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Exponential Divergence and Long Time Relaxation in Chaotic Quantum Dynamics
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Phase-space representations of the dynamics of the quantal and classical cat map are used to exp
quantum-classical correspondence in aK system: Ash̄ ! 0, the classical chaotic behavior is shown to
emerge smoothly and exactly. The quantum dynamics near the classical limit displays both exponent
separation of adjacent distributions and long time relaxation, two characteristic features of classic
chaotic motion. [S0031-9007(96)00558-3]

PACS numbers: 05.45.+b, 03.65.Sq, 05.40.+j
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Understanding the correspondence principle for bou
conservative systems which are classically chao
presents a serious challenge [1]. The classical syste
characterized by positiveK entropy which is reflected, fo
example, in the exponential divergence of initially near
trajectories and in the relaxation [2] of distributions
the long-term limit. By contrast, the quantum dynam
is not even ergodic, and displays long time recurrenc
Current views on correspondence in conservative cha
systems range from simple belief in the corresponde
principle, to reliance on decoherence induced by coup
to an environment [3], to calls for the overthrow of qua
tum mechanics due to its purported inability to displ
chaos in the correspondence limit [1]. Resolving t
controversy requires studies of quantum dynamics cl
to the classical limit, a task thus far made impossible
numerical difficulties as̄h ! 0.

In this Letter we demonstrate, using numerical resu
based on an exact quantum propagator [4], the appro
to the classical limit of the chaotic Arnold cat [5
The nonsingular character of our phase space propag
as h̄ ! 0 allows direct insight into correspondence
this bounded chaotic system. In particular, we sh
that quantum mechanics does display chaos ash̄ !
0, including exponential divergence of initially nearb
distributions and long time relaxation. The agreem
between quantum and classical dynamics extends
longer times as̄h decreases [6].

Classical-quantum correspondence is best examined
in the Liouville picture classically and in some pha
space representation of the density matrix (e.g.,
Wigner representation [8]) quantum mechanically. T
approach provides an overlap of objects and conce
n
of
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which does not exist if one attempts to utilize, for e
ample, classical trajectories and quantum wave functio
The advantages of this approach are evident in the res
below where operationally chaotic behavior is demo
strated in quantum mechanics.

The classical cat map is aK system which correspond
to the classical dynamics of a kicked oscillator with Ham
tonian [9]

H ­ p2y2m 1 ex2y2
X̀

s­2`

dss 2 tyT d (1)

restricted to a torus0 # x , a, 0 # p , b. The proper
quantization of this system and its approach to the class
limit has been extensively considered [4,9,10]. Ea
quantizations [10] of this system were unsettling inso
as (a) only a restricted class of classical tori (those w
ab ­ hN , N integer) could be quantized, (b) the solutio
violated the uncertainty principle, and (c) the quantu
propagator thus obtained did not reduce to the classic
chaotic cat map in thēh ! 0 limit.

A recently introduced [4] phase space quantization eli
inated these problems and yielded an analytic quan
propagator. Specifically, the one time-step quantum pr
agation of the Wigner-Weyl representation of the quan
density operatorrQsx, p; td in phase spacesx, pd is given
by

rQsx, p; Td ­
1

ab

X̀
n,m­2`

rQ
n,msT dfn,m , (2)

where

rQ
n,msT d ­

X̀
k,l­2`

Gsn, m; k, ldrQ
k,ls0d . (3)

The propagatorG of the Fourier coefficients is given by
Gsn, m; k, ld ­ eipaskl2nmd
Z 1

0
dn

Z 1

0
dn0e2ipjfsn1andmod1g2yaeipjn2ya

3 e2pisl2mdne2iphfsn 01aldmod1g2yaeiphn02yae2pisk2ndn0

, (4)
-
ice
1]
where h ­ Tbyma [ Z (the set of integers) andj ­
2eTayb [ Z obtain in scaling the original Hamiltonia
to the unit torus,a ­ hyab acts as a dimensionless form
Planck’s constant for this problem, andfn,ms p, xd ­
exph2pisnpya 1 mxybdj is the Fourier expansion ba
sis. The Arnold cat map [5] corresponds to the cho
h ­ j ­ 1. Equation (4) can be integrated exactly [1
to provide an analytic propagator for allh̄. This result
© 1996 The American Physical Society 59
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bilities
FIG. 1. Snapshots ofjrQsx, p, tdj. Densities are represented by five shadings of gray denoting five evenly spaced proba
between7 3 1025 to 1 3 1026. (a) t ­ 0, (b) t ­ 2T , (c) t ­ 4T , (d) t ­ 8T ; a ­ 0.1 sla ­ lb ­ 3.162d.
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contrasts with the classical propagator given by Eq. (2)
with r

Q
n,msT d replaced by the classical form

rn,msTd ­
X̀

k,l­2`

Gcsn, m; k, ldrk,ls0d ,

Gcsn, m; k, ld ­ dsk,ld,fT ?sn,md . (5)

HerefT ? sn, md is the vector resulting from premultiply
ing the vectorsn, md with the transposefT of the matrix
governing the point dynamics:µ

x̃n11
p̃n11

∂
­ f

µ
x̃n

p̃n

∂
mod1

­

µ
1 h

j 1 1 hj

∂ µ
x̃n

p̃n

∂
mod1 , (6)

with x̃ ­ xya, p̃ ­ pyb.
Note that, by contrast with the classical case, the qu

tum propagatorG mixes contributions from allk, l com-
ponents to produce eachn, m. It shares with the classica
propagator a fixed point atsn, md ­ s0, 0d. However, it
also has an infinite number of additional fixed points
rationala ­ uyy; these lie in the quantal Fourier space
all swy, zyd with u, y, w, z [ Z. These fixed points af-
fect the quantal evolution of a distribution in the followin
ways: (a) Near the classical limit (a ø 1 or y ¿ u $

1), these fixed points are far out in the Fourier space,
hence affect structure at extremely small scales. Th
it is in the highly oscillatory regime (whether the stru
ture is prepared initially or acquired during the evolutio
that the dynamics will exhibit quantal evolution distin
from the classical dynamics. (b) At largera, these fixed
60
ut
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)

points are both more dense in the Fourier space and
ist at smaller values ofsn, md, indicating a far more sub-
stantial deviation from the classical evolution. (c) Ev
though there are no such demonstrable fixed points
irrational a, the propagator is a smooth function ofa;
the qualitative conclusions from these arguments sho
therefore extend to alla.

The evolution of distributions which are initially of the
Gaussian form

Nl expf2sx 2 lx0d2yl2s2
x g expf2sp 2 lp0d2yl2s2

pg

(7)

is displayed below. HereNl is a normalization factor,
slx0, lp0d specifies the location of the Gaussian of wid
slsx , lspd in a phase space of dimensionl2ab. The
variable scaling factorl can be used to approach th
classical limit. That is, asl increases the volume of phas
space l2ab increases anda ­ hyl2ab, the effective
Planck’s constant of the problem, decreases. Hen
by increasingl we approach the classical limit while
preserving the ratiosl2sxspyl2abd of the volume of the
initial distribution to the volume of phase space. We no
that we work in units such thath ­ 1.

Figures 1–3 show gray-scale contour maps of the e
lution [12] of the Wigner function fora ­ 1021, 1022,
and 1025. To simplify the presentation we report th
absolute value of the Wigner representation of the d
sity. The Wigner-Weyl function fora ­ 1025 is always
positive definite and numericallyidentical to the classical
Liouville density over the indicated time scale. We no
FIG. 2. As in Fig. 1 but witha ­ 1022 sla ­ lb ­ 10d.
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FIG. 3. As in Fig. 1 but witha ­ 1025 sla ­ lb ­ 316.2d.
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that the classical dynamics is scale invariant; hence
classical phase-space figures are independent ofl and are
the same for all three cases and identical to thea ­ 1025

case. The analytic results [4] ensure that thea ! 0 limit
is indeed classical mechanics, but these computat
allow a direct examination of the approach to this limit.

For a ­ 0.1 (Fig. 1) the system is seen to be in t
deep quantum regime. The propagating wave pa
shows only the barest resemblance to the classical re
and interference structures dominate. There is no rel
tion of the dynamics over the indicated time scale, a
the expectation value of operators (not shown) oscil
with large amplitude. Although not evident in this figur
the Wigner distribution has many positive and negat
regions. For a ­ 0.01 (Fig. 2) the classical densit
striations begin to appear, although still accompanied
quantum effects. Various parts of the distributions app
to interfere with one another, giving interference fring
Once again, relaxation is not evident after eight time ste
although a large coarse graining will result in a unifo
phase-space distribution. Separate calculations show
the expectation value of operators in thisa regime display
small fluctuations about the equilibrium value. Finally,
noted above, thea ­ 1025 result agrees exactly with th
figures from the classical evolution: The distribution h
relaxed [2] even over the short time scale shown. T
approach to classical mechanics is clearly smooth
devoid of singularities.

Relaxation is but one characteristic of chaotic moti
evident at long times. Classical chaos, however, is t
ically manifested in the short time instability associa
with exponential divergence of adjacent trajectories. S
dard arguments [13] imply that such exponential separa
is not possible in quantum mechanics. Here we dem
strate that this is not the case; we have obtained sim
exponential divergence for compact phase spacedistribu-
tions, both classically and quantally close to the class
limit. In the absence of point trajectories and an app
priate tangent space, we examine the time dependen
the distanceD between two nearby, initially well local
ized Gaussians [14]; the results are shown in Fig. 4. A
shown for comparison is a straight line with slope d
tated by theK entropy of the classical cat map; since t
system is uniformly hyperbolic, this is exactly equal
the Lyapunov exponent of the underlying point dyna
he
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ics. The distance in phase space between the two
tributions is determined by the centroids:D ­ fskxl1 2

kxl2d2 1 sk pl1 2 k pl2d2g1y2, wherek li denotes the aver-
age over theith distributionsi ­ 1, 2d. The quantityDstd
was evaluated both classically and quantum mechanic
for various values ofa, b.

The time dependence ofD was found to be essentially
identical in classically and quantally propagated distrib
tions over times up to eight steps, for thea, b (and hence
a) in the range shown. At early times, dependent ona,
D increases essentially exponentially (see Fig. 4) with
creasing adherence to the classicalK-entropy line asa
is reduced. At times longer than that shown in Fig. 4,D

tends to decrease in a generally similar way quantum m
chanically and classically, a consequence of saturation
and relaxation in the finite size phase space. Whena is
increased, since there is no relaxation,D continues to os-
cillate at larger times quantum mechanically, whereas
classical dynamics relaxes. The combination of short ti
exponential divergence and long time relaxation dem
strates the loss of information characteristic of chaos
both the classical and near-classical quantal dynamics

FIG. 4. Short time exponential separation of ce
troids for a ­ b ­ 50.0 sa ­ 4 3 1024d (dashed),
a ­ b ­ 28.79 sa ­ 1.207 3 1023d (solid), a ­ b ­
16.57 sa ­ 3.64 3 1022d (dotted). See text for other param
eters. Similar results are obtained by propagating the sa
distributions classically. The straight line with a slope
0.9624 shows classical exponential separation of adjacent p
trajectories.
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Finally, we note that the availability of an analyt
quantum propagator for aK system allows a study
of the expected time dependence of classical-quan
agreement as a function ofh̄. Preliminary results sugges
that increasing the value ofa does, in general, decreas
the time scale over which quantum and classical dynam
agree. However, the extent of agreement also depe
strongly on various other factors, including the nature
the initial distribution. The variation within the quantum
classical deviations for different initial conditions at
given value ofa and t spans many orders of magnitud
Further studies on this issue await application of o
general quantization approach to classical maps wh
have smallerK entropy than the classical cat map. Th
is, the large value of theK entropy for the cat map
forces relaxation of the dynamics over a rather sh
time. Further, it also rapidly saturates the exponen
divergence (Fig. 4) which could otherwise extend
significantly longer times.

In summary, although the literature suggests that dem
strating quantum-classical correspondence becomes
creasingly difficult (if not impossible [1,9]) with increasin
classical chaos, we have been able to show this corres
dence in a classicalK system. We have also shown ho
correspondence emerges smoothly from the quantal be
ior asa ! 0. These results make clear that the dynam
of distributions in the nonergodic quantal cat map disp
the essential attributes of the classicalK system as the sys
tem approaches the classical limit. They constitute the
demonstration of the emergence of characteristically c
sically chaotic behavior from quantum mechanically no
ergodic behavior as one approaches this limit.
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