the elastic line of polystyrene over a largeQ range
[22]. For polybutadiene,A0 is 0.55 at 60 K and decrease
to 0.35 at 135 K, in excellent agreement with a rece
backscattering measurement on the IN13 at the I
Grenoble [23].

All three measurements indicate a marked decreas
the non-Gaussianity towards higher temperatures (Fig.
A gradual delocalization of the vibrational modes has a
been observed in numerical work [5]. Another simulati
[3] shows localized modes in low-temperature amorpho
ice, but no vibrational localization in room-temperatu
water. One should note, however, that the criterion
localization of the neutron measurement differs from t
eigenmode criterion of the simulations. Two weak
661
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FIG. 3. Temperature dependence of the non-Gaussianity
rameterA0 in polystyrene. The line is a guide to the eye.

coupled localized modes on two neighboring groups
atoms appear as two eigenmodes extended over
groups in the simulation, but as two separate mode
a measurement of the atomic mean square displacem

Our interpretation of the data in terms of a sing
type of localized modes oversimplifies the real situat
in many ways. In particular, a full treatment will hav
to take the sound waves and their interaction with
localized modes into account. Such a treatment, howe
requires a theoretical understanding which is not
available.

We acknowledge helpful discussions with D. Rich
and H. R. Schober as well as private communications w
T. Kanaya and F. J. Bermejo.
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