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Scaling Relations for the Lengths and Widths of Fractures
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Fault-fracture patterns have been studied in slabs of clay during extensional deformations. Fr
nucleate and grow on many scales. A new scaling relation is proposed for the lengthl of a fracture as a
function of the areal , Ab, with the same exponentb ­ 0.68 6 0.03 for many deformation types. A
consequence of this scaling relation is that the width of a fracture scales with the length asw , ls12bdyb.
A spring network model is shown to reproduce the pattern, both visually and statistically, with the
scaling exponents. [S0031-9007(96)01718-8]

PACS numbers: 62.20.Mk, 61.43.– j, 64.60.– i, 81.40.Np
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Since the pioneering work of Mandelbrotet al. [1]
more than a decade ago, the self-affine roughness
fractured surfaces has been studied in many mater
[2–5]. This has led to the idea that the Hurst expon
is a universal, material independent characteristic [5
However, others have attempted to correlate the Hu
exponent with material properties, including the toughn
[4,6]. While the self-affine scaling of fracture surface
appears to be well established, the universality of
Hurst exponent remains controversial.

Most of the work on the scaling of fracture process
has been focused on the propagation of a single cr
and has stimulated the development of new theoret
approaches to crack growth. In practice, the spann
fracture may be accompanied by smaller cracks a
branches that are not detected, or are overlooked.
many materials, failure occurs as a result of the grow
and coalescence of a large number of cracks. This
particularly true in the failure of complex, disordere
materials such as rock and concrete. Knowledge of
distribution of shapes and sizes of cracks provides
opportunity to study other aspects of the failure proce
that may also show universal scaling behavior and lead
a better understanding of failure in an important class
materials. The structure of fault patterns is also import
in oil reservoir characterization, in particular in order
predict the fracture pattern at subseismic scales.

The use of small physical scale models to study la
scale geological structures has a history going back
at least the 16th century [7]. Clay appears to have
right combination of rheological properties to study th
folding of sedimentary rocks, and has been used for
purpose for more than 150 years [8–10]. Experime
with small scale models have had an important influen
on the development of the understanding of tecton
[11], diapirism, and other processes. However, there
been little effort to study the morphologies generated
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clay models in quantitative terms. Some progress
been made towards understanding more complex frac
patterns in thin films in terms of model experiments [1
and simulations [13], but no new relations have be
proposed to characterize the shape of fractures.

Fracture patterns in clay have been simulated us
purely statistical models [14]. More realistic results ha
been obtained using physically based models. Based
ideas from the study of disordered systems, mater
have been modeled on a mesoscopic scale as netw
of springs [15–17] or beams [18]. In particular, dryin
cracks in thin films have been simulated as therma
induced cracks in a spring network connected to
substrate [19]. Also, a random fuse network model h
been proposed as a model for clay cracking during dry
[20]. However, there have not been any quantitat
comparisons between models and experiments.

We have studied the surface fracturing of clay in seve
deformation modes inspired by practical problems from
reservoir engineering. We propose a scaling relation fo
new set of measurable quantities characterizing the len
and width of a fracture. The exponents are robust: in
pendent of the clay type, moisture content, the type of
tensional deformation, and the deformation speed, wit
certain limits. We have constructed a physically based n
work model that displays convincing visual and a quan
tative statistical correspondence with the experiments.

Experiments.—Four different experimental setups we
used: two for localized extension (A and B) and tw
for uniform extension (C and D), as explained in Fig.
Three ordinary pottery clays were used: the stonew
clays 1161yY, St. Thomas White from Potclays Ltd. (UK)
and the porcelain clay, HPB-45937, from KPCL (NL
Experiments with different moisture contents were p
formed for the 1161yY clay. The moisture content wa
measured in terms of the density [10] and varied in t
range1.81 1.93 gycm3. Wet clay appeared to be mor
© 1996 The American Physical Society 5393
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FIG. 1. Clay deformation experiments. In setup A the cl
slab initially rested on two 10 mm thick wooden plates of si
50 3 25 cm in contact with each other. The two plates we
driven apart by a motor, forcing the clay to deform, since it d
not slip on the plates. The clay sunk down into the 10 m
thick gap created in the opening between the plates. Setu
consisted of a 0.4 mm motorized aluminum plate on top
a stationary wooden plate. Setup C used a bent metal p
The clay slab was prepared inside the concave part of the p
which was then straightened leading to uniform extension of
top of the slab. Setup D was based on the idea of Oertel [
using a scissor mechanism with multiple shears. Each sh
had upright pins and was moved by a motor.U-shaped metal
profiles rested on the pins, leading to a uniform shorten
or lengthening of the base as the motor moved the scis
mechanism.

ductile than drier clays. When water was added the fr
tures changed from brittle open cracks to more fault-li
displacements. We characterized the shape of a frac
using the projection onto a horizontal plane as seen w
looking at the fracture from above. With this definition th
shape did not change with the moisture content in the ra
investigated. Deformation speeds were varied in the ra
4–110mmysec for setup B while for the other experimen
only one speed was used (53mmysec). The width of the
fracture zone increased with deformation speed, but
shapes and statistics of the fractures remained the sam

The samples were prepared by forming the shape of
slab and the top surface by hand. Small amounts of w
were used to smooth the surface. The excess water wa
moved and the final shape was obtained by gently smo
ing the surface with a putty knife. Finally, to enhance t
visual contrast, the surface was colored with carbon bl
using a soft brush. A typical size for the clay slab w
25 3 25 cm with a thickness of25 mm. Digital images
of the top surface of the clay models were recorded wit
high resolution CCD camera system (Photometrics Ser
200 wyKodak KAF-4200 with2000 3 2000 pixels). In
experiments with setups A, B, and D of Fig. 1 images we
recorded every 40 s. With setup C it was possible to
tain focused pictures only at the final stage when the m
plate and the top surface of the clay were flat.

A fracture appeared as a gray opening in the bla
surface. The areas corresponding to open fractures w
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found from the digital pictures: A fracture was define
as a connected region of pixels in the picture with
intensity higher than a certain threshold. At the resoluti
used, the detected fractures corresponded very closel
the fractures found by careful visual inspection of the cl
surface. Pictures were taken at different resolutions,
the basic statistical relationships did not vary with th
resolution.

For very small extensions the clay surface did n
fracture, but fractures nucleated and grew as the exten
increased. The growth of a fracture was halted eith
because of shielding by other fractures or because
encountered a particularly strong region in the clay. W
observed that long fractures frequently appeared wh
two or more fractures joined at their ends. Figure 2(
shows an example of the fracture pattern for setup C
Fig. 1. Fractures appear on all scales. Many import
correlations are evident: Large fractures often ha
smaller fractures near their ends. What may be percei
as one long fracture is often a collection of smalle
aligned fractures. From close inspection of the clay sl
it was found that these fractures were not connected on
surface. The actual surface deformation was of two typ
fault deformations, mostly oriented in the same directio
and open surface cracks. Most detected fractures w
from faults in the clay; the detected fracture area was th
the projection of the open fault onto the surface plane.

FIG. 2. (a) A2000 3 2000 pixels picture from an experimen
with setup C of Fig. 1 at18% deformation is compared with
patterns simulated using a500 3 500 network at15% uniform
extension in thex direction. Different statistical realizations ar
shown in (b), (c), and (d). The simulations are fora ­ 1.15
andna ­ 0.05.
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Simulations.—The deformation and fracturing of th
clay slab was modeled as a network of elastic spri
connected to a substrate [19]. This represents the
on an intermediate scale, between the microscopic de
of the clay particles and the macroscopic behavior of
whole slab. The clay surface is represented as a t
dimensional triangular network of nodes connected
springs each with spring constantk1 ­ 1. The coupling
from the substrate through the height of the clay slab
represented by weaker springs with spring constantsk2.
During deformation, the substrate attachment points
moved, imposing a deformation on the surface layer.

Disorder is an essential component of the model a
the physical system: It is introduced by a distributi
of breaking thresholds for the springs. It was assum
that each spring in the network can sustain only a cer
maximum forcemi, randomly selected from a norma
distribution with averagea and variancena2.

Substrate deformation proceeds in small stepsdx. All
substrate positions are moved and the lattice relaxed
a state of minimal energy (zero net force on each no
using overrelaxation [22]. The spring in which the for
exceeds its thresholdmi by the largest amount is remove
and the lattice is relaxed again. This procedure is itera
until all bonds are below their thresholds. The substr
is then further deformed bydx and the breaking proces
is repeated. Fractures appear as open connected are
the surface.

The mechanical coupling to the substrate introduce
length scale—the average distance between fracturel.
In a one-dimensional systeml scales ask2

21y2 for small
k2 [20,23], and a similar dependence was found in t
dimensions.

The pattern from the simulation depended on the cho
of parameters. For largek2 (1021) the fracture pattern
consisted of many small fractures; ask2 decreased the
global effects became more important and the fractu
looked more similar to the clay fractures. The choice
threshold distribution was also important. However,
found that most centralized, symmetric distributions su
as uniform and Weibull distributions with realistic pa
rameters, gave similar results. In the simulations p
sented here a normal distribution was used.

For a reasonable set of parameters, the evolution of
fracture patterns in the simulations was quite similar
that of the experiments with similar nucleation dynam
and coalescence dynamics. For a normal distribution
the threshold forces witha ­ 1.15 and na ­ 0.05, and
k2 ­ 1023 the patterns at 15% extension compare w
with the experimental pattern as is shown in Fig. 2.

Since the fractures (see Fig. 2) are oriented within65±

of the vertical direction (the direction perpendicular to t
extension), we define the length of a fracture,l, as the
vertical distance from the upper to the lower end of t
fracture, and the width,w, as the average horizontal widt
of the fracture aperture. ThusA ­ lw is the observed
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area of the fracture. Figure 3 shows thatl , Ab for both
experiments and simulations. The average width sca
with the area asw , A12b. An upper cutoff is given
by the system size. To avoid size dependent effects
the experiments only the central region of the slab w
analyzed removing the fractures extending outside t
region. For the simulations periodic boundary conditio
in the vertical direction were used. Systematic deviatio
from scaling are observed for small fractures. In t
experiments this is an artifact of the digitalization proce
At higher resolutions small fractures also obey the scal
law. In the simulation the deviation is also a result
finite resolution since a broken bond is the lower limit
fracture width.

The scaling behavior of the experimental data exten
over three orders of magnitude for the lengths and fo
for the areas. The scaling seems to be independent o
clay type, moisture content, history, speed, and extens
type used. An interesting observation is thatb appears to
decrease with increasing deformation. This can be see
Fig. 4 whereb is plotted as a function of the percentag
of the imaged area that belongs to fractures, i.e.,
percentage of black pixels to the total number of pixe
in Fig. 2(a). However, the quality of the experiment
data is not good enough to determine the dependenc
detail. For small deformation only a few small fractur
are present. The statistics are poor and dominated by
smallest fractures whose lengths grow linearly with t
area due to the finite and discrete width. The expone
found for small deformations are effective exponen
resulting from the crossover from the linear dependenc
small extensions to the power-law dependence found
larger extensions. For very large extensions the fractu

FIG. 3. Plots ofl as a function ofA for theø3000 fractures in
the experimental picture shown in Fig. 2(a) and for a simulat
on a800 3 800 network at15% extension. The experimenta
data have been shifted upwards by a factor of100.5. The solid
part of the fitted lines indicates the region over which the fit w
performed. The shaded area indicates one standard devi
of the observed lengthl for given A, to each side of the
average length. The exponents are equal within the statis
uncertainties.
5395
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FIG. 4. The exponentb from experiments of type A, B, C
and D as a function of the percentage of fractured area to
total area imaged. Three different regions are indicated. In
small and large deformation regions there are bad statistics.
the intermediate region the statistics are very good. A decr
of b is observed with increasing deformation.

started to interconnect and span the whole system an
behavior changed. In the intermediate region as indica
in Fig. 4 an average value is given byb ­ 0.68 6 0.03.

The scaling lawsl , Ab and w , A12b imply that
the large fractures are relatively thinner than the sm
fractures:

w , ls12bdyb , ls0.3260.03dys0.6860.03d , l0.4760.03. (1)

The scaling of the width as a function of the leng
through the scaling of the area gives better statistics
a direct determination.

In conclusion, quantitative measurements on a tra
tional geological model system have been used to es
lish new scaling relations for the lengths and widths
fractures. We find thatl , A0.6860.03 andw , l0.4760.03,
independent of the experimental parameters. Howeve
dependence on the amount of extension is observed.
exponentb appears to decrease with increasing extens

The very good correspondence both visually and sta
tically between simulations and experiments is surpris
since the main fracture process in the clay is thr
dimensional faulting, whereas the model is strictly tw
dimensional. However, the excellent correspondence
gests that the surface fractures in clay can be unders
from a simple surface cracking model and gives co
dence in the use of such models to study the fracturin
clay materials.
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