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Phase String Effect in a Doped Antiferromagnet
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Based on the-J model, it is shown that a hole moving on an antiferromagnetic spin background
always induces a phase-string effect. Such a previously unnoticed phase string is revealed by explicitly
tracking the Marshall sign and can be rigorously shown to be nonrepairable at low energy. Its quantum
interference can drastically modify the long-wavelength behavior of the doped hole, leading to a
vanishing spectral weigt at the ground-state energy. Implication for finite doping is also discussed.
[S0031-9007(96)01864-9]

PACS numbers: 71.27.+a, 74.20.Mn, 75.10.Jm

A hole injected into a two-dimensional (2D) antiferro- through the low-lying spin dynamics. Consequently, it
magnet has been studied extensively [1—3] based on ttdramatically modifies the long-wavelength behaviors of
t-J model. It is well known that a string of spin mis- the doped hole. In particular, the spectral weighE)
matches left by the hopping of the injected hole on thenas to vanish due to such a nonrepairable phase-string
spin background can be repaired through the spin fligffect.
process. Consequently the hole is believed to be mo- Let us start with the undoped case. It is described by
bile without a confining potential linearly proportional the superexchange Hamiltonian
to the length of the path. However, whether such a
mobile hol_e can be described as a quasiparticle is still H, = JZ[SI' -S; - %} (1)
controversial. o ' 4

The key issue [4] involves the spectral weighitat
the ground-state energ§s. Z(Eg) # 0 means a finite which is equivalent to the Heisenberg model as the
overlap of the “bare” hole state with the true ground stateelectron occupation numben; = n; = 1. According
It implies that the real hole in the ground state behaveso Marshall [5], the ground-state wave function of the
like a spin polaron with the bare hole carrying a spinHeisenberg Hamiltonian for a bipartite lattice is real and
distortion around it. IfZ(Eg) = 0, then each injected satisfies a sign rule. This sign rule requires that any
hole will cause a global adjustment in the original groundflips of two antiparallel spins at nearest-neighboring sites
state with a breakdown of the perturbatively treatableare always accompanied by a sign change in the wave
quasiparticle picture. The main difficulty in this problem function: i.e.,}l— (—1) |. Such a Marshall sign rule may
arises from the fact that as different from the usualbe easily understood as below. Suppose that one has a
phonon-polaron picture, SU(2) spins are involved hereomplete set of spin bas€lsh)} with the built-in Marshall
and a U(1) phase plays an important role in shaping theign. It is straightforward to verify that matrix elements
long-distance part of a spin polaron wittile energy cost. of H;, become negative definité®’|H;|¢) = 0. Then,
The spectral weightZ(Eg) at the ground-state energy for the ground statéo) = > 4 x4|¢) one finds that the
is particularly sensitive to such long-wavelength, low-coefficienty, should be always real and positive (except
energy correlations in the system. Even though exador a trivial global phase) in order to reach the lowest
diagonalization calculations on small lattices [2,3] haveenergy. It means that the Marshall sign is indeed the only
indicated a quasiparticle peak at the energy bottom of theign showing up in the ground state.
spectral function, when the lattice size goes to infinity it There can be many ways to incorporate the Marshall
is hard to tell whether such a quasiparticle peak wouldign into the S*-spin representation. We may divide a
still stay at the lower end of the spectra or there couldipartite lattice into evend) and odd B) sublattices and
be some weight (e.g., a tail) emerging below the pealassign an extra sigrn-1 to each down spin a# site.
which vanishes at the ground-state energy [such thdh this way, flips of two nearest-neighboring antiparallel
Z(Eg) = 0]. Therefore, a more accurate approach wouldspins always involve a down spin changing sublattices,
be desirable in order to get access to this long-distancand thus a sign change. Of course, this is not a unique
regime. In this Letter, by explicitly tracking the Marshall way to incorporate the Marshall sign in the spin basis,
sign, we show that the injected hole always has to pickut it will be quite useful bookkeeping once a hole is
up a sequence of signs (phases) from the quantum spintroduced into the system. Such a spin basis with one
background. In contrast to the well-known repairablehole can be defined as
string defect of spin mismatches, we find that the phase .
string revealed hereannotbe dynamically “eliminated” ld:(n)) = (=DM 1... 11 o... ]), 2
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with » denoting the hole site antl}; as the total number 73 is a product of matrices df, which connectg| ¢, )}
of down spins atd sublattice. Itis easy to check that with {|¢: ! )} for such a path:

(M
(@"s(m)H;l¢;(n)) = 0. 3)

It means that the Marshall sign rule would be still satisfied
if the hole is fixed at a given site.

Now we consider the hopping of the hole. The hoppin
process is governed b¥, in the -/ model which is

Ky
T,;(e) = [ [(=0)am, , (8)
k=1

where o, denotes the instant spin state at site right
Yefore the hole hops to it.
We may further writeG,,(j,; E) in @ more compact

defined by form, namely,
.|.
Hl = _tZCig-ng— + H.C., (4) Glg-(j,l,E) _ _ (O_)j—i Z
\ (all paths)
where the Hilbert space is restricted by the no-double- Ky
occupancy constraint,, ¢ ci, = 1. Suppose that the X ZWpath[{d)}](l_[ (ka)s 9)
hole initially sitting at site » hops onto a nearest- {#} k=1

neighboring sitem. The corresponding matrix element

under the basis (2) can be easily found to be where the summation ovérp} means summing over all

the possible spin configurations in the initial and final as
(¢";(m)|H,|d;(n)) = —t X o, (5) well as intermediate states. He#g.m[{¢}]is defined by

where o, is the sitem spin index in the statée;(n))
and ¢’ is different from¢ by an exchanging of the spin
o, With the hole at site:. Sinceo,, = =1, the hopping
matrix element is not sign definite. In other words, the X (¢** (my)|Gy(E) |$°; (my)). (10)

hopping process will lead to the violation of the Marshall |, the following, we prove thaW,,m[{#}] is always

sign rule in the ground state. In the following, we shall yositive definite near the ground-state energy. To deter-

explore this phase “frustration” effect in detail. mine the sign of¢**'; (m,)|G,(E) |¢°; (m,)), one may
We define a bare hole to be described &y |i). expandG, as follows: » s 5 (ms)),

One can track its evolution by studying the propagator .

Gio(j,is E) = (holelo (E — Hiey + im)cigliho), with G,E) = ~ 3 AL (11)

H;-; = H, + H;y andnp = 0". To separate the hopping E T E

and superexchange processes, one may exggpdin

terms ofH, as follows: Note that (¢**';(m,)|Hf|1$%; (my)) = (1[5

o " (my)|H|$%; (my))| [one may easily show it by writing

Gio(J, 1 E) = (Polcjo(Gy + Gy H, Gy + .. )ciglpo).  g¥ = g, - H, - ... and inserting the complete set of (2)

6) in between and using the condition (3)]. Then one finds

K
1 2
Wpanm[{p}] = X (o) Xio) [1-n
5s=0

where G, = (E — H; + in)~!. The bare hole state (¢ (my)|Gy(E) |¢°; (my))

can be written as; o) = (o)’ 2.4 xg(io)|®; (i) where

¢ (io) refers to any possible spin configurations with a _ lz [(p* 1 (my) | HF1* 1 (m))] <0
fixed spino at sitei, and if o = —1, (o)’ = (1) = E 4 (—E)* ’

—1 at A-sublattice site andt1 at B-sublattice site. ¢ o 5 of course one still needs to determine the
Then, by inserting the complete set of the basis (2) a%onvergence range of the expansion. By inserting a

intermediate states, one obtains complete set of eigenstates as intermediate states, it
is easy to see thato*™!;(m,)|G;(E)|d*; (my)) is an
Z Z Xp'(jo) Xlio) analytic function of E except for a branch cut on the
« real axis covered by the eigenvaluesif (with a hole
3 fixed at sitemy). This analytic property will guarantee
X Tij((4}) l_[<¢s+l;(ms)|GJ(E) 6°; (my)), the convergence of the expansion (12) in the whole region
s=0 0 . 0 -
) of E<E; <0 on the real axis, vyherEG is the' lowest
energy of the eigenvalues @f; with the hole fixed on
where|¢*; (m,)) and |¢°*'; (m,)) describe two different a lattice site. We note thaE> is always higher than
spin configurationg¢*} and{¢**!} with the hole sitting the true ground-state enerdy; of H,_;, where the hole
at sitem; on a given path connecting sitesindj: mp = is allowed to move around to gain its kinetic energy.
i,my,...,mg, = j [hereK;; is the total number of links Thus, near the ground-state enerfy, one always has
for the given path, an@d® = ¢ (io), pXi™l = ¢/'(jo)l.  Weaml{ep}] = 0.

(12)

Gio(j i3E) = (o)
(all paths) (all states)
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Therefore, we see in (9) that the hole has pickeddynamic limit zero-point fluctuations are always present

up a sequence of SignE[kKll O = (£1) X (£1) X which means that the hole still gets to see a large fluctua-

... X (%=1) from the spin background. A sign-definite tion ofol,ath along a sulfficiently long path.

Wpam[{¢#}] in the propagator (9) means that the spin One ma}/ distinguish two cases regarding the fluctua-
background cannot produce any phases to “compensat@ion of ANy, at the limit of |i — j| — «. One is that
such a phase string. This subtle phase-string effect h ?ANl .|y — o, and the other is tha(tANl W)~ o).
been overlooked before, but is expected to play a cruci pat ’ pat

|
role in determining the long-wavelength behavior of the eneraII“y one expectf to Sé‘.mv.lmh|> —>as th_e result
hole, due to its nonrepairable nature. that the “randomness” of spin flips on the path is accumu-

Since Woan[{¢}] is sign definite, one may intro- lated in this limit. On the other hand, one could not rule

duce the following weight functional:pp,m[{¢}] = out.the possibility thg(lANf,athD ~ 0(1) if there exists
Woan[{})/ S paths) > 161 Woan[{¢}], which satisfies a hidden symmetry in the system W.hICh guarantees that
the condition. (11 paths) 24é) Pranl{}] = 1. Then the ANpan dpes not grow up with .the distance of_the path,
propagatoiG,, can be expressed in the following form: nhamely, if and| spins are paired up ahort distance
K; within the same path In this way, the fluctuations due to
Gi,(j,i;E) = Gi1,(J, i§E)<l_[ Jmk>, (13) flips of those spin pairs will not chang@NIl,ath, since a
k=1 down flip of anf spin is always accompanied by an up flip
of a| spin on the same path, even though the number of
those “flips” can still increase indefirl\itely At — j| — oo.
~ SN N Then the total fluctuating numbexn,,,;, could maintain
Cio ()i E) = ~(0) Z Z Woanlidl, (14) predominantly to be finite even in an infinite-long path. In

where

(all paths) {¢} . ! C 1
and this case{(—1)"==) can remain finite: e.g{(—1)Ven) =
. . 2 1
K, K, Re(e! ™) ~ Re(e ™ Mruw)e TN - finite  at
o ) = o, |. (a5) i = jl— . This could happen in a one-dimensional
<1!:[1 A> (all%lths){Zq}}ppath[{¢}] (1!:[1 k) (1) case with anisotropic superexchange spin coupling [6],

_ ] ) ] where there is only one nonrepeatable path connecting
G1,(j,i; E) defined in (14) may be regarded as the single; and j and, at the same time] and | spins are all
hole propagator under a new Hamiltoniafi.; obtained  short-ranged paired. In the 1D isotropic case, the spin
by replacing the hopping ternt/, in the /-/ model excitation gap vanishes and the spin(on) pairs become
with H,, whose matrix element is negative definiter]  quasilong ranged (power-law decay) [7] such that one
without the extra sign problem shown in (5). still finds <|AN}l)ath|> —wat]i — jl—® Attwo or

Thus the nonrepairable signs picked up by the holgyher gimensions, even if spins are short-ranged paired,
are sorted out in (13) and_ 'the real hole propagatog,qp, pair cannot always be pressimultaneouslyithin
is modulated by a superposition of phase strings frony,s g5me path. Thus one generally finds that the average

fi:ffefrﬁlm F.)aths unQer all p055||b e spin ci)gglﬁgtl%tatlon? Influctuating OfN;l)ath relative toﬁi,ath increases indefinitely
e following we give a general argumen o _
gwed g g k=1 Em at long distances. AslAN}l,athD — oo, the probabilities

has to vanish afi — j| — . 1 i | R
We may reexpress the phase-string factor for a givefor a Ny andNpan — Npan = 1 become indistinguish-
path as follows: able in this “tlhermodynamic" limit. Consequently, the

1 averagg(—1)"=) has to vanish ai — j| — .
T, = (—1)Noamn (16) Therefore, in a general casg,(j,i;E) will always
. K
1 decay, at least, in the speed thdl;Z, o, ) decays at
large distance (note thét, (/, i; E) as a propagator may
either decay to zero or become stationaryliat- j| —
). In particular,G,,(j,i; E) decays at the ground-state

=

i

»
Il

where Néath denotes the total number df spins “ex-
changed” with the hole as it moves froitto j. Notice

1 1 .
that(—1)Nen ™Nean = (—1)/~% which is independent of the = -
. . . energyE = Eg. It meansZ(E) =0 at E — Eg. To
path and thus the system is symmetric aljoand| spins. ; - ; : ;
Such a phase-string factor defined in (16) is quite singug'ee It, let us consider the imaginary part@f, (. £) in

. . . momentum space, which is given b
lar as it changes a sign each time when the total number P g y

of Ny increases or decreases by one, no matter how |m Gio(k,E) = —m > Zi(Ew)S(E — En),  (17)
long the path is. Therefore, its average crucially depends M
on the total number fluctuating oiNIl,ath = _ANg)ath where the spectral weigltl; is defined as

(ANpath = Npaen — No.m)- Here the number fluctuating _ )
is due to different spipr? configurations encountered by the Zi(En) = Whulero o)l (18)

hole (each spin flip gives rise tAN! = *=1). Even in  with |¢y) and Ey denoting the eigenstate and energy of
the presence of the long-range spin order in the thermaH,-; in the one hole case. The corresponding real-space
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form of (17) may be rewritten as
Glo(j.irE) = = X e F O Z (E)p(E),  (19)
k

where p(E) = > ,, 8(E — Ey) is the density of states,
and hereZ;, is understood as being averaged odeat the

same energy. The spectral weighZ, (E) describes the
overlap of the bare-hole statg, |¢) with real eigenstates
at energyE. One may defineE, as the lower-bound

dimensional case, the key role of the phase string in
determining the correct Luttinger-liquid behaviors has
already been shown [7]. In the 2D finite-doping case, the
phase string effect implies a nonlocal exotic interaction
between the charge and spin degrees of freedom. We
shall explore the consequences of this effect elsewhere.
In conclusion, we have demonstrated the existence
of a singular phase-string effect induced by hopping in
the one hole case for a general dimensionality. Such
a string phase picked up by the hole from the spin
background is shown to be nonrepairable by the low-lying
spin dynamics, and thus its quantum interference at long

energy for nonzeroZ,(E) at each momentunk. In  distance dramatically changes the single hole’s behavior.
particular, if the overlap of the bare-hole state with theWe have found that the phase string generally leads to
ground state is finiteE; reaches its minimum at the a vanishing spectral weight: i.eZ(Eg) = 0, implying a
ground-state energy; atko determined bye,, = Es. If  nonperturbative nature of the doped antiferromagnet. We
low-lying excitations can be classified as quasiparticlelikealso point out that the phase string is an intrinsic property
one must have a finite spectral weight at the grounaf the r-J model which should be present as well at finite
state and its vicinity. In this cas&, should become doping.
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The nonperturbative nature of the present problem is
clearly shown in the propagator (13) where each path is
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