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Anisotropic Light Diffusion in Oriented Nematic Liquid Crystals
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Multiple light scattering from thermal fluctuations is studied in single-domain nematic liquid crystals.
These systems are uniaxial so that diffusion of light may be anticipated to be anisotropic and
polarization to persist in the diffuse regime, in sharp contrast with what is known for light diffusion
in isotropic media. Our study enables us to do the first quantitative predictions of light diffusion as a
function of the scalar order parameter. [S0031-9007(96)00708-9]

PACS numbers: 42.70.Df, 61.30.Gd

Since the pioneering work of de Gennes, it is known(E;E;) of the electric polarization vector. In most optical
that fluctuations in the dielectric constant of nematic liquidmedia both diffusion tensor and Stokes correlator are
crystals (and hence light scattering) are dominated byecessarily isotropic (proportional &;). Single-domain
thermal fluctuations of the local director [1-3]. Specialnematic liquid crystals offer a unique opportunity to study
aspects of these fluctuations are their tensorial nature gersisting and controlled anisotropy in multiple scattering.
well as their weak but long-range nature. Single light- We first state some rigorous results of light transport
scattering experiments, both elastic [4] and quasielastitheory that we shall mention without derivation, and
ones [5,6], have successfully been interpreted. Severathich serve as a starting point for our calculations.
theoretical studies have been carried out for multipleThese results find their equivalent in electron transport
scattering in nematic states [7-9]. [12]. Microscopic treatments of scalar-wave transport

This Letter deals with the theory of light diffusion in have been published [13], and a lot of progress has been
single-domain nematic liquid crystals. Diffusion is the made concerning the vector character of light [14]. In
extreme limit of multiple scattering and sets in when thean infinite random medium the transport of the second-
medium is much bigger than the mean free path, typicallyank tensor(E;E;) in space and time is described by a
a millimeter in monodomain nematics. Experimentally,four-rank tensorL;;x(t,r) [14]. If energy is conserved,
it is not easy to create a single-domain nematic samplés Laplace-Fourier transform has the asymptotic form
exceeding this length. Nevertheless, the observation of , . /
coherent backscattering in oriented nematics has recenthy;i, jip/(Q,q — 0, w) = d,kgw,p,q)d,](w,p 9 , (1)
been reported [10] in samples of 1 cm. The data seem —id +q- D) -q
consistent with diffusion theory using the de Genneswhere d;; represents the eigentensor of the collision
phase function for light scattering, although anisotropy inoperator corresponding to the hydrodynamic eigenvalue
the diffusion could not be resolved. Future experimentlose to zero [14]. In time and space coordinates this
will certainly try to resolve this interesting feature [11] equation is equivalent to the diffusion equation with an
in more detail. Our diffusion theory, obtained from anisotropic diffusion tensaP. The reciprocity principle
Maxwell's equations, may offer a theoretical support.guarantees the symmetric form of;; on incident and
In the diffusive regime only few observables remain,outgoing indices. The diffusion tens® is given by a
such as diffusion tensoD;;, and “Stokes” correlator| Kubo-Greenwood type formula [12,13],

1

27N (@) >{y(p,q) - G(w,p)G*(w,p) - L(p,q) — [q - dp RG(w,p)] - Lp. @)}, (2

p

q Dw) q=

in which the second-rank tensdr(p,q) = 2(p - q@)I — ! Dyson Green's tensds(w, p) [15]. For isotropic media
pq — qp and N(w) represents the density of states perwith weak disorder the famous Boltzmann result applies,
unit volume with frequencyw. The bilinear second- v;; = 2(p - q)d;;/(1 — (co¥)), which makes the extinc-
rank tensory describes angular correlations in multiple tion length different from the mean free path.

scattering as expressed by the integral equation, The polarization of diffuse radiation is described by
the second-rank tensdy; in Eq. (1). Perturbation theory
y(.q) = L(p.q) + D y(p'.q) gives us
! dp.@) = — 22 ImG(w,p) ~ ~2 y(p. )
*G(@,p)G(@,p)) - Upp(@),  (3) P-4 LTI A o
in terms of the Bethe-Salpeter vertdk,,(w) and the - G(0,p)G™(w,p). (4)
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The first term is known as the spectral function in electrorpossible to treat the long-range’r structure factor of
transport theory. The second term represents a smale thermal fluctuations in the absence of magnetic field.
anisotropy in the specific intensity profile arising from aAll these parameters can be related to the scalar order
net energy flow, which in turn is due to a small energy-parameters = %(3 cog # — 1) of the nematic phase.
density gradient (in Fourier space expressedpy One expects that on varying the order parametgr,

We shall apply these results to single-domain nematig,, ~ §, and K; ~ S? [3], so that¢é ~ /S and A ~
liquid crystals, relying on four realistic assumptions toconst. Although exceptions to these scaling relations
be mentioned below. The uniaxiality of the nematic hostexist, they can serve to understand our numerical results
state (one optical axis with dielectric tensoe = £, I +  as a function of the order parameter.
g,nn) gives rise to two modes of propagation, defined The Dyson Green's tensor is
as ordinary (O) and extraordinary (E). They possess ee
orthonormal polarization vectors and e with separate Gp) = coS 8 [k2(p) — p2] + ik.(p)/L.(p)
dispersion lawsw,/,(k) and group velocitiesr./, [16]. ‘

In the first Born approximation (our first approximation), + 00 ; (6)
k% - pz + iko/eo(p)

scattering of light is described by the static (four rank)
correlation tensor [2,3], 5.(p) is the angle between phase and group velocity

0\ of the E wave. The polarization- and angle-dependent
Upp+t(w) = <—> (6€(0)5&(f)) extinction length¢,,,(p) can be calculated numerically
o [8,19]. The longitudinal field as well as its coupling to
(w/co)e2kT /K, the E mode are beyond the first Born approximation.

TR AR -0+ 1/82

X Z (eqn + ney)(e,n + ne,). (5)

Our main task is to solve Eq. (3) for a nematic lig-
uid crystal. EO interference can be neglected since
eqawle,/co = 103 > 1, implying that E and O waves

a2 dephase between two collisions. This is our fourth and fi-

We introduced unit vectore; = (f X n)/|f X n|, &2 =  nal approximation. Reciprocity imposes thaf(p, q) =

n X e, andA = K3/K; — 1; the elastic constants for y,(—p, —q). Uniaxial symmetry allows the presence of
splay, twist, and bend deformations ake, K», andK3  two vectorsn ande « n X p in this tensor. However, a

[17]. In the adopted “two-constant approximation” of selection rules fo0O polarization transitions guarantees

the free energyK; = K»), our second approximation, the ordinary vectop to be absent. This leaves us with
polarization, and spatial aspects decouple conveniently. y(p,q) = 2(p - QA(p,c) — pq — qp

A magnetic field induces a finite correlation lengih=

VK1/xaB2, typically 1 um for 1 T, and much less than + (m-p)(q-n)B(p,c). (7)
the mean free path. This guarantees that a pointlikdhe symmetric tensorsd andB are even functions af =
treatment of the fluctuations (our third approximation) cam - p. From Eq. (3) we obtain a closed set of coupled
be used. This approximation has explicitly been verifiedequations for the scalar variables - y(p,q) - e =

by us in the scalar-wave picture [18], for which it is ev?n ve(P,q),0 - y(P) -0 = y,(P,q),

R &2p) o &2p! N
’)/e(p’ Q) = 2(Ve : q)COS‘Se + ? q)EE(ke’ ke)‘}’e(P ,q) + A q)EO(ke, kg)YO(p ,q) 5 (83)
dzf)/
vl = 26, @)+ [ LE @006, 1700, (@)

with phase functions ! Uniaxial symmetry imposes thatD;; = D, d;; +

k'€, (k") (D) — D_L)ni{?j- Neglecting again EO interference,
D (k,, k) = me’e’ Uk, x(0) - ee, Eq. (2) simplifies to
T Ke e
3
kyto(K}) ) Dig> + (D) — Dy)(q - n)* = o
Dpo(ke, k;) = ﬁolo/ " Uk, k, (w) - ee, dmw’(e) + e1)\/eL
T e
N L1 R
k€, (k.) (3b) X [f d* S, (¥, - DleB)7 ve(D.q)
Dor(k,, k) = me’e’ - Uk, x (@) - 00, 1
e (90 + [ @56, 0663 vb.0)| @0

and the selection rul@,(k,,k/) = 0. Two choices
for q (p andn) allow us to determine the four functions D, and D) follow from Eqg. (10) by separately choosing
Ae/o(c), Beso(c) numerically (Fig. 1). q = n and integration over all angles qf

640



VOLUME 77, NUMBER 4 PHYSICAL REVIEW LETTERS 22JLy 1996

>
I
o

:.\.
T
!
o
T
anisotropy p
VBT P
> 8 &
/
L1
!

ol
0
3

Dpora’ Dscal <o/ %purp
ok I I [ or ! ! ! LT 2 Dperp/ Dscal
00 02 04 06 08 1.0 00 02 04 06 08 1.0
cosine cosine i
ool T T T T N Dpere/Drara
o I I I 0.0 I | I
0 2 4 0 2 4

-05- n €c/eperp Ea/epe'p
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00 02 04 06 08 10 00 02 04 06 08 1.0 wé/coy =637 and wé/cy = 32.3 (dashed) essentially over-

FIG. 1. Solution of Eq. (8) in a nematic liquid crystal, ob- lap. The dashed lines have been obtained by ignoring angular

tained after 10 iterations. Shown afe(c), A,(c), B,(c), and correlations in multiple scattering. For positive anisotropies
B.(c), defined in Eq. (7') &, = —02 SL’ ="1_0’ 55/’&) _ they differ considerably from the exact ones. Upon varying

63.7, anda = —0.254). We obtained for the diffusion tensor the order paramete§, the only relevant change in diffusion

Dy = 0.905Dyy @nd D| = 1.021D,cyy, With Dy the diffu- G20 be argued to come from, ~ § (see tex). =Right the
sion constant obtained in the scalar theory. ‘ ratio D, /Dy as a function of the same dielectric anisotropy.

Inset for comparison: kinematic anisotropyof the group ve-
locity tensor{v;v;) = pé;; + (1 — 3p)n;n; versus dielectric
anisotropy.

In Fig. 2 we displayD, /Dgca1, D)/ Dsca1, @andD | /Dy

calculated numerically as a function of/e., with £and  yarameters either, just as was predicted 25 years ago for
A kept fixed;Dyea1 = 3v,{5 is the diffusion constant ob-  the single scattering transmission [21]. It is interesting
tained in the scalar theory [20], witf; = 87cjK1e./  to note that upon approaching the phase transitior-
kTelw?. Fore,/e, > 1, theE states can be verified to () none of our four assumptions seems to be violated.
dominate, and, since their frequency surface becomes flattowever, since the mean free path diverges¢as: 0,
tened along the optical axis, this corresponds uasi-  other scattering mechanisms than thermal fluctuations may
1D case. This explains whyD > D,. Fore, <0, take over.
the O waves take the upper hand and we infer =~ Dj. The polarization of the light can be represented by
The free energy influences the anisotropy of the diffu-ts Stokes correlatotE;(p + q/2)Ei(p — q/2)). In the
sion tensor as welld > 0 tends to lower scattering along diffuse domain it equals, by Eq. (4), the second-rank
the optical axis, enhancing the relative importancépf  tensord,.(p,q). The total polarization can be defined
This is particularly evident for the nematic PAA (Table I). as the ratio between the average electromagnetic energy
Itis convenient to discuss our results as a function of thejensity from £ modes and the one fron® modes.
scalar order paramet8f relying on the scaling relations of Since the electromagnetic energy density is proportional
K;, &,, and¢ discussed earlier. The calculations displayedo ¢ - (EE*), we get
in Fig. 2 show that the anisotropy in diffusion is rather (0.p) = & dw.p) = eed[w — w.(p)]
insensitive to the correlation lengthas long as it remains ple.p P eP
less than the mean free path. Asis supposed not to + 008[w — w,(p)] + O(p,q). (11)
depend orf, the only sensitive parameter is the dielectricypon integration overp, the degree of polarization
anisotropye, ~ S. In this way, Fig. 2 represents the pecomes
diffusion tensor as a function of the scalar order parameter.
We notice that the same scaling arguments lead to the Pe d’s, d*s, g
prediction thatDg.,; will not be sensitive to the order ; o f v, | lv,| ;

. (12)

TABLE I. Adopted input data for two common nematic liquid crystals (taken from Tables 3.1 and 3.2 of Ref. [2]), and numerical
values for the diffusion tenor of the ligit = K3/K;, — 1); {5 denotes the transport mean free path predicted by the scalar theory
given in the text;p is the kinematic anisotropy defined in Fig. 2. We assumed Rhat K,. All calculations are done using a
vacuum wavelength of 500 nm.

€ €q KI,Z A ‘f T p DJ_/Dscal DII/Dscal DJ_/DII f;;
PAA 247 +0.88 3.0 pN 217 22 um 398 K 0.3214 1.61 2.82 0.57 0.28 mm
MBBA 5.40 -0.70 3.2 pN 091 1.5 um 299 K 0.3376 1.28 1.64 0.78 1.36 mm
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