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In this paper a new type of crisis in random maps is studied. The trigger of this new crisis is the
tunnel effect induced by a backward tangent bifurcation. This is different from the formerly reported
crises caused by the collision of the chaotic attractor with an unstable orbit. The reasons why the
characteristic time of this new crisis is super long are given. Another case of crisis triggered by the
random collision of the attractor with the system’s trapping region boundary can also be found in this
model. The two cases of crisis can transform into each other by continuously varying the control
parameter. [S0031-9007(96)01842-X]

PACS numbers: 05.45.+b

For a dynamical system, one of the most fundamentdfiinally due to a tangent (saddle-node) bifurcation. As a
problems is to study the change in its behavior agesult, a narrow tunnel will appear occasionally between
some parameters of the system are varied. The suddéine map functiony = F(y, z,,z,+1) and the45° line.
qualitative change in the chaotic dynamical behaviorfThen, the phase points in one band will be able to transfer
induced by variations of the parameters, named a crisi¢p other bands through this randomly appearing narrow
has been found to be common in dynamical systemgunnel. Since the tunnel is induced by a backward tangent
and many works have been done on this subject [1—6hifurcation, we call this new crisis a tunnel crisis induced
Three prototypes of crises are given by Grebetgal. [2— by a backward tangent bifurcation. Here, the tunnel
6]. The first one is the sudden destruction of a chaoti@ffect, instead of the collision of the attractor with an
attractor, caused by the collision with an unstable orbit atinstable orbit in former cases, is the trigger of crisis. We
the boundary of this attractor. It was called a boundarywill use a simple example below to illustrate the cause
crisis. The second one is the sudden increase of the siznd properties of this new crisis.
of a chaotic attractor in the phase space, named an interior The model we studied is just a random map [7—-15],
crisis. It occurs when the chaotic attractor collides with a
periodic orbit in the interior of its basin. The third one is Yn+1 = f(yn: 2n), (1)

the merging of more than one chaotic attractor, named fhere z, is a time dependent random number. One
n .

merging crisis. It is caused by the simultaneous coIIisiorbf our motivations to study such a system driven by
of the attractors with the boundary which separates ther’rh random noise is to understand the mechanism of the

For a properly deﬂneq cha_racterlstlg time, 1t exhibits asynchronization in chaotically driven systems [11]. For
perfect power law relation with the variation of the control the chaotic synchronization, there is always an ensemble

parameter. A quantitative theory for 'the determlnatlonof identical nonlinear systems driven by a chaotic signal.
of the critical exponents is developed in Ref. [2]. For a

X ) .~ 9S50, the study of a single random system will be important
system under the influence of a random noise, a crisis CE}% the understanding of its mechanism. This work is also

even appear when the cqntyol parameter does not reagfyivated by the attempt to study the domain loss of
the critical value [4,5]. This is the noise induced crisis. a multiperiodic system under the influence of a random

, Itthshoulllq be n?tf’r? thﬁt f(t).r allttthetse typt(;s of C”Stessl Itdriving [7-10]. Some authors have even noted that it is a
is the collision of the chaotic attractor with an unstable e nhenomenon [7—9].

or_bi.t, or equi_valently, its stable manifold,_ t.haf[ triggers the In this paper, we just study the simplest logistic map
crisis. In this paper, a new type of crisis in a random i, en by a ranaom noise
system caused by the backward tangent bifurcation is ’

reported. For this case, the phase points are bounded in F(Ypszn) = zayn(1 = yu), (2)
separated bands of the attractor before the occurrence of
crisis. With the increasing of the control parameter, a 2 =b + ax, 3)

stable fixed point (node) on the attractor and an unstable
fixed point (saddle) on the tapping region boundary willwherea, b are two positive real constants, ang is a
come closer and closer together. And they will annihilaterandom number homogeneously distributed in the interval
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[0,1]. To keep the value of, bounded in the interval band are

[0, 1], the inequalities Vbatb.ls if 0 <a<aj,
a>0, b>0, a+b<4 (4) By = { Ybatb.1s ifaj =a<a;, (6)
should be satisfied. These conditions define a triangle F(By,b,a +b), ifay =a <a;,

in the (a,b) plane (cf. Fig. 1). Two curves formed by

zero points of the Lyapunov exponent divide the triangle Ya+b,b,15 if0=<a<adj,

into three regions. As reported before, just beyond By = {F(Oia +b,b), ifa=a<a, (7)
these two curves, two different manifestations of on-off F(0.5,a + b,b), ifa> =a<as,

intermittency can be found [12—15]. Farb lyinginthe 10 q By (or By) is the upper (or lower) boundary of
region between the two curves, an ensemble of different,ic 1,5 andys .15, is the ith root of the equation

initial points will clap to a single one after a long period of F(y,b,a + b) — y = 0 when all its nonzero roots are
transient iterations. On the other hand, just on#teis, rra’ng’ed in ascending order. Other symbolsyofiith

there is a cascade of period doubling bifurcations as we ubscripts of similar meaning will be used in this paper.
as many period windows. They disappear completely fokpq ritical values of: satisfy

the strong influence of random driving. What will be

the crossover of these two situations? The behavior of F’(ya7+b,b,1,af + b,b) =0,

a period-2 system under the influence of a random driving

with increasing strength is shown below. F(By,b,a; + b) = ypai+b1s (8)
Fora = 0;3.0 < b < 3.449.. ., the system we studied

is just of period two. If we fixb = 3.2, and slowly Ybay+bl = Ybas+b2-

increasea from zero, the two fixed points will be slowly |, 100 F'(y,a + b,b) = 8,F(y,a + b,b). For b =
blurred into two bands of continuously changed sizeSs 5~ ihe three critical vaflues’oﬁz are respectively
With further increased:, the two bands will suddenly a;f — 0.024 @ = 0092, d’ = 0.175, While for b —

expand their sizes and merge into one wherpasses 3 yhe three critical values degenerate into a single
through a critical valueas = 0.175. The bifurcation ne ¢’ = ai = a& = 0.051. For values ofa smaller

diagram is shown in Fig. 2. Since the parameters Ofyan ;% the system has two trapping regions distributed
interest for us are limited in the period 2 interval, we Sha”separately in two interval§F(0.5,a + b,b), ypaipal

only consider the double iteration of the original map as, 4 [Yain s £(0.5,a + b)] [cf. Fig. 3(a)]. All points
below, iterated into these regions will stay there forever. So

y = F(y,zp.20+1) = f(f(¥,20), 2n+1) (5) the attractor of the system can only be two separated
For random variations ofz, and z,:;, the maps bands. With increasing values of, the stable fixed
F(y., 2, 2041) at different steps are blurred into a band pointy, 4+5.1 ON the _attract(_)r and the unstqble fixed point
bounded by F(y,b,b),F(y,b,a + b),F(y,a + b,b), Yba+tb2ON the trapping region boundary will come closer
andF(y,a + b,a + b). So the two fixed points of the

0 : 1.0 3 =
deterministic map are blurred into two bands correspond- ] ;
ingly. The boundaries of the two bands can be calculated 3
rigorously [16]. For example, the boundaries of the lower 0.8 J
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FIG. 2. The bifurcation diagram of the random map with
FIG. 1. The phase diagram of the random logistic map. Theb = 3.2. The solid curves on the boundary are calculated from
curves! and Il are formed by zero points of the Lyapunov Egs. (6)—(8). The dashed linésandiI are formed by unstable
exponent. The curvél] is the critical curve of a new type of fixed pointsy, ,+»2 andy.+ 2, respectively. They annihilate
crisis. at the crisis point due to a backward tangent bifurcation.
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It should be noticed that the narrow tunnel between
the iteration curvey = F(y,z,,2,+1) and the45° line
can only appear when some conditions are satisfied. For
example, the conditions arg =~ b andz,+; = b + a3
for one slightly greater tham;. For random variations of
zn, the tunnel can only appear with a small probability.

Similar to the former studies of the crisis behavior, we
can define the characteristic timeas the number of steps
of the iterations which an orbit spends in one band before
it tunnels into another band. The numerical values of
7 calculated with the various values ef= a — a3 are
shown in Fig. 4. It can be seen that the mean time
increases very quickly with the decreasecof It is about
107 for e ~ 0.1 with » = 3.1. A numerical fitting of data
shows that Ifr) ~ 1/€; i.e., we have(r) ~ exp(c/e€).
This relation can be deduced rigorously from a stochastic
bistable model [16]. The scaling relation ¢f) with
e shows that the crisis reported here is different from
the “unstable-unstable pair bifurcation crisis” given by
Grebogiet al. That crisis has the characteristic scaling
of (r) with e given by(r) ~ expk/e'/?) [17].

The origin of this super long characteristic time may be
as follows: First, for random variations af and b, the
tunnel between the map functiogn= F(y,b,a + b) and
the 45° line can appear only occasionally. Second, for
values ofa slightly greater thams, it takes a long period
of iterations for phase points to trasverse the narrow
tunnel. During this long period of iterations, the tunnel
can be maintained only with a very small probability.

With the variation ofb, the critical pointsaz; will form
a curve in the(a, b) plane (cf. Fig. 1). This curve is

0.0 0.2 0.4 0.6 0.8 1.0
y

0.15
FIG.3. The map functions (1) = F(y,b,a + b),

(2)y =F(y,a +b,b),(3)y = F(y,a +b,a+b),(4)y=

F(y,b,b), with b =32 and (@)a=0.1; (b) a=

0.2. The four points A[F(0.5,a + b,b)], B (ypa+b2), ~~0.12
C (Vu+vp2), D [f(0.5,a + b)] in (a) are the boundary points )
of trapping regions. It can be seen in (b) that a narrow tunnel ~__-
appears between = F(y,b,a + b) and the45° line. Cu

<o.09
~—

and closer together. And they will finally annihilate due

to a backward tangent bifurcation at the critical value 0.06

az (cf. Fig. 2). After that, a narrow tunnel will appear

between the map function = F(y,b,a + b) and the

45° line [cf. Fig. 3(b)]. Then the points in one band 0.03 I ————————————

can be transformed into another band through this narrow 0.12 0.16 0.20 0.

tunnel. Here, the "tunnel effect” caused by a backward 8

tangent bifurcation is the trigger of this new crisis. It o ) _

is different from the formerly reported cases which are;'gt'e Lrln sg;/i i?%ﬁg Egﬁ‘&aﬁi‘i'sﬁ'c_t?e%ﬂ‘é”{ﬁo ‘::VSr'Sre]stgfe

caused by the collision of a chaotic attractor with ang¢","_ 5, () and b = 3.1 (o), respeSctiver. Each point in

unstable orbit. This shows that the crisis we find herepis figure is the average of 10000 examples. The unit if

is a new one. the step of iteration.
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just the critical curve of the new crisis reported here.the mechanism of the crises reported formerly. Another
For parameters below this curve, the orbit iterates in twarisis caused by the random collision of the attractor with
separated bands. While for parameters passing througts trapping region boundary can also be found in this
this curve, the two separated bands will suddenly expanthodel. The two cases can transform into each other with
their sizes and merge into one. For an ensemble ofontinuous variations of the parameter
phase points of different initial values, the merging of two This project is supported by the National Nature
bands means that all of the orbits will be synchronousScience Foundation, the National Basic Research Project
after the transient iterations. So, this critical curve of“Nonlinear Science,” and the Education Committee of
crisis is also the critical curve of synchronization. Thisthe State Council through the Foundation of Doctoral
implies that the new crisis may be one of the mechanism3raining.
of synchronization (or domain loss) for multiperiodic
systems under the influence of a random noise.
For b = 3.3, with increasinga, another type of crisis

can be found. Itis caused by the' coIIisio_n of the_ attractor [1] C. Grebogi, E. Ott, and J. A. Yorke, Phys. Rev. Lal,
W'.th the boundary of the Sys_tgm_s trapplng region. The 1507 (1982), and references therein.
critical value ofa for this crisis is determined by the 5] ¢ Grebogi, E. Ott, F. Romerias, and J.A. Yorke, Phys.
relation Rev. A36, 5365 (1987).

F(F(0.5,a + b,b),b,a + b) = Ypaips- (9) [3] ge?/ E;?Xv;\éf,z:.?gte((igég)..Grebog|, and J. A. Yorke, Phys.
The numerical calculation of the characteristic time shows[4] J.C. Sommerer, E. Ott, and C. Grebogi, Phys. Rev3A

that it is also super long. By slowly decreasihg this 1754 (1991). . .
case of crisis can be transferred into the case caused by &l J:-C. Sommerer, W. L. Ditto, C. Grebogi, E. Ott, and M. L.
“tunnel effect.” A detailed study of this transition will be Spano, Phys. Rev. Let6, 1947 (1991).

[6] E. Ott, Chaos in Dynamical Systenf€ambridge Univer-
reported elsewhere [16]. sity Press, New York, 1993), p. 277.

It qan bg ;een that und.er. the influence of noise, the[7] J.F. Heagy and S. M. Hammel, Physica (Amsterd&@o,
merging crisis of a deterministic map now occurs at an 140 (1994).

earlier time. For the deterministic maff{y) = zy(1 — [8] O. Tai, C. Skorupka, and L. M. Pecora, Phys. Lett187,
y), the merging crisis occurs at= 3.678... when the 175 (1994).

two bands of the attractor collide with the unstable [9] L.M. Pecora and T.L. Carroll, Phys. Rev. Le@7, 945
orbit y* = 1 — 1/z which separates them. While for the (1991); Phys. Rev. E48, 2426 (1993), and references
random map studied here, we have the critical value for  therein.

merging crisis:b + a3 = 3.2 + 0.175 = 3.375. Under [10] W.M. Yang, M. Ding, and G. Hu, Phys. Rev. Left4,
the influence of parametric noise, the control parameters at _ 3955 (1995).

two consecutive steps of iterations become nonidenticallll L-M. Pecora and T.L. Carroll, Phys. Rev. Le@d, 821

The tangent bifurcation, which triggers the new crisis, is (1990).

. . N . 12] H.L. Yang and E. J. Ding, Phys. Rev.39, R3295 (1994).
just induced by this difference in the control parameter%lg] H.L. Yang and E.J. Ding, Phys. Rev.52, 1361 (1996).

of two consecutive steps of iterations. . [14] E. Ott and J.C. Sommerer, Phys. Lett188 39 (1994).

In conclusion, in this paper, a new case of crisis isj 5] M. Ding and W. M. Yang, Phys. Rev. &2, 207 (1995).
found in a random map when we increase the strength qfig] H.L. Yang, . Q. Huang, and E.J. Ding (to be published).
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