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Chain Length Scaling of Protein Folding Time
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Folding of protein-like heteropolymers into unique 3D structures is investigated using Monte Carlo
simulations on a cubic lattice. We found that the folding time of chains of lemtlscales as
N* at the temperature of fastest folding. For chains with random sequences of monbrmeés
and for chains with sequences designed to provide a pronounced minimum of energy to their
ground state conformatiom = 4. Folding at low temperatures exhibits a simple Arrhenius-like
behavior. [S0031-9007(96)02004-2]

PACS numbers: 87.15.By, 05.70.Fh, 64.60.Cn, 82.20.Db

Understanding the dynamics of protein folding into simulations are possible only for highly simplified (mostly
unique conformation is one of the major challenges inlattice) models, a situation common to studies of many
molecular biophysics and theory of complex systemscomplex systems. However, despite their simplicity, lat-
The number of all possible conformations (shapes) of dice models have been useful in elucidating such crucial,
protein of N amino acids scales ag’, wherez is the experimentally observed features of protein folding as co-
number of conformations per one amino acid residueoperativity [8—10], nucleation mechanisms [11], and par-
Thus random search in the conformational space for thallel pathways [1,3,12,13]
native, biologically active shape would require folding However, even lattice simulations have been lim-
timer ~ zV, which is unrealistic for a typical protein with ited to very short chains, in most cases not exceeding
N ~ 100 (Levinthal paradox). 27 monomers [3,13,14]. A crucial step has been made

Many factors affect folding dynamics. One of them,when a sequence design procedure was developed for
which is relatively well understood, is the dependence othese models, which allowed us to overcome the 27-
folding time on temperature. At very high temperaturemer limitation and fold much longer chains [8]. Most
all conformations are equally favorable and folding timeimportantly, this development made it possible, after
should indeed be close to Levinthal's estimaté At  all, to address the outstanding issue of the chain length
very low temperature one should expect Arrhenius-likedependence of the folding rate. This is the subject of the
slowing down caused by energy barrier(s) on a foldingoresent paper.
pathway. Thus there should be some finite temperature A protein chain is modeled as a self-avoiding walk
optimal for folding in the sense that the process is fastestn an infinite cubic lattice [1]. Energy of a given
at this temperature. Such temperature dependence obnformation of a chain is given by
the folding time was observed indeed in a number of
computer simulations for different models [1—3]. H = Ulai,a)A;, (1)

Much less is known about the length dependence of i<j
folding time. Lessons from other complex systems, suchvhere A;; = 1 if monomersi and j are in contact and
as polymers [4], spin glasses, and random manifolds [S]A;; = 0 otherwise. Monomers and; are considered to
suggest that size dependence of dynamics is absolutebe in contact if they are separated by one lattice bond
crucial for the basic understanding of the propertiesand|i — j| # 1. The sequence of amino acids is given
of free energy landscape on which dynamics occurby a; with i = 1,..., N, so thata; can take 20 different
Experimental data on the length dependence of foldingalues corresponding to 20 natural amino acids. Finally,
time are not readily available. The problem here is that/(a, b) is the energy of a contact between amino acids
folding can involve some kinetic events which are specifica and » [15]. A number of previous studies suggest
to a given protein, such as isomerization of prolines and11] that the basic results do not depend on a particular
formation of disulphide bonds. In addition, large proteinschoice of interaction matrix. The dynamics of a chain is
typically consist of few domains with independent, to modeled by a standard Monte Carlo (MC) procedure for
some extent, folding. a cubic lattice, in which, at each MC step, a monomer

Some attempts to estimate the folding time from scalings picked up at random and corner flips and crankshaft
and other simple arguments [6,7] have been made in theoves are considered. This algorithm has been discussed
past. They were based mostly on phenomenological corextensively in the literature [16],
siderations and employed a numberdfhocassumptions. First, we studied the folding of chains with random

More rigorous, microscopic information can be derivedsequences of monomers. Five random sequences were
from simulations of protein folding. At present such generated for each chain length in the range of 10 to
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50. A long Monte Carlo simulation was performed for than 50 units, while it is feasible to study folding rate
each of these sequences to identify the conformatioof designed sequences up to 100 units long [8]. To
with the lowest energy. Figure 1 shows the lowestthis end we generated random compact conformations
energy conformation for one of the random chains ofto serve as target structures for the sequence design of
40 monomers. In order to make sure that there arédonger sequences (more than 50 units in length). An
no conformations with lower energies, an additional teradditional condition was applied so that variation of en-
runs, starting from different unfolded conformations, wereergies of native contacts is low enough, in order to elimi-
performed for each sequence. In each of these runs rsate multidomain behavior for longer sequences [17]. In
chain folded to the putative lowest energy conformationthis way five sequences were generated for each studied
and no conformation with lower energy was encounteredchain length, and the sequence with the fastest folding was
From five random sequences generated for the sanselected. Length dependence of the folding time at opti-
chain length, we selected one sequence in which the foldnal temperature for the designed sequences is presented
ing rate was the fastest. Then, for this sequence, win Fig. 2 for chain lengths ranging from 10 to 100. It can
studied folding in a range of temperatures to determinde seen that, for short chains, the folding time of designed
the temperature at which the folding rate was the fastestequences is about the same as that of random sequences.
Further, at this temperature, we made a more precise estor longer chains, though, folding of designed sequences
mate of the mean first passage time (MFPT) to the lowess much faster than folding of random sequences. Over-
energy conformation by averaging over 50 runs startingll, length dependence of the folding time for designed se-
from different unfolded conformations. The MFPT for quences is well described by a power law N with
all studied chain lengths is shown in Fig. 2. Itis seen thatM’ =~ 4.
folding time grows with chain length, and the dependence In order to evaluate how generic this result is we
can be well described by a power law thatris- N***"  repeated calculations with the other set of parameters,
with ARAN =~ 6, derived by a different procedure [18]. The dependence
Next, we studied the length dependence of the foldof the folding rate with this set of parameters (shown
ing rate for sequences designed to have their nativn Fig. 2) also fits well by power-law dependence with
conformations as pronounced energy minimum. Suclslightly higher exponenmaMs ~ 4.5,
sequences are more likely to exhibit proteinlike be- For comparison, we also studied the model introduced
havior [8]. To this end, each of the lowest energyby Go and co-workers [19]. In this model, energy of a
conformations found previously for random sequencegiven conformation is given by
was used as a target conformation for sequence de- 1
sign. The design procedure is described in detail else- H=—— ZA%A,-,-, 2
where [17]. We did not study random sequences longer 2ig

where Af\]’- = 1 if monomersi and j are in contact in
the native conformation and}; = 0 otherwise. In other

words, in the Go model all the native interactions are
favorable and all non-native interactions do not contribute

In (1)
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FIG. 2. Dependence of the folding timeon the chain length

N for random sequences (black circles), for sequences designed
using potentials from [18] (+), for sequences designed with
potentials from [15] (gray circles), and for the Go model (white
FIG. 1. Lowest energy conformation for a random sequenceircles). Folding time was estimated by averaging over 50
of 40 amino acid residues. folding runs for each of the sequences.
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to the energy. In some sense, the Go model correspondise conclusion about exponential chain length scaling of
to ideally designed sequences. the folding rate at low temperature should be taken with
For the Go model the same conformations as for deeaution.
signed sequences were used as native. Length depen-As was pointed out earlier, the direct comparison
dence of the folding time at optimal temperature for thebetween our main result and experiments on real proteins
Go model is presented in Fig. 2 for chain lengths from 10s a challenging task for experimentalists. This will
to 175. Again, the dependence is fitted very well by arequire a careful choice of proteins to study as model
power laws ~ NA% with AS° =~ 2.7. systems and conditions at which their folding is fastest.
Figure 3 shows the inverse temperature dependend&e hope that the presented results will stimulate such
of the folding time for the sequence designed to foldexperiments.
to the native conformation shown in Fig. 1. It has a The major finding of this work is that the chain length
clear minimum at some optimal temperature. All thedependence of the folding rate is relatively weak (much
scaling dependencies for the folding rate discussed abowgeaker than exponential, suggested by Levinthal's argu-
were obtained at the conditions corresponding, for eaciment and some phenomenological estimates [3,6]). This
sequence, to such an optimal temperature. What happefact is of fundamental importance since it explains, from
at lower temperatures? It is clear from Fig. 3 that atthe folding perspective, the wide range of lengths of exist-
low temperatures the logarithm of folding time dependsing proteins (roughly 50—1000 amino acids). Exponen-
linearly on inverse temperature exhibiting an Arrhenius-tial dependence of folding time on protein length would
like behavior r ~ exp(E,/T). This suggests that at make folding of longer chains prohibitively slow. An-
low temperature folding is an activated process whichother important application of the present result is that it
entails overcoming of an energetic barrieg. Similar  can provide a crucial and delicate test of the existing and
dependencies were obtained for all studied chains, anfiiture kinetic theories. Phenomenological analysis based
the corresponding energy barries, were determined on the random energy model (REM) predicts exponential
for each sequence from the slopes of Arrhenius-likedependence of folding rate on system size at all tempera-
branches of these dependencies. The analysis shows thates [3,6]. This is in contrast with simulation results and
such defined energy barrier scales linearly with energglearly points out the inapplicability of the REM (and per-
of the native conformation with coefficienp =~ 0.18,  haps mean-field models in general) to tackle kinetic issues.
suggesting that at low temperature the chain length scaling This can be understood from the general perspec-
of folding time may become exponential [20]. However,tive that folding transition is cooperative (first-order-
we cannot exclude that the apparent energy barrier whiclke). Such transitions follow the nucleation mechanism
determines folding rates at low temperature, and even itat which the transition state is highly inhomogeneous,
chain length scaling, may be due to short-scale effectg;onsisting of islands of the “new” phase in the sea of
such as the braking of incorrectly formed contacts. Thes&old” phase [21]. Such an inhomogeneous distribution
may depend crucially on the detail of the model and(representing the least-activation path) explains the weak
simulation technique involved. Thus we cannot excludesize dependence of the rate of first-order transitions. It
that folding rates determined at low temperature maycannot be described by any global homogeneous order pa-
be very sensitive to details of the model, and thereforeameter. The number of native-like conta@Qswvas used
as a kinetic reaction coordinate in [13,22]. Such analy-
sis does not take into account the inhomogeneity of the
147 transition state and thus predicts exponential size depen-
dence of protein folding rate. The inapplicability of the
REM-based and other mean-field approaches (e.g., using
Q as kinetic reaction coordinate) for longer chains has
been noted before [3,13,22]. However, it is not clear what
is the maximal chain length up to which dynamics can be
satisfactorily described by a mean-field approach. We do
not see a pronounced change of dynamic behavior from
shortest to longest chains (see Fig. 2). Further, recent
analysis (Pande, Grosberg, and Shakhnovich, unpublished
results) indicated thd is not a good reaction coordinate
for folding kinetics of chains as short as 18 monomers.
These results suggest that the REM-based or other mean-

o field analysis may be inapplicable to study dynamics of
FIG. 3. Dependence of the folding timeon the temperature

. . fven very short chains.
T for a random sequence of 40 residues with the groun In thi K tudied ith diff d
state shown in Fig. 1. Straight line approximates the low- [N thiS wWork we studied sequences with difterent de-

temperature part of the dependence. The slope of the line @rees of design, from “ideally” designed (Go model) to
the energy barrieE, . random (no design at all). The quantitative measure of the
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