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Monte Carlo Simulations of a Disordered Lattice London Model
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The effects of uncorrelated disorder in three-dimensional type-II superconductors are stud
means of Monte Carlo simulations of the current-voltage characteristics of a disordered lattice L
model. Vortex motion observed at any temperature and current in the simulations suggests that
no finite-T glass transition in this model because there are finite barriers against vortex motion
temperature. [S0031-9007(96)01705-X]
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The mixed state of type-II superconductors is still n
fully understood [1]. A largely unresolved question o
great theoretical interest is how point disorder affects t
phase diagram. While there now seems to be stro
theoretical [2] and experimental [3] evidence for a firs
order melting transition of the flux line lattice (FLL) in
pure bulk materials, uncorrelated pointlike defects mod
this transition in a way that remains unclear. Theoretic
predictions [1,4,5] have not been satisfactorily confirm
by experiments, which yield somewhat conflicting resu
[6–9], certainly because disorder cannot be entirely co
trolled, either in density, nature, or strength. In partic
lar, a transition to a “truly superconducting” glassy phas
characterized by a phase pattern that is random in sp
but frozen in time, a vanishing linear resistivity, and
highly nonlinear exponential current-voltage relation, h
been predicted to occur at a temperatureTg (possibly
equal to 0) for sufficiently strong pinning centers [5,10
Early experimental evidence (the glass transitionshould
manifest itself in the inversion of concavity of log-logI-V
curves) for such a glassy transition [6] is inconclusive [1
because the observed transition could be due to correla
pinning. Finally, recent resistivity measurements indica
a suppression of the melting transition [9] in the presen
of weak disorder.

It seems therefore that Monte Carlo (MC) simulation
could bring new insight into this problem. But most (3D
simulations so far have either addressed questions rela
to the melting transition of the pure system [12,13],
focused on a particular model of strong disorder, the gau
glass model, where there is no applied magnetic fie
[10] (see also [14,15]). The relevance of the latter to t
modeling of real disordered materials in the mixed sta
has yet to be firmly established; Bokil and Young [16
recently reported results on this model where screeni
which was neglected in previous simulations, was fou
to destroy the finiteTg glass transition. In order to study
the effects of pointlike disorder on the melting transitio
we performed MC simulations of a lattice London mode
used by several authors to investigate the behavior
the pure system [12], supplemented with an uncorrela
0031-9007y96y77(25)y5122(4)$10.00
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random potential accounting for the presence of defe
This is, to the best of our knowledge, the first attempt
explore the effects of disorder by means of simulatio
with a realistic model containing the essential phys
of bulk superconductors in the London limit. Only th
isotropic case is considered here; results should there
apply to moderately anisotropic materials such as YBC
Because most characterizations of the glassy transition
on transport properties, we have measured current-vol
(I-V ) characteristics with a method used previously in
related context [17,18].

Model.—Simulations are performed on a cubic gri
The unit cell is of sized, that we take equal to the bar
correlation lengthj. Vortex lines are constructed from
finite elementsem, jemj ­ d, m ­ 1, 2, 3, located at the
center of each cell. The vorticityqjm ­ 0, 61, 62, . . .
indicates the number of flux quanta carried by cellj
in the m direction. Solving the lattice London equatio
without disorder and with periodic conditions in a
directions [12] yields the energyE ­

P
i,j

P3
m­1 Gsri 2

rjdqmsridqmsrjd. The couplingsGsri 2 rjd are defined
through their Fourier transformsGspd ­ 4p2Jysk2 1

l22d2d, where k2 ­ 4
P

m­1,2,3 sin2spmdy2d, l is the
London penetration depth,J ­ f

2
0dy16p3l2 sets the

energy scale. In the following,kBT will be defined in
units of J and distances in units ofd. We use a finite
penetration depthl such that l ­ 20d. We include
the effect of the pinning potential by supplementing t
energy with a potential term:E ­

P
i,j

P3
m­1 Gmsri 2

rjdqmsridqmsrjd 1
P

i Upinsridrsrid, whereUpinsrid is the
pinning energy lost or gained by a vortex segment pass
through celli and rsrid is the vortex density at that ce
(Fig. 1). Note that sinced is the atomic displacemen
in our model, the approximate range of the pinni
potential is aboutd and a vortex segment feels th
potential only when it reaches the corresponding c
The distribution of pinning energyU per site is given
by PsUd ~ exps2U2yU2

0 d, where U0 is a characteristic
pinning energy. U0 can be evaluated as follows: Th
total average pinning energy of a cell iskU2

pinsjdl1y2 ø
2pJj21snij

22s
2
i d1y2, whereni is the average number o
© 1996 The American Physical Society



VOLUME 77, NUMBER 25 P H Y S I C A L R E V I E W L E T T E R S 16 DECEMBER1996

le
o
n
re

s

g
s

te
n
e

n
a
n

t

s
r

n
v
p
u

ure
an

r
e
-
net
e

ce
ce.
is-
er

g
he
hat
nt,
all
e-

n
ass
ar

d
-
al-

he

or-
y of
ro-
he
lly
are
ld

de-
ces

x
e-

-

we
FIG. 1. Plaquette in the presence of disorder. Black circ
represent impurities and grey circles plaquette centers. F
plaquettes are shown and a five-segment vortex is represe
with a kink (dark grey tube). Corresponding vorticities a
indicated.

defects per cell andsi ø 2psjy5d2 is the scattering cros
section, so thatkU2

pinsjdl1y2 ø 3J and U0 ø 1J-10J (a
usual irradiation dose creates approximately 0 to 8 oxy
defects perj3 volume [1]). We have explored strength
ranging from0.5J to 10J, and report results forU0 ­
2J, 3J, and10J.

Simulations start with a fixed numberni of straight vor-
tex lines along thec axis, arranged in an approxima
(Abrikosov) triangular lattice. New configurations, ge
erated by adding at a randomly chosen site of nonz
vorticity a randomly selected elementary loop of u
vorticity, are accepted or rejected according to a st
dard Metropolis procedure. One MC step correspo
to V ­ L1L2L3 such elementary trials, whereLm is the
linear size of the grid in them direction. The update
procedure conserves both the local vorticity and the to
magnetic inductionBm ­ sf0dV21d

P
j qmsrjd. Sponta-

neous nucleations and subsequent fluctuations of clo
loops are neglected; this should not alter too much the
sults in this isotropic case. This, and the fact that o
occupied sites can be updated, allows us to trace indi
ual vortices and their motion. The first 5000 MC ste
are used to reach thermal equilibrium with no applied c
s
ur
ted
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rent. Then a currentj is applied perpendicularly to the
vortices, and measurements start, following a proced
identical to the one used in Refs. [17,18]: Each time
elementary move is made, a termdU ; aJ ­ F0jj2yc
is substracted from the corresponding energy changeDE
if the move is in the direction of the Lorentz force, o
added toDE if the move is in the direction opposite to th
Lorentz force;DE is not modified for moves perpendicu
lar to the Lorentz force. This procedure generates a
flux of vortices in the direction of the Lorentz force. Th
voltage V is proportional toV21kk DM

Dt ll, where DM is
the number of moves in the direction of the Lorentz for
minus the number of moves opposite the Lorentz for
kk· · ·ll denotes thermal averaging and averaging over d
order. Simulations were run for 10 000 MC steps aft
equilibration with ni ­ 30 vortices in a30 3 30 3 30
grid. Twenty simulations were performed for averagin
over different realizations of the quenched disorder. T
fact that we obtain reasonably small error bars shows t
averaging over 20 realizations of disorder is sufficie
especially for our purpose, which is to study the over
shapes of theI-V curves below and above, and not pr
cisely at, the (possible) glass transition. As will be show
below, this procedure allows one to detect a Bose-gl
transition when point defects are replaced by column
defects (Fig. 5).

Results.—In the case of a defect-free material, we fin
a melting transition atTm ø 0.9, characterized by the dis
appearance of the Bragg peaks exhibited by the norm
ized in-plane structure factor in the lowT phase. The
introduction of weak pointlike disorder (U0 ­ 2J) does
not drastically modify the static behavior observed in t
pure system. Bragg peaks are still observed in the lowT
phase, so that the melting transition of the weakly dis
dered system can still be characterized by a quick deca
the structure factor evaluated at the vortex system recip
cal lattice vectors. At this point, we need to evaluate t
various length scales involved in the problem, especia
to make sure that the collective bundle pinning scales
not far beyond the system’s size, a situation that wou
weaken the significance of the results. To do so, let us
fine the mean-square relative displacement of two vorti
separated by a distancex in the FLL Bsxd ; kkusxd 2

us0dl2l, whereu is the lateral displacement of a vorte
with respect to its equilibrium position. The largest rel
vant length scaleRa is defined byBsRad ø maxsku2l, j2d.
The theory of collective pinning [1,19] allows one to com
pute Ra: Ra ­ sC66yC44d1y22a4C44yfp3U2j23sC21

66 1

C21
11 dg, whereU is a characteristic pinning energy,a ø

sf0yBd1y2 is the FLL constant, andC11 ø C44 ø B2y4p

andC66 ø f0Bys8pld2 are the elastic moduli. Injecting
the values of the parameters used in the simulations,
see thatRa is of the order of a fewd even forU0 ­ 2J,
because we chose a value ofl which is not much larger
than the intervortex distancea. Screening is therefore im-
portant for the relevance of our results, sinceRa varies as
5123
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FIG. 2. Log-log plot of I-V curves for a disorder strength
characterized byU0 ­ 2J. DM is the number of moves in
the direction of the Lorentz force minus the number of mov
opposite the Lorentz force.a is a measure of current intensity
a ­ F0jj2ycJ, n1 ­ 30, 30 3 30 3 30 cubic grid, error bars
correspond to averaging over 20 realizations of the quenc
disorder.

lya (herelya ø 5, and this makes the large scale beha
ior of the system, i.e., beyondRa, accessible).

When a current is applied to the disordered syst
according to the procedure described above, no transi
is observable from theI-V characteristics. In particular
the concavity of these curves in logarithmic representat
does not change, even if simulations are performed at v
low values ofT . In the weak pinning case (U0 ­ 2J), the
I-V response smoothly becomes Ohmic asT increases
(see Fig. 2, where error bars correspond to statist
averaging over disorder), and the linear resistivity do
not vanish at lowT . The Ohmic regime is observed ove
more than two decades at high enoughT . In the stronger
pinning case (U0 ­ 10J), the same conclusion holds
except that the Ohmic regime is not observed with
the explored temperature range (Fig. 3). The vor
liquid viscosity becomes stronger for strong pins. No
that these simulations suffer from several drawbac
(1) One cannot be sure that the MC dynamics captu
the way vortices actually move; (2) the MC procedu
which assumes an overdamped dynamics, saturate
large current because vortices cannot move more t
a distanced per MC step; this limitation makes th
large current region unreliable; (3) the low current–lo

FIG. 3. Same as Fig. 2 but withU0 ­ 10J.
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T region suffers from another limitation, namely, th
discreteness of the underlying grid (an artifact of t
model), which may prevent vortices from moving becau
the energy necessary to perform an elementary mov
finite; this may result in a reduced observed motion
vortices in that region, all the more as the rigid, collecti
motion of the whole lattice is not permitted by the M
procedure. We see, however, that disorder promotes
displacement of vortex segments, sinceV is never equal
to 0. At extremely low values of the applied current (e.
a ­ 1027), vortex motion is still observed, although it
no longer Ohmic (the slope of theI-V curve is close to
0; see Fig. 4). These remarks might give the impress
that an inversion of the concavity of theI-V curves
could never be observed owing to limitations intrinsic
MC simulations. However,I-V MC simulations in the
presence of correlated defects along thec axis (columnar
defects) withU0 ­ 10J show an inversion of concavity
when the induction is close to the matching field (Fig.
This property indicates the existence of the predicted B
glass at lowT [1] and validates the present MC approac

In conclusion, we observe no inversion in the logari
mic concavity of theI-V curves measured on a lattic
London model, including screening, and supplemen
with weak or strong point defects. This suggests that th
are finite barriers against flux motionin this modelat finite
T , in agreement with the results of Bokil and Young o
the 3D gauge glass model with screening [16]. We fi
a progressive freezing of vortices at low current asT is
lowered, with vortex motion observed at any current a
temperature. Lee and Stroud [15] found results consis
with a finiteT glass transition fromI-V measurements on
the 3D gauge glass model, yet in the absence of scree
and magnetic field; apparently, the 3D disordered latt
London model does not share the dynamic properties
their model, but more extensive simulations, particula
on larger systems, are required. On the experimental s
Fendrichet al. [9] have reported the suppression of t
(first-order) transition observed in their pure, untwinn
YBa2Cu3O72d single crystal, after 1 MeV electron irra
diation, which is known to induce weak point disorde

FIG. 4. Same as Fig. 2 but forU0 ­ 3J, and a varies from
1027 and 10.
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FIG. 5. Same as Fig. 2 but for 25 correlated defects along
c axis, withU0 ­ 10J.

Our results are in good agreement with these obse
tions as well as with the functional renormalization gro
analysis performed by Moore and Newman [20] (see a
Ref. [21]).
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