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The optimal procedure for extracting the coefficients of different components of an observable which
takes the form of unknown coefficients times functions of known form is developed. When applied to
ete” — 1+ Higgs production at/s = 1 TeV and integrated luminosity times efficiency %6 fbo~!,
we find that therr — Higgs CP-even andCP-odd couplings and, to a lesser extent, ##& — Higgs
(CP-even) coupling can be extracted with reasonable errors. Typically, a standard-modePlésen
Higgs boson can be distinguished from a pur@p-odd Higgs boson at a high level of statistical
significance, and vice versa. [S0031-9007(96)01889-3]

PACS numbers: 14.80.Cp, 11.30.Er, 13.65.+i, 14.80.Bn

In this Letter, we present a powerful technique [1] for son can be distinguished from a p@€-odd Higgs boson
determining the coefficients; appearing in an observ- at roughly the 9.5 statistical level, a result substantially

able that can be written in the generic forfi(¢) =  superior to that achieved using any of the other techniques
Y. cifi(é), whereg denotes (precisely measurable) vari- listed above.

ables upon which® depends and thé;(¢) are known General technique-We assume that

functions. Variational calculus implies that the tech-

nique presented is the optimal one in the limit of Gauss- O(¢) = ZCifi((l')), ()

ian statistics. We apply this procedure to the extremgeI)(Nhere the f() are knovvln functions of the variables

@mportant task in elementary particle physics of c_ietermln-(ﬁ’ and thec; are model-dependent coefficients (taken to
ing the magnitude and theP nature of the couplings of be dimensionless in our convention). The coefficiants

a Higgs boson (9e£1erica_lly denote_d lgs In particular, can be extracted by using appropriate weighting functions
we focus on the ™ e~ — rrh production process at a next wi() such that/ wi(¢)O(b)dd = ;. In general, dif-

Im(te_a:e e CO"'dt?r (NLCC:Z)’ In Wr('j'Ch ctase?hls I(he d|ff?_r- | ferent choices for they;(¢) are possible. However, there
ential cross sectionjo/d¢, ¢ denotes the kinematica is a unique choice such that the statistical error in the de-

variables specifying the final state phase space Conﬁgur"T’érmination of thec; is minimized in the sense that the

tion, and the; are functions of the Higgs couplings. By entire covariance matrix is at a stationary point in terms

extracting the_:,- we can dete_rmine all the Higgs couplings of varying the functional forms for the;(¢) while main-
and, thence, it€P nature. Since our procedure makes fu”tainingfw,-(¢)fj(¢)d¢ — 5,;. Thus, we require

use of the information contained in the final state distribu-

tions, it can significantly improve the statistical precision 8Vij ] S[wi(dp)wij($)]O(p)ddp = 0, (2a)
with which the coupling€ P nature of a Higgs boson can

be determined relative to procedures that have been stud- , _ _

ied in the past (see Ref. [2] for a review). Techniques ex- ) 5W’(¢)_f"(¢) 0. ) (_Zb)_
plored previously include photon polarization asymmetriegvhere a given entryV;; in the covariance matrix is
in yy — & [3], momentum correlations among the final = /wi(¢)w;(#)O(¢)d¢. The weighting functions
stater or t decay products appearing érf e~ — Zh and ~ Which satisfy these conditions are

wtu~ — hwith h — %7~ or 7, respectively [4,5], and i) — > Xiifi($) With X — 17!
single-variable-weighted cross section integralg pjn— ’ o) ° Y v

tth at the LHC [6] and ine"e™ — t7h at the NLC [7]. Fi(d)fld)

(These latter analyses did not take full advantage of the whereM;;, = f Z(OTM)’ 3

detailed functional form oflo/d¢.) Atthe very least, ap-
plication of the optimal analysis procedurectoe =~ — t7h
will result in coupling determinations that can be combine
with those from other types of analyses to greatly improve
overall errors. Toillustrate the power of the technique, we ci = ZXika = ZMiZIIk’

note that if we accumulate = 500 fo~! at/s = 1 TeV k k

and if the final state reconstruction efficiency is of order

e = 0.1, a standard-model (SM)-lik€P-even Higgs bo- wherel, = ffk(¢)d¢- (4)

since, for thew;(¢) so defined, the constraint (2b) implies
dthe minimization condition (2a).
We may then compute; as
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It can then be demonstrated that the covariance matrix isb # 0; the magnitude of» depends upon the model—
M,-;IUT we will display results forb = 1, which would corre-
Vij = (AciAc;) = N (5)  spondtotagg = 1 in a two-Higgs-doublet model of type
where o = [ O(¢)d¢ and N is the total number of I (see Refs. [2,12] for details). In our illustrative cal-
events integrating over alb. (For © = do/d¢, or pulanons, we shall assume that there is or_1|y one Ight
would be the integrated cross section aWid= Lo, in the _model. I_n this case, t_he only contributing Feyn-
with Le; being the luminosity times efficiency.) The man _dlagrams involve radiation of thefrom the ¢, 7,
result of Eqg. (5) applies only for the optimal weighting orzZ Ilngs. . L -
functions. The tth crossssecnon then contains five distinct terms,
We note that the above procedure is the optimal ond?(#)/d® = 2., cifi(¢), where
regardless of the relative magnitudes of the Various ¢, = 4% ¢, = b% 3= ¢ ¢4 =ac;, cs= bc.
limits of the optimal weighting functions for selected ele-
mentary particle cross sections have previously appeared (7)

in the literature, see, e.g., Refs. [4,5,8]. Of these, the only term inlo(¢)/d¢ that is actually
Our procedure is not alte_red if cuts are imposed on thep violating is that proportional tdc, this is the term
portion of ¢ space over which one integrates. Althoughypon which Ref. [7] focused. Our approach makes use

such cuts may be required in the actual experimentadf the fact that the full cross section contains additional
analysis, we have not included cuts in our model cominformation regarding botb andc.

putations to follow, other than through the inclusion of an  we have considered three distinct Higgs coupling

efficiency factor. cases:

Extracting Higgs couplings ia™e™ — t7h.—We now (I) The standard model Higgs boson, with= ¢ =
apply the above procedure to the extraction of Higgs) p, = 0.
couplings using the process"e™ — f7h. In order to (I A pure CP-odd Higgs boson, witha = ¢ =

fully define a point in phase space we must distinguisly , = 1.
between ther and 7 and require that only one have (j)) A CP-mixed Higgs boson, witha = b = ¢ =
invisible energy in its decay (together implying that oney/./2.

¢ must decay leptonically and the other hadronically);For unpolarized beams,/s = 1 TeV, m, = 100 GeV,

further, the h must decay to a fully reCOESt[UCﬂb'e andm, = 176 GeV, the integrated cross sections in cases
final state such a$b or ZZ —4j, 4orW"W~ — | || and Ill are o7 = 2.71, 0.53, and1.62 fb, respec-

4] [9] The OVera” effICIency fOI’ the m|Xed |ept0nIC— tlvely Adop“ngLeff = 50 fbfl' we then Computed
hadronic final state decays and reconstruction of both

5
t's and theh will be denoted bye, the maximum value 2 _ (e = N (e; — Vit with vt = MiN
for whichis2>—, , . B(t — jjb)B(t — € veb) ~ 0.44 =] or

times the appropriate Higgs branching ratio. The effective (8)

luminosity is given byL.;s = €L, whereL is the total
integrated luminosity. We shall take.;s = 50 fb~!, as
could be achieved fok = 500 fb~! (2% years of running
atL = 200 fo~! per yr) ande = 0.1 [10].
We could also apply our technique e~ — tth

in the double-hadroniacz decay mode; we only lose
sensitivity to theCP-odddo/d¢ component. Formally,
if ¢ is the subset of the kinematical variabtgshat cannot
be determined, we would use the variabl¢sthatcanbe
observed and the functiofis(¢) = [ fi(¢) d¢ (implying
fs = 0 below). Including these modes would improve
the statistical significance with which the Higgs couplings
could be measured beyond the results obtained below usir?rg’1 . T

i Fig. 1 are not perfect ellipsoids. Nonetheless, we

only the mixed hadronic/leptonic decay channel, follow the usual procedure of defining thelo errors

The Higgs couplings are defined via the Feynman rulesIh any one of thea, b, c parameters by the largest and

8 Zzh 212, smallest values that the given parameter takes as one

2my codfw) °*"’  moves about the? = 1 surface. (These extrema define
(6)  the locations of the two planes of constant parameter

whereg is the usual electroweak coupling constant. Thusyalue that are tangent to thg?> = 1 surface.) The

a, b, andc are defined relative to couplings of SM mag- resulting 1o errors are tabulated in Table I. (The upper

nitude. The SM Higgs boson has= ¢ =1 andb =  and lower limits fora,b,c employed for they? =

0. A purely CP-odd Higgs boson has = ¢ = 0 and  surface plots of Fig. 1 are onljst beyond the extrema
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[see Eg. (5)] as a function of location in b, ¢ parameter
space, where the) for a given case are computed
from the model input values ofi, b,c (given above)
using Eq. (7). Surfaces of constagt = 1 and 36 are
displayed in Fig. 1 for each of the three cases. We have
indicated the parameter space location of models 1, Il, and
Ill by a solid circle, square, and star, respectively. The
x> = 36 (or 60) surfaces will be useful as a reference in
assessing the level at which we can distinguish the above
three model cases from one another.

Because of the fact that the five are functions of

ly the three parameters, b, c, the y> = 1 surfaces

tth : —t(a + ibys)t
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FIG. 1. Surfaces of constant> =1 and 36 are displayed
for() a=c=1,b=0; () a=c=0, b=1; and (lIll)

a=0b=c=1/J2. The parameter space locations for I,

surface, and, in fact, lies on roughly th€ ~ 90 surface,
corresponding to discrimination at the 8-.5statistical
level. Even the equalP mixture case Ill (the parameter
location of which appears behind thé = 36 surface in
the figure) is ruled out at the 4s8level.

(i) If the Higgs is pureCP odd, with SM¢7 coupling
magnitude then theCP-mixed andCP-even cases lie k7
and 34 away, respectively.

(iii) If the Higgs is an equal mixture o€P even and
CP odd, with coupling strengths specified lay= b =
¢ = 1/+/2, then the SMCP-even and pur€P-odd cases
I and Il are both about 68 away, i.e., just a bit further
away than they> = 36 surfaces plotted.

These results improve if the™ beam has negative
polarization. The discrimination abilities are summarized
in Table Il.

The errors and discrimination abilities slowly worsen
as the Higgs mass increases and the cross section,
i.e. event rate, declines. As;, increases, it could also
happen that the fraction of the decays of th¢hat are
fully reconstructible decreases, causing a declines.in
Results form;, = 200 and 300 GeV, using---) and[- - -]

Il, and Il are indicated by a solid bullet, square, and star,notation (respectively), appear in Tables | and Il along

respectively. Results are for unpolarized beagis= 1 TeV,
my, = 100 GeV, m, = 176 GeV, andL.; = 50 fb~!.

values.) We observe thatis well determined in all cases,
but especially for the: # 0 cases | and Ill. Similarlyb

is well determined in theé # 0 cases Il and Ill. The
magnitude of the error i is similar for all three cases,

and is never especially small. Of course, a much betteto ¢s = bc is nonzero.

measurement (e.g+5% for a SM-like h) of or bound
on c will be available from inclusiveZh production;
however, this does not lead to reduced errorsa@and

with the m; = 100 GeV results discussed above. For
Leis = 50 fb™! and unpolarized beams, discrimination
between our three models declines t08c(~ 20) in
the best (worst) case at;, = 300 GeV, compared to
~ 340 (~ 50) atm;, = 100 GeV.

We can also analyze our ability to determine that
the CP-violating component ofio(¢)/d ¢, proportional
We consider model Il (the
only one of our three models for whichc # 0). We
plot the y> =1 (1) surface ina, b, and bc space
and look for the extrema obc. We find that these

b. Some improvement in the errors is possible if theextrema occur fou ~ b ~ 1/+/2 and thatbc can range
electron beam can be negatively polarized without loss ofrom —0.05 to +0.91, assumingn;, = 100 GeV, Ly =

luminosity.

50 fo~! and unpolarized beams. Clearly, we are not far

Most important is the ability to distinguish different from establishing a nonzero signal at the level For
Higgs CP mixtures from one another. Referring to Fig. 1, twice as much effective luminosityL.;; ~ 100 fb~!, the

we observe the following [13]:
(i) If the Higgs is theCP-even SM Higgs boson, then
the pureCP-odd case is well beyond even the = 36

TABLE I.

extrema ofbc on the Ir surface aret+0.15 and +0.79,
and a nonzero value dfc would have been established at
better than the & level. At the Ir level, m;, = 100 GeV,

We tabulate the & errors, as defined in the text, & b, andc for the three Higgs coupling casesd € ¢ = 1, b =

0, l (a=c=0 b=1),and lll (@=5b = c = 1/4/2), assuming/s = 1 TeV, m, = 100 (200) [300] GeV (respectively),

m, = 176 GeV andL.s = 50 fb~'.
10%—-15% smaller.

Results are for unpolarized beams; errors for 100% negativ@olarization are typically

Case *Aa

*+Ab *Ac

| +0.043( +0.07 )[ +o412]
—0.066 \ —0.14 /[ —0.32

Il +0419< +0430)[ +0.45 ]
—0.19\ —0.30 /L —0.45

n +0A075(+0412)[ +0417]
-0.087\ —0.21 /L 053

+0.51 ( +0.56 )[ +0.72 ]
—082\ —1.04 /[ 176
+0458< +0.68 )[ +0.96 ]
—0.58\ —0.68 /L —0.96

+0457< +0.63 )[ +0.77 ]
—0.80\ —1.44 /| —2.15

+0.76< +1.0)[ +1444]
—0.76\ —1.0 /L —1.44
+0.093 ( +0.12 )[ +0420]
—0.14 \ =028 /L —2.16

+0.31 ( +0.49 )[ +0.81 ]
—0.62\ —1.89 /L —2.15
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TABLE Il. We tabulate the number of standard deviatiogig,2, at which a given input model (I, II, or lll) can be distinguished
from the other two models, assumigg = 1 TeV, m;, = 100 (200) [300] GeV,m, = 176 GeV, andL.s = 50 fb~!. Results for
unpolarized beams and for 100% negatiepolarization are given.

Unpolarizede™ Ple™) = —1
Input Trial Model Trial Model
Model | Il 1 | Il 1l
| 9.5 (5.6) [3.5] 4.8 (2.8) [1.8] 11 (6.1) [4.0] 5.5 (3.2) [2.0]
I 34 (15) [8.3] 17 (7.3) [4.2] 40 (17) [9.5] 20 (8.4) [4.8]
I 6.3 (3.6) [2.3] 6.3 (3.6) [2.2] 7.3 (4.2) [2.6] 7.3 (4.1) [2.6]
Ler = 50 fo~! upper bounds orjcs| = |bc| in models distant relative to our procedure that has been pointed

I and Il are 0.65 and 0.55, respectively. The above  out to us is the Karhunen-Loeve theory reviewed in
results are all somewhat better than obtained for these ~W.L. Root, Proc. IEEE75, 1446 (1987) and employed
same models using either of the observab@sof O,,p:) recently in H. Abarbanekt al., Phys. Rev. A41, 1782
employed in Ref. [7]. (1990). .

In this Letter, we have outlined the optimal technique [2] J-F- Gunion, A. Stange, and S. Willenbrock, Report
for extracting the coefficients that appear in a general ob- No. UCD-95-28, 1995 [in "Electroweak Physics and Be-

bl hich i f del-d d ffici yond the Standard Model,” World Scientific Publishing
servable which is a sum of model-dependent coefficients Co., edited by T. Barklow, S. Dawson, H. Haber, and

times known functions. Application of this technique to J. Siegrist (Singapore, to be published)].

e"e” —1th results in good prospects for pinning down [3] B. Grzadkowski and J. F. Gunion, Phys. Lett.2B4, 361
the CP nature of theh at a 1 TeVe™ e~ collider operat- (1992); J.F. Gunion and J.G. Kelly, Phys. Lett.33
ing at an expected luminosity & =200 fb~! per yr, pro- 110 (1994).

vided that then has a reasonable production cross section[4] B. Grzadkowski and J.F. Gunion, Phys. Lett.380, 218
(roughly = 0.5 fb) and that thez# final state can be re- (1995).

constructed with reasonable efficiency (roughlg 0.1).  [3] D- Atwood and A. Soni, Phys. Rev. 62, 6271
The precision with which both théP-odd andCP-evensf (1995).

Higgs couplings can be determined is somewhat improved.®] \(].lg%c);umon and X-G. He, Phys. Rev. Lett6, 4468

for a negatively polarized electron beam, assuming there ism S Bar-Shalom. D. Atwood. G. Eilam. R. Mendel and
no loss of luminosity. Most importantly, the coefficients A Soni Phys. Rev. (33 1162 (i996). T '
of the various terms in the®e™ — 17k Cross section can  [g] p. Awood and A. Soni, Phys. Rev. B5, 2405 (1992).

be determined well enough that Higgs> mixtures that  [9] The appropriate final state depends on the nature of the
are significantly different from one another can generally h and its mass. Even ifn, > 2my, bb could be the

be distinguished at a substantial (sometimes very substan- dominant decay if thé is mainly CP odd or has enhanced

tial) level of statistical significance. bb coupling.

We have implicitly assumed that the systematic errof10] For e™e™ — 17 (no Higgs) events, a reconstruction effi-
in the overall normalization of thef cross section will ciency in the mixed final state mode ef~ 0.15 is ex-
be relatively small, e.gs +5%. If this is not the case, pected [11]. Sincen, will be known, the efficiency for

reconstructing thén should be good unless;, ~ my so

then one can focus on the ratios of the different cross that the two jets from thaV of onet decay could be con-

section coeffit_:ierﬁs tq one anather. Our technique is easily fused with those from thé (a problem that is alleviated
adap_ted to this situation. _ if b tagging is employed).
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I. Fissiak and R. Nowak for comments on our statistical space. Thusy? — 36 corresponds to relative probability
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[1] We believe that this technique may be new. A seemingly
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