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Chain Length Scaling of Protein Folding Time
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(Received 17 April 1996; revised manuscript received 20 June 1996)

Folding of protein-like heteropolymers into unique 3D structures is investigated using Monte C
simulations on a cubic lattice. We found that the folding time of chains of lengthN scales as
Nl at the temperature of fastest folding. For chains with random sequences of monomersl ø 6,
and for chains with sequences designed to provide a pronounced minimum of energy to
ground state conformationl ø 4. Folding at low temperatures exhibits a simple Arrhenius-li
behavior. [S0031-9007(96)02004-2]

PACS numbers: 87.15.By, 05.70.Fh, 64.60.Cn, 82.20.Db
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Understanding the dynamics of protein folding in
unique conformation is one of the major challenges
molecular biophysics and theory of complex system
The number of all possible conformations (shapes) o
protein of N amino acids scales aszN , where z is the
number of conformations per one amino acid resid
Thus random search in the conformational space for
native, biologically active shape would require foldin
time t , zN , which is unrealistic for a typical protein with
N , 100 (Levinthal paradox).

Many factors affect folding dynamics. One of them
which is relatively well understood, is the dependence
folding time on temperature. At very high temperatu
all conformations are equally favorable and folding tim
should indeed be close to Levinthal’s estimatezN . At
very low temperature one should expect Arrhenius-l
slowing down caused by energy barrier(s) on a fold
pathway. Thus there should be some finite tempera
optimal for folding in the sense that the process is fas
at this temperature. Such temperature dependenc
the folding time was observed indeed in a number
computer simulations for different models [1–3].

Much less is known about the length dependence
folding time. Lessons from other complex systems, su
as polymers [4], spin glasses, and random manifolds
suggest that size dependence of dynamics is absolu
crucial for the basic understanding of the propert
of free energy landscape on which dynamics occ
Experimental data on the length dependence of fold
time are not readily available. The problem here is t
folding can involve some kinetic events which are spec
to a given protein, such as isomerization of prolines a
formation of disulphide bonds. In addition, large protei
typically consist of few domains with independent,
some extent, folding.

Some attempts to estimate the folding time from scal
and other simple arguments [6,7] have been made in
past. They were based mostly on phenomenological c
siderations and employed a number ofad hocassumptions.

More rigorous, microscopic information can be deriv
from simulations of protein folding. At present suc
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simulations are possible only for highly simplified (most
lattice) models, a situation common to studies of ma
complex systems. However, despite their simplicity, l
tice models have been useful in elucidating such cruc
experimentally observed features of protein folding as
operativity [8–10], nucleation mechanisms [11], and p
allel pathways [1,3,12,13]

However, even lattice simulations have been lim
ited to very short chains, in most cases not exceed
27 monomers [3,13,14]. A crucial step has been ma
when a sequence design procedure was developed
these models, which allowed us to overcome the
mer limitation and fold much longer chains [8]. Mos
importantly, this development made it possible, af
all, to address the outstanding issue of the chain len
dependence of the folding rate. This is the subject of
present paper.

A protein chain is modeled as a self-avoiding wa
on an infinite cubic lattice [1]. Energy of a give
conformation of a chain is given by

H 
X
i,j

Usai , ajdDij , (1)

where Dij  1 if monomersi and j are in contact and
Dij  0 otherwise. Monomersi andj are considered to
be in contact if they are separated by one lattice bo
and ji 2 jj fi 1. The sequence of amino acids is give
by ai with i  1, ..., N , so thatai can take 20 different
values corresponding to 20 natural amino acids. Fina
Usa, bd is the energy of a contact between amino ac
a and b [15]. A number of previous studies sugge
[11] that the basic results do not depend on a particu
choice of interaction matrix. The dynamics of a chain
modeled by a standard Monte Carlo (MC) procedure
a cubic lattice, in which, at each MC step, a monom
is picked up at random and corner flips and cranksh
moves are considered. This algorithm has been discu
extensively in the literature [16],

First, we studied the folding of chains with rando
sequences of monomers. Five random sequences
generated for each chain length in the range of 10
© 1996 The American Physical Society 5433
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50. A long Monte Carlo simulation was performed f
each of these sequences to identify the conforma
with the lowest energy. Figure 1 shows the lowe
energy conformation for one of the random chains
40 monomers. In order to make sure that there
no conformations with lower energies, an additional t
runs, starting from different unfolded conformations, we
performed for each sequence. In each of these run
chain folded to the putative lowest energy conformatio
and no conformation with lower energy was encounter

From five random sequences generated for the s
chain length, we selected one sequence in which the f
ing rate was the fastest. Then, for this sequence,
studied folding in a range of temperatures to determ
the temperature at which the folding rate was the fast
Further, at this temperature, we made a more precise
mate of the mean first passage time (MFPT) to the low
energy conformation by averaging over 50 runs start
from different unfolded conformations. The MFPT fo
all studied chain lengths is shown in Fig. 2. It is seen t
folding time grows with chain length, and the dependen
can be well described by a power law that ist , NlRAN

with lRAN ø 6.
Next, we studied the length dependence of the fo

ing rate for sequences designed to have their na
conformations as pronounced energy minimum. Su
sequences are more likely to exhibit proteinlike b
havior [8]. To this end, each of the lowest ener
conformations found previously for random sequen
was used as a target conformation for sequence
sign. The design procedure is described in detail e
where [17]. We did not study random sequences lon

FIG. 1. Lowest energy conformation for a random seque
of 40 amino acid residues.
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than 50 units, while it is feasible to study folding rat
of designed sequences up to 100 units long [8]. T
this end we generated random compact conformatio
to serve as target structures for the sequence design
longer sequences (more than 50 units in length). A
additional condition was applied so that variation of e
ergies of native contacts is low enough, in order to elim
nate multidomain behavior for longer sequences [17].
this way five sequences were generated for each stud
chain length, and the sequence with the fastest folding w
selected. Length dependence of the folding time at op
mal temperature for the designed sequences is prese
in Fig. 2 for chain lengths ranging from 10 to 100. It ca
be seen that, for short chains, the folding time of design
sequences is about the same as that of random seque
For longer chains, though, folding of designed sequen
is much faster than folding of random sequences. Ov
all, length dependence of the folding time for designed s
quences is well described by a power lawt , NlMJ

with
lMJ ø 4.

In order to evaluate how generic this result is w
repeated calculations with the other set of paramete
derived by a different procedure [18]. The dependen
of the folding rate with this set of parameters (show
in Fig. 2) also fits well by power-law dependence wit
slightly higher exponentlMS ø 4.5.

For comparison, we also studied the model introduc
by Go and co-workers [19]. In this model, energy of
given conformation is given by

H  2
1
2

X
i,j

DN
ijDij , (2)

where D
N
ij  1 if monomersi and j are in contact in

the native conformation andDN
ij  0 otherwise. In other

words, in the Go model all the native interactions a
favorable and all non-native interactions do not contribu

FIG. 2. Dependence of the folding timet on the chain length
N for random sequences (black circles), for sequences desig
using potentials from [18] (+), for sequences designed w
potentials from [15] (gray circles), and for the Go model (whi
circles). Folding time was estimated by averaging over
folding runs for each of the sequences.
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to the energy. In some sense, the Go model corresp
to ideally designed sequences.

For the Go model the same conformations as for
signed sequences were used as native. Length de
dence of the folding time at optimal temperature for
Go model is presented in Fig. 2 for chain lengths from
to 175. Again, the dependence is fitted very well by
power lawt , NlGo

with lGo ø 2.7.
Figure 3 shows the inverse temperature depende

of the folding time for the sequence designed to f
to the native conformation shown in Fig. 1. It has
clear minimum at some optimal temperature. All t
scaling dependencies for the folding rate discussed ab
were obtained at the conditions corresponding, for e
sequence, to such an optimal temperature. What hap
at lower temperatures? It is clear from Fig. 3 that
low temperatures the logarithm of folding time depen
linearly on inverse temperature exhibiting an Arrheni
like behavior t , expsEbyT d. This suggests that a
low temperature folding is an activated process wh
entails overcoming of an energetic barrierEb. Similar
dependencies were obtained for all studied chains,
the corresponding energy barriersEb were determined
for each sequence from the slopes of Arrhenius-
branches of these dependencies. The analysis show
such defined energy barrier scales linearly with ene
of the native conformation with coefficientf ø 0.18,
suggesting that at low temperature the chain length sca
of folding time may become exponential [20]. Howev
we cannot exclude that the apparent energy barrier w
determines folding rates at low temperature, and even
chain length scaling, may be due to short-scale effe
such as the braking of incorrectly formed contacts. Th
may depend crucially on the detail of the model a
simulation technique involved. Thus we cannot exclu
that folding rates determined at low temperature m
be very sensitive to details of the model, and theref

FIG. 3. Dependence of the folding timet on the temperature
T for a random sequence of 40 residues with the gro
state shown in Fig. 1. Straight line approximates the lo
temperature part of the dependence. The slope of the lin
the energy barrierEb .
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the conclusion about exponential chain length scaling
the folding rate at low temperature should be taken w
caution.

As was pointed out earlier, the direct comparis
between our main result and experiments on real prot
is a challenging task for experimentalists. This w
require a careful choice of proteins to study as mo
systems and conditions at which their folding is faste
We hope that the presented results will stimulate s
experiments.

The major finding of this work is that the chain leng
dependence of the folding rate is relatively weak (mu
weaker than exponential, suggested by Levinthal’s ar
ment and some phenomenological estimates [3,6]). T
fact is of fundamental importance since it explains, fro
the folding perspective, the wide range of lengths of ex
ing proteins (roughly 50–1000 amino acids). Expone
tial dependence of folding time on protein length wou
make folding of longer chains prohibitively slow. An
other important application of the present result is tha
can provide a crucial and delicate test of the existing a
future kinetic theories. Phenomenological analysis ba
on the random energy model (REM) predicts exponen
dependence of folding rate on system size at all temp
tures [3,6]. This is in contrast with simulation results a
clearly points out the inapplicability of the REM (and pe
haps mean-field models in general) to tackle kinetic issu

This can be understood from the general persp
tive that folding transition is cooperative (first-orde
like). Such transitions follow the nucleation mechanis
at which the transition state is highly inhomogeneo
consisting of islands of the “new” phase in the sea
“old” phase [21]. Such an inhomogeneous distributi
(representing the least-activation path) explains the w
size dependence of the rate of first-order transitions.
cannot be described by any global homogeneous orde
rameter. The number of native-like contactsQ was used
as a kinetic reaction coordinate in [13,22]. Such ana
sis does not take into account the inhomogeneity of
transition state and thus predicts exponential size dep
dence of protein folding rate. The inapplicability of th
REM-based and other mean-field approaches (e.g., u
Q as kinetic reaction coordinate) for longer chains h
been noted before [3,13,22]. However, it is not clear w
is the maximal chain length up to which dynamics can
satisfactorily described by a mean-field approach. We
not see a pronounced change of dynamic behavior f
shortest to longest chains (see Fig. 2). Further, rec
analysis (Pande, Grosberg, and Shakhnovich, unpublis
results) indicated thatQ is not a good reaction coordinat
for folding kinetics of chains as short as 18 monome
These results suggest that the REM-based or other m
field analysis may be inapplicable to study dynamics
even very short chains.

In this work we studied sequences with different d
grees of design, from “ideally” designed (Go model)
random (no design at all). The quantitative measure of
5435
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degree of design is relative energyz  sEnat 2 Eavdys,
whereEnat is energy of the native conformation,Eav is
average energy of a misfolded conformation, ands is
standard variance of interaction strengths. Interesting
the exponent of power-law dependence increased mo
tonically with z, i.e., lGo , lMJ , lMS , lRAN and
zGo , zMJ , zMS , zRAN (we note thatz is negative).
This observation may provide a valuable hint for futu
theory of folding dynamics.

A possible physical explanation of the power-la
rate dependence for designed sequences is close to
arguments presented recently by Thirumalai [7]. Sin
folding is a cooperative (first-order-like) process [8,9], t
transition state is reached when nucleus of the fold
conformation is formed [11]. The power-law lengt
scaling of the folding rate implies that the nucleu
does not grow with the chain length. In this ca
the length dependence of the folding rate appears
be due to the entropic cost of loop closure arou
the folding nucleus. The free energy of loop closu
depends logarithmically on its length [4], and this facto
combined with the power-law length dependence
polymer relaxation time [4], apparently translates into t
overall power-law dependence of the folding rate.

The difference between random and designed
quences is crucial. First of all we see that the design
sequences fold faster at their respective optimal fold
temperatures and the difference in folding rates b
tween random and designed sequences becomes
pronounced as chains become longer (due to diff
ent exponents in the scaling laws describing leng
dependencies).

Real proteins must not only reach their native sta
fast but also be stable in their native conformation
Designed sequences are stable in the native state in
whole range of studied lengths at the temperature of th
fastest folding, while random sequences get more
more unstable as the chain length is increased. (D
not shown.) This is consistent with earlier hypothes
[19,23] that protein sequences must have been selecte
satisfy “maximal consistency” or “minimal frustrations
requirements. The incarnation of these requirements
our model is via sequence design.

Finally, we note that while power-law scaling fits ou
data best, the range of chain lengths, which we stud
spanned only about an order of magnitude. This len
range is most limited for random sequences; for them
cannot rule out a weak stretched exponential, rather t
power length scaling [7]. We believe that microscop
analytical theory of protein folding dynamics can giv
satisfactory answer to the important question of leng
dependence of protein folding time. It is our hope th
presented results will stimulate the development of su
theory.
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