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Experimental Evidence for Chaotic Scattering in a Fluid Wake

John C. Sommerer,* Hwar-Ching Ku, and Harold E. Gilreath
Milton S. Eisenhower Research & Technology Development Center,
The Johns Hopkins University Applied Physics Laboratory,

Laurel, Maryland 20723-6099
(Received 19 September 1996

We present the first experimental evidence of chaotic scattering in a fluid wake. Measurements of
tracer particles and dye in the stratified wake of a moving cylinder are shown to be consistent with
four predictions based on simple models and direct numerical simulation: unstable periodic orbits were
shadowed by tracer particles; streaklines marked by wake-delayed dye are shown to be fractal; early
time-delay statistics of fluid elements interacting with the wake decayed exponentially; and finally, the
fractal dimension of the wake is consistent with the dynamics of the wake, as measured by characteristic
time delays and Lyapunov exponents. [S0031-9007(96)01924-2]

PACS numbers: 47.52.+j, 05.45.+b, 47.27.Vf, 83.50.Ws

Chaotic scattering [1-3] refers to the possibility that athe perturbing body to be the scattering variable; almost
system can manifest symptoms of chaos (such as sensitied fluid elements eventually leave the wake and join free-
dependence on initial conditions) for a finite time, evenstreaming fluid elements, but some can be delayed for a
though the system’s phase-space trajectory is asymptotieng time. Unfortunately, exhibiting an actual scattering
cally free during earlier and later epochs, i.e., the systerfunction is hardly practical for a real fluid wake, where
isopen This can occur when the system’s phase-space traccurate determination of the impact parameter of a fluid
jectory shadows a genuinely chaotic invariant set, whichglement exiting the wake region is currently impossible.
being unstable, is not directly observable in a typicalOur demonstration of chaotic scattering is less direct, so
experiment. Chaotic scattering has been identified as we present several interlocking pieces of evidence consis-
possible phenomenon in a wide variety of contexts, intent with the two-dimensional scattering model introduced
cluding celestial mechanics [4], microwave scattering [5],in Refs. [12,13]. First, we observed that individual tracer
solar physics [6], geophysics [7], optics [8], atomic and nu-particles shadowed periodic orbits predicted to exist in the
clear physics [9], and fluid dynamics [10—14]. However,closure of the unstable chaotic invariant set inhabiting the
there have been very few [5] laboratory demonstrations ofvake (herevakedenotes the disturbed region of flow be-
chaotic scattering, where sufficient control is available tchind the moving body, where fluid element velocities differ
test several independent predictions of a chaotic scatterirfgpom those in the free stream). Second, we observed that a
model. In this Letter, we present experimental evidencavake-persistent fraction of an incident ensemble of tracers
for chaotic scattering in a fluid wake. concentrated on a set that is approximately fractal. Third,

In a two-dimensional incompressible flow, there existswe observed that the time delay statistics of fluid elements
a time-dependent stream function such that a passivexiting the wake region showed an initial exponential
tracer's equations of motion have the exact form ofdecay. Fourth, and perhaps most conclusively, the fractal
Hamilton’s equations. Thus the configuration-space pathdimension of the set marked by the wake-persistent fluid
of tracers in such a flow are also phase-space paths Elements is predicted by the time-delay statistics and local
an associated dynamical system. This identification hawake dynamics, according to a formula due to Kantz and
been used previously [10—13,15-17] to analyze severdbrassberger [18]. This last piece of evidence is analogous
different fluid flows. If the associated dynamical systemto using Lyapunov exponents to predict the dimensions of
has chaotic scattering, then the flow will show the samespatial fractal patterns via the Kaplan-Yorke formula [19];
properties in physical space; i.e., the scattering will bethis analysis has previously been accepted [16] as convinc-
directly observable. References [12,13] suggested, baséuly evidence that some two-dimensional flows can be ac-
on direct numerical simulation of two-dimensional flow curately described by low-dimensional dynamics.
fields and on numerical investigation of analytical stream Our experiments were conducted in JFAPL's 1 m X
functions, that chaotic scattering should be observable i m X 8 m stratified flow facility, which allows experi-

a two-dimensional fluid wake. Until now, that suggestionments with arbitrary stable density profiles (see Fig. 1).
has not been realized in an actual experiment. We produced a thin (1-5 cm), strong density gradi-

The most spectacular manifestation of chaotic scatteringnt at middepth, between layers of concentrated brine
is that a generic scattering function exhibits an uncount{p =~ 1.2 gcm ) on the bottom and fresh water on
able number of singularities, located on a fractal supporthe top. We made all measurements within the thin
in the space of impact parameters. In the case of a fluichixing layer, where the Brunt-Véisala frequendy =
wake, we take thd¢ime delayof fluid elements passing [gp 'ldp/dz|]'/*> was in the range6 = N = 14 s,
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locity field, we performed a strictly two-dimensional direct
numerical simulation (DNS) of the flow field at the limit-
ing Reynolds numbers. The DNS used a multigrid domain
decomposition approach incorporating the pseudospectral
element method [21]. We then compared computed
streaklineswith observed dye lines produced by a comb of
outlets upstream from the cylinder. The correspondence
was excellent (see Fig. 2), even at the lowest values
of Ucy, where background motions in the tank posed
the largest threat to the periodicity of the velocity field,

and where the initial, aperiodic transient was longest.
Because background motions in the tank at the start of
a run broke the flow symmetry, the initial transient was

brief; comparison with the DNS indicates that unavoidable
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FIG. 1. Schematic diagram of experimental setup.

background motions were on the order of 0104;;.
Periodic orbits.—The periodic orbits predicted [12,13]

This very strong stratification effectively suppressed mo+to inhabit the wake region are extremely unstable. In
tion in the vertical direction, especially on time scalesfact, the earlier numerical work used an analytical stream
characteristic of fluid motion in the horizontal directions. function that artificially expanded the boundary layer,
The fluid wake was created by a cylinder (with verti- making the periodic orbits more stable and allowing their
Therefore we did not expect

cal symmetry axis, radiuB.,; = 5 cm) moving horizon-

numerical identification.
tally along the center of a channel between false wall§o see periodic orbits directly in our experiment.

Our

(width w = 20 cm). This setup duplicated the geome-approach was to move the cylinder through a horizontal

try of Refs. [12,13]; however, the earlier numerical work
considered flow around a stationary cylinder in a chan-
nel. With our moving cylinder we found some unimpor-
tant (i.e., not relevant to the issue of chaotic scattering)
differences from the predictions of the earlier work, due
to the different flow field near the channel walls. We
towed the cylinder from an overhead track at low veloci-
ties U.y of a few mms'!, yielding Reynolds numbers
Re = 2R.y1U.y1 /v in the rangel00 = Re = 250. In this
range of Reynolds number, after an initial transient, the
velocity field in the wake region is (ideally) time periodic.
This time dependence provides sufficient phase-space de-
grees of freedomx, y, ands modT,, whereT. is the pe-
riod of the velocity field) to support chaos. The period
T. also provides a characteristic time scale against which
to measure the dynamics (at Rel100, T, = 595 s; at
Re = 250,T. = 205 s). The dynamical system can be
considered a three-dimensional continuous-time system,
or alternatively, can be viewed as a two-dimensional area-
preserving mapping, by considering snapshots taken at in-
tervals ofT..

The flow field in the wake is dominated by vortices
which form behind the cylinder, alternating sides in the
cross-stream direction. The nearby walls and viscosity
quickly suppress this vorticity, so the entire von Karman
street is reduced to only two vortices at any time.

The wake region was visualized from above using a
CCD camera fixed with respect to the cylinder. Ultravio-
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let lamps inside the cylinder excited tiny fluorescent tracefIG. 2. Im ( :
particles (floating in the mixing layer [20]) or fluorescent corresponding numerically computed streaklines (b) at=Re

dye, depending on the experiment.

xicm)

Image of experimental flow field (a) shown above

100. Cylinder is moving to the left.
of dyed streaklines results from diffusion and slight three

In (a), the thickness

In order to check that our experiment was indeedjimensionality of flow; extrusion of the dye under positive
approximately two dimensional, with a time-periodic ve- pressure results in some vertical extent to the dye lines.
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sheet of tiny tracer particles and record the particle trackBmited resolution, the precision of this estimate is low, but
with the CCD camera. By piecing together portions ofthe result is statistically bounded away from an integer.
the tracks of many different tracers, which shadowed the Time delay statistics—The picture presented above is
predicted orbits for various periods of time, we havecomplicated by the fact that fluid elements are delayed
identified several classes of predicted orbits. Of courseyy two attributes of the system: the chaotic saddle
artificialities of the earlier numerical model resulted in C (a hyperbolic set) and the wall of the cylinder (a
detailed differences, but the generic character of the orbitsrarginally stable, or parabolic set). Given the underlying
is very similar to those shown in Refs. [12,13] (seeHamiltonian structure, there may also be Kolmogorov-
Fig. 3). Arnol’'d-Moser (KAM) surfaces. Both latter possibilities
Fractal nature of wake.—Fhe unstable chaotic invari- would contaminate the exponentially distributed time-
ant set predicted [12,13] in the wake is a chaotic saddléelay statistics expected of the hyperbolic component with
C (topologically, a Cantor dust), having both an unstablealgebraic decay at longer times.
manifold W* and stable manifold¥/*. We expectW*, a We therefore considered the time delay of the earliest
foliation of curves, to have dimensielf W*) = D, + 1,  fluid elements leaving the wake. By moving the cylin-
where0 < D, < 1. When passive tracers impinge on theder though a cross-stream stripe of dye, we marked an
wake, those neal* spend a long time shadowifg and  ensemble of impact parameters. The first dye to reach
tend to leave” along W*. Thus, in an experiment where a strip 10R.,; behind the cylinder (which was also be-
the cylinder traverses a cross-stream stripe of dye, one ekind the alternating vortices) had not interacted with the
pects that dye leaving the wake should trace out a goodiake and was used to define the zero of time delay. We
approximation of W* and should also have dimension recorded the radiometric intensity of the dye that subse-
d('W"). These arguments hold for capacity and informa-quently passed through the strip. The decay of the re-
tion dimensions; the latter is more experimentally reliablemaining dye (shown in Fig. 4) is initially exponential,
[16] and more dynamically relevant [18,19]. indicating the predicted [12] interaction with a hyperbolic
For the Re= 250 case, the information dimension of invariant set. Longer delays show a more complicated
the wake was measured (using the approach of Ref. [16})me dependence than the predicted simplé algebraic
to be d(W*) = 1.3 + 0.1. Because of the camera’s decay. This discrepancy is likely due to overly simplis-
tic approximation of the cylinder boundary layer in the
analytical stream function of Ref. [12], but could also in-
dicate the presence of KAM surfaces near the flow sepa-
@ ration (although none were convincingly demonstrated in
the experiment). In any case, the discrepancy is irrelevant
§ to the argument for chaotic scattering.
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FIG. 3. Unstable periodic orbits in wake revealed by particleFIG. 4. Average time-delay statistics for dye interacting with
tracking. Particle coordinates were digitized and assemble@vake. Since space of impact parameters includes the time at
into tracks. Portions of orbit shadowed by different particleswhich fluid element encounters cylinder, relative to phase of
are indicated by different plot symbols. (a) Period-1 orbit atperiodic velocity field, an average is taken over eight runs with
Re = 100. (b) Period-1 orbit at Re= 250. different upstream placement of the dye stripe.
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