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We propose a new model of self-organized criticality. A particle is dropped at random on a lattice
and moves along directions specified by arrows at each site. As it moves, it changes the directi
of the arrows according to fixed rules. On closed graphs these walks generate Euler circuits. O
open graphs, the particle eventually leaves the system, and a new particle is then added. The opera
corresponding to particle addition generate an Abelian group, same as the group for the Abelian sandp
model on the graph. We determine the critical steady state and some critical exponents exactly, us
this equivalence. [S0031-9007(96)01899-6]
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In recent years, there has been much interest in
study of systems showing self-organized criticality (SO
[1] and different models have been proposed for m
systems such as sandpiles [1], earthquakes [2], fo
fires [3], and biological evolution [4]. All these mode
involve a slowly driven system, in which the externa
introduced disturbance propagates in a random med
using deterministic or stochastic rules. In the proces
modifies the medium so that after many such disturban
the medium develops long-range spatial correlations [5

The most analytically tractable of all these models
been the Abelian sandpile model (ASM) [6,7]. In th
Letter we introduce a new model of SOC called t
Eulerian walkers model (EWM). This model is qui
different from the ASM in some ways, but shares with
the Abelian group property. This allows a determinat
of the steady state and exact calculation of some crit
exponents. In fact, we define a general Abelian mode
which both the EWM and ASM are special cases.

In the EWM self-organization occurs due to activ
of a walker which moves deterministically in a mediu
while also modifying it. We show that on closed grap
the walker finally settles into a limit cycle which is
Euler circuit visiting each directed bond exactly on
in one cycle. On open graphs, the particle eventu
leaves the system. We then add at a randomly cho
site another particle, which then moves, and so on.
define particle addition operators which act on the se
recurrent configurations of the system. These opera
generate an Abelian group, and satisfy the same clo
relations between themselves as in the ASM on the s
graph. We show that recurrent configurations of
system are in one to one correspondence with span
trees on the lattice.

The model is defined for a general graph as follow
consider a connected oriented graphG consisting ofN
pointsi ­ 1, 2, . . . , N . A point j hastj outgoing bonds,
and an equal number of incoming bonds, connectin
to other points. The outgoing bonds atj are labeled
0031-9007y96y77(25)y5079(4)$10.00
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by integers from1 to tj . We associate with each poin
an arrow which can point along one of the outgoin
bonds (Fig. 1). Letnj s1 # nj # tjd denote the current
direction of the arrow that is the label of the bond alon
which the arrow points. The sethnjj specifies the arrow
directions at all points and provides a complete descript
of the arrow configuration of the medium.

We now put a walker at some point on the graph.
each time step: (i) the walker after arriving at a sitej
changes the arrow direction fromnj to nj 1 1smod tjd,
(ii) the walker moves one step fromj along the new arrow
direction atj.

Thus the motion of the walker is deterministic,
affected by the medium, and in turn affects the mediu
We can interpret the rules (i) and (ii) as an intention of t
walker to maximize intervals between successive visits
the same bond each time the walker leaves a given s
The current position of the walker along with the valu
of the variablenj at every sitej specifies completely the
state of the system [8].

In the absence of sinks the walker continues to wa
forever. Since the system (walker1 medium) has a
finite number of possible states, it eventually settles in
a limit cycle. In general, one would expect the size

FIG. 1. (a) A directed graph. The outgoing bonds at ea
site are labeled by integers1, 2, . . .. An initial state with a
configuration of arrows as in (b) and a walker starting at t
site a moves along the pathabcb . . . which eventually settles
to the Euler circuitabcdcbaca.
© 1996 The American Physical Society 5079
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these cycles to be of the order of Poincaré recurre
times for the system, and grow exponentially withN .
The surprising fact is that all the cycles are very sh
and, in fact, are of the same length

PN
j­1 tj. In each

such cycle, all bonds are visited exactly once (Fig.
Such walks are known as Euler circuits [9], and th
study has been an important problem in lattice statis
(if the circuit visits all sites exactly once, it is called a
Hamilton circuit). There is a one to one corresponden
between Euler circuits and spanning trees on the s
graph. Clearly for any Euler walk ending at a sitej, the
last exit bonds from all sites other thanj form a spanning
tree rooted atj. Kasteleyn also showed that each roo
spanning tree corresponds to a unique Euler circuit [1
The number of all possible trees is known to be given
terms of the determinant of the adjacency matrix by
well known matrix tree theorem [10].

We now show that every limit cycle is a Euler circu
We start from some arbitrary initial state of the mediu
with the walker at some pointi. The walker leaves the
point i along some bondb1. We evolve it until after time
T when it returns tob1 for the first time. Let the bond
traversed at thejth step of path bebj, so that the path is
b1b2 · · · bT with bT11 ­ b1. We can show that no othe
bond in this path is visited twice. Proof: Assume t
contrary and suppose that during theT steps the bondc,
originating from the pointj, is the first bond that is visited
twice. Each successive exit fromj is along a different
direction so there will betj 1 1 exits. But the numbe
of visits toj equals the number of exits. Hence there m
exist some bond going intoj which is also passed mor
than once. This contradicts the fact thatc was taken to
be the first bond to be passed twice. Thus allbi, i ­ 1 to
T are distinct and henceT #

PN
i­1 ti . If every bond in

G is visited we have a Euler circuit withT ­
PN

i­1 ti . If
not, consider the pathb2b3 · · · bT11bT12. If bT12 ­ b2

we have another circuit of lengthT . We keep shifting the
path thus until we reach at such thatbT1t fi bt . Such
a t , T exists so long as there are pointsj on the path
which have not been visitedtj number of times. LetT 0

be the first time whenbT 01t ­ bt . ClearlyT , T 0. Now
define the new circuit formed by theT 0 steps starting with
the tth step. Iterating this we get circuits of increasi
lengthsT , T 0 , T 00 · · · , where each is#

PN
i­1 ti and

so finally we will get a Euler circuit whenT ­
PN

i­1 ti .
All the configurations which the system goes throu
before it enters the cycle are transients.

To illustrate the process of self-organization, consi
the motion of a walker on an infinite line starting with
random initial configuration of the medium. This wa
has a simple structure (Fig. 2). The walker turns
arrow at the origin and starts the motion along the n
direction of this arrow reversing the arrows at all sites
passes through. It moves on until it encounters a site w
an arrow pointing in the direction of motion. The walk
5080
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FIG. 2. A random initial state of a lattice in one dimensio
and the motion of a walker on this lattice. The medium
organized into a state in which all arrows point in the sam
direction.

now reverses its direction and retraces its path entire
passing over all the sites traversed since the last reve
of its direction. Then it continues to move ahead un
it again encounters an arrow pointing in the direction
motion and so on. Thus the arrows in the region alrea
visited get organized into an almost Eulerian circuit s
that, if at timet the number of sites visited isSstd, then
in the previous2Sstd time steps, most of these sites hav
been visited exactly 2 times. In addition, the boundary
the cluster advances by a finite amountD, as some new
sites are visited. For compact clustersSstd , Rstd, the
average distance of the walker from the origin, at timet.
Thus we get

dRstd
dt

,
D

R
, (1)

which implies thatR , t1y2 for large t. The average
number of sites visited till timet, Sstd, goes ast1y2.

In higher dimensions, the motion of the EW is not s
simple. In Fig. 3 we show the results of a simulatio
of the model on a square lattice with random initia
configuration of arrows. Before each step the arrow
turned clockwise by90±. The sites visited at least once
by the walker form a cluster with few holes, whose radiu
Rstd increases with timet. In the region visited by
the walker, all arrows are not aligned parallel, but a
organized into an almost Euler circuit so that in the tim
betweenT andT 2 4SsTd, only a very small fraction of
sites isnot visited exactly 4 times (heretj ­ 4 for all
sitesj). Arguing as in the one dimensional case we g
R , t1y3 for large t. We have carried out Monte Carlo
simulations and verified this to very good accuracy.

However, ford . 2, a random walker does not return
to previously visited sites often enough, and we expect
motion of a walker in an initially random medium to b
diffusive (R2 , t). Our numerical simulations show tha
this is indeed the case ford ­ 3.

Now consider an open graph for which all the extern
perimeter sites are identified with a single sink site,i0,
at which the walker gets absorbed. We place a walk
at some pointi, with probability pi (

P
pi ­ 1), and let
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FIG. 3. Simulation of the Euler walk on a square lattice w
random initial conditions. The whole cluster consists of si
covered by the walker after105 steps. The white region show
the cluster of approximately 12 500 sites visited exactly 4 tim
in the last 50 000 steps. The grey sites at the boundary of
cluster are visited less than 4 times.

it evolve according to the rules specified before, unti
leaves the system (the walker will not get into a cyc
as every cycle would contain all points of the gra
including i0). Now the system is specified only by th
values of ni , i ­ 1, N . We define operatorsai acting
on the space of recurrent configurations of the EWM
follows: for any recurrent configurationC, aiC ­ C0,
where C0 is the resulting configuration of the mediu
obtained by adding a particle at sitei on the configuration
C, and evolving it until it leaves the system.

It is easy to see that the operators at different s
commute. Treat the motion of each walker as a seque
of elementary steps. Then if two particles (walkers) a
added to the lattice at sitesj and j0, the elementary
moves on two sitesj fi j0 commute. Ifj ­ j0, they also
commute due to identity of particles. Therefore

fai , ajg ­ 0 . (2)

Within the space of recurrent configurations the opera
ai will have unique inverses. If we define theN 3 N
matrix, D, such thatDii gives the number of outgoing
bonds fromi and2Dij gives the number of bonds fromi
to j, then Y

j

a
Dij

i ­ I for all i , (3)

which simply reflects the fact thatti particles added ati
produce the same effect as 1 particle added at each ne
neighbor ofi. Thus, operatorsai satisfy the same algebr
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as the particle addition operators in the ASM. In fa
one can define commuting operatorsaised, which have a
phase factor proportional to the number of steps taken
the walker in going fromC to C0 as in the case of the
ASM [11].

So, as in the ASM, the number of recurrent config
rations R ­ DetsDd, and they occur with equal proba
bility. The first result also follows from the one to on
correspondence between steady state configurations o
EWM and spanning trees which is obtained by dra
ing the last exit directions at all points. Since theai ’s
commute, they can be diagonalized simultaneously. T
as for the ASM Eq. (3) determines all the eigenvalu
of a’s. Thus one can diagonalize the evolution ope
tor W ­

P
piai , wherepi is the probability that a new

particle is added at sitei. For a lattice of sizeL on ad-
dimensional lattice, this implies that the largest relaxat
time of the system varies asLd .

Let Gij be the expected number of full rotations o
the arrow at the sitej due to the addition of a walke
at the sitei. During the walk, the expected number o
steps leavingj is GijDjj, whereas2

P
kfij GikDkj is the

average flux intoj. Equating both fluxes one getsX
k

GikDkj ­ dij or

Gij ­ fD21gij . (4)

The average number of stepsn taken by the walker until
it leaves the system is given byknl ­ zkslASM, wheres
is the number of topplings in ASM avalanches, for regu
graphs with coordination numberz. Hence knl , L2,
whereL is the length of the system.

It is quite straightforward to calculate the arrow
arrow correlation function in the steady state using t
equivalence of the problem to spanning trees. For t
given sites $R1 and $R2 the probabilities that arrows a
the sites are in the directions$e1 and $e2, respectively, is
the ratio of spanning trees with these bonds occupied
the number of all spanning trees. This is easily calculat
For largeR12 the leading term in the connected part of th
probability is given by

Cs $R12; $e1,$e2d , f$e1 ? $=fs $R12dg f$e2. $=fs $R12dg, (5)

wherefs $R12d ­ G $R1
$R2

2 G $R1
$R1

. In d dimensionsfsRd
varies asR22d, hence the correlation functionCsRd varies
as R222d for large separationsR [12]. Thus the steady
state of the model has long-range correlations and he
exhibits self-organized criticality.

As pointed out earlier, when the walker has left t
system, the medium is in a recurrent state, and the arr
form a spanning tree. This is not true for intermedia
times where the motion of the EW may lead to a cyc
configuration of arrows. Thus a typical evolution o
medium has periods of cyclicity interspersed betwe
5081
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“normal” acyclic states. In the EWM, the durations o
these intervals of cyclicity have a power-law distribution
In two dimensions, numerical simulations [13] show th
the probability of intervals of cyclicity of durationt
varies approximately as1yt1.75.

Though we can establish a one to one corresponde
between the recurrent configurations of the EWM a
ASM, the relaxation process in the two models is qui
different. In the latter (in more than one dimension
in almost all cases particle addition leads to a stab
configuration after a finite number of topplings, and th
fraction of avalanches which reach the boundary is ve
small. In contrast, in the present model, each walker m
travel to the boundary before it leaves the system, a
thus the fraction of events involving a finite number o
steps of the walker is zero in the limit of large syste
sizes. This leads to the interesting conclusion that t
statistics of avalanches is not completely determined
the operator algebra of ASM.

However, in one dimension, the probability distributio
of the number of steps can be computed exactly, and
find that apart from trivial numerical factors, it is exactl
the same form as the limiting distribution found by Ruel
and Sen [14] for avalanches in the 1D ASM.

To bring out the relationship of the present mod
to the ASM more clearly, we observe that due to th
Abelian nature of the evolution rules, we can add a
evolve two or more walkers in the system in arbitra
order without effecting the final state. Let us choos
the following rules: each walker arriving at a site wai
there until the number of particles waiting at that si
is $ r. Then theser particles take 1 step each in th

FIG. 4. Plot of probabilityPssd of avalanche of sizes vs s
for different values ofr.
5082
f
.
t

ce
d
e
)
le
e
ry
st

nd
f

e
by

e

e

l
e
d
y
e
s
e

directionsnj 1 1, nj 1 2, . . . , nj 1 r , and the arrow is
reset tonj 1 rsmod tjd. Clearly r ­ 1 corresponds to
the EWM, andr ­ tj corresponds to the ASM. In the
latter case the arrow configuration does not evolve
all, and may be omitted from discussion. In Fig. 4, w
have shown the results of Monte Carlo simulation of th
general model on a square lattice of size200 3 200 for
r ­ 1 to 4. We see that we get the same general beha
of distribution of avalanches for allr . 1, but the case
r ­ 1 is special. It belongs to a different universali
class. For smalls, the distributionPssd is dominated by
boundary avalanches; therefore, it does not have a sim
thermodynamic limit. However, the model has long-ran
correlations, and hence is critical.

In brief, we have introduced a new analytically tractab
model of SOC. It is hoped that further studies of t
model will contribute to a better understanding of se
organizing systems in general.
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