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Using extensive numerical analysis and exact calculations we show that the relaxation of a class
particle in 1D anharmonic potential landscapes with a leading quartic term follows a1yt decay law
at all temperatures, leading to a logarithmically increasing mean square displacement. For lea
anharmonic terms of formx2n we find that the asymptotic relaxation is consistent with1ytf, where
f ­ 1ysn 2 1d at all temperatures. We briefly comment on the possible implications of this result
the study of displacive structural transitions and in complex systems. [S0031-9007(96)01811-X]
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A variety of problems of considerable interest in phys
is closely related to the behavior of a single classical pa
cle relaxing in an anharmonic single or multiwell potent
landscape while in thermal contact [1]. A detailed micr
scopic understanding of relaxation in 1D multiwell pote
tials could give important clues to the problems associa
with thermally activated dynamics in the glass transiti
[2] and of relaxation in related complex systems [3].

In this Letter we show both numerically and analytica
that the relaxation of any dynamical variable of a classi
particle in a variety of anharmonic potentials follows
1ytf asymptotic decay law. This relaxation represe
the loss of knowledge of the initial conditions of th
anharmonic oscillator due to thermal effects. We find t
f is sensitive to the exponent of theleading anharmonic
term in the potential. To our knowledge, these are t
simplest systems for which a wide variety of slow algebr
decay is found. We conclude with a discussion of t
possible implications of our findings.

We start with a classical particle in an anharmon
potential,Vanhsxd and consider several distinct forms fo
Vanhsxd. Initially, we focus on potentials with leadin
quartic anharmonicity, perhaps the most common form
anharmonicity encountered in simple physical problem
These potentials areVanhsxd,
0031-9007y96y77(24)y4855(5)$10.00
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x4 1 Cx, sII d coshsxd, sIII d cossxd .

(1)
Our objective is to study the time-dependent behav

of some chosen dynamical variableCstd (e.g., position
[xstd], velocity [ystd], etc.). We assume that the syste
is in thermal contact which may or may not lead to rela
ation to equilibrium after the system has been subjec
to an infinitesimal perturbation (i.e., no assumptions
garding ergodicity are made [4]). The study of the asym
totic behavior of such a relaxation process, after
perturbation has been removed, which can generally
characterized by the normalized relaxation function (R
kCstdCs0dlykCs0d2l, wherek· · ·l represents canonical en
semble averages, is the focus of this Letter.

Cases (I) and (II) in Eq. (1) describe systems in wh
the particle is spatially localized for all energies. To stu
the relaxation of the particle in (I) and (II) numerically, w
integrate the equations of motion for each case at fixed
tal energyE from some initial timet to some final time
st 1 tEd, wheretE refers to the period of motion for th
chosenE. xstd, ystd, andastd (i.e., acceleration) and the
corresponding microcanonical ensemble RF’s are ca
lated and tabulated at 1024 equally spaced time inter
spanning the periodtE . The canonical ensemble RF
© 1996 The American Physical Society 4855
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FIG. 1. Positive side of the velocity RF and correspond
power spectrum (inset) for the symmetric Duffing potent
V sxd ­ 1

2 x2 1
1
4 x4 at b ­ 1.

computed by first evaluating the microcanonical ensem
RF’s at a number of different energies (typically, 2000)
the rangeEmin # E # Emax and by then performing the
integration over all the energies of the Boltzmann weigh
microcanonical RF [5]. We usedunequal energy spacing
to ensure that the energy integral is correctly evalua
The range of energies over which the microcanonical R
are calculated is determined by the temperature of the
tem. We chose as the lower limit of integration an e
ergy slightly higher than the potential minimum, typicall
Emin ­ 5 3 1027, and, as the upper limit,Emax such that
exps2bEmaxd , 1 3 10211, whereb ; 1ykT , k is the
Boltzmann constant, andT is the temperature.

For the symmetric anharmonic single well, Case (I), w
coefficientshA, B, Cj ­ h1, 1, 0j, atb ; 1ykT ­ 100, the
velocity RF can be numerically evaluated for times,t ,
2 3 104, yielding results that agree well with the exa
asymptotic solution, which will be discussed below. A
though it is more difficult to accurately calculate the RF
at long times for higherT ’s, we still have been able to
extend the solutions out sufficiently far so that it is pos
ble to extract the asymptotic behavior. The velocity RF
(and related power spectra) are shown in Fig. 1 for
symmetric anharmonic single well atb ­ 1. Analysis of
the results from the numerical calculations reveal that
RF’s decay asymptotically as2 4b sinstd

3t , i.e., a relaxation
of form 1ytf, f ­ 1. Although we do not know of an
analytic solution for the motion of a particle in a coshsxd
potential, numerical studies show that this potential a
leads to a1yt relaxation law at allT as shown in Fig. 2.

Similar results have been obtained for the symme
double well, Case (I), with the coefficientshA, B, Cj ­
h21, 1, 0j, and the asymmetric single well, Case (I) wi
4856
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FIG. 2. Positive side of the velocity RF and correspondi
power spectrum (inset) for the potentialV sxd ­ coshsxd at
b ­ 2.75.

hA, Bj ­ h1, 1j, C fi 0, i.e., with a linear field term. For
the double well, the velocity RF and the correspondi
spectrum is shown in Fig. 3 and has the asymptotic

havior 4b sins
p

2 td
3t . To our knowledge, the asymmetric sin

gle well is not amenable to an exact solution. We fi
that the presence of a linear term strongly affects
RF at short times. However, the asymptotic behav
of the RF’s, which sets in at a significantly later tim
in this spatially asymmetric potential, compared to t

FIG. 3. Positive side of the velocity RF and correspondi
power spectrum (inset) for the symmetric double-well poten
V sxd ­ 2

1
2 x2 1

1
4 x4 at b ­ 1 (barrier height in energy units

is 1y4).
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FIG. 4. Positive side of the velocity RF and correspond
power spectrum (inset) for the asymmetric Duffing poten
V sxd ­ 2

1
4 x 1

1
2 x2 1

1
4 x4 at b ­ 1.

symmetric case, exhibits a robust2
4b sinstd

3t relaxation as
shown in Fig. 4. Unlike the symmetric well and coshsxd
potentials, the position RF’s for these two cases tend toT
dependent constantL1sT d due to the fact that the potenti
minimum no longer lies atx ­ 0.

We now briefly focus on Case (III) in Eq. (1), whic
describes a system in which the particle becomes spat
delocalized at energies exceeding twice the amplitud
the corrugation potential. We have carried out numer
calculations in the manner sketched above. Since in
canonical ensemble there will always be contributio
from energies for which the particle is no longer localize
the position RF will diverge, but the periodicity of th
potential ensures thatystd and astd will still be periodic
leading to convergence of the corresponding RF’s. T
canonical RF’s no longer tend to zero for Case (III), b
the asymptotic behavior1yt 1 L2sT d is observed. The
velocity RF for this potential is shown in Fig. 5.

The exact asymptotic analysis was accomplished
follows. We outline below the key steps in the calculatio
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FIG. 5. Positive side of the velocity RF and correspond
power spectrum (inset) for the potentialV sxd ­ cossxd at
b ­ 1. The velocity RF has been shifted so that the asympt
value att ­ ` is zero.

for Case (I) in Eq. (1). Let us sethA, B, Cj ­ h1, r , 0j, with
r . 0. The formal solution to the equation of motion
then given by [6]

xstd ­ C
X̀
p­0

ap sins2p 1 1dvt , (2)

where the leading terms of the constantsCan areCa0 ­
a, Ca1 ­ s2ra3y32d s1 2 21ra2y32 1 . . .d, . . ., and the
frequencyv ­ s1 1 3ra2y4 1 3r2a4y128 1 . . .d1y2. In
the above expressions, the variablea is obtained as a
function ofE by substituting the formal solutions forxstd
andystd into the Hamiltonianp2y2 1 Vanh yielding

a ­ s2Ed1y2 2
9E3y2r

27y2
. . . . (3)

A normalized microcanonical ensemble RF, say the ve
ity RF, is exactly obtained by substitutingystd obtained
from Eq. (2) into the following equation for the velocit
RF,
R`

2` yst0dyst0 1 td dt0R`
2` yst0d2 dt0

­

P`
p­0 a2

ps2p 1 1d2 coss2p 1 1dvtP`
p­0 a2

ps2p 1 1d2 . (4)
a
t

he
ely

sing

ume
is an
It is difficult to carry out a closed form energy integ
with the result of Eq. (4) above to obtain the canon
RF. We therefore focus on the nature of its asympt
behavior and start by expressingv in powers ofgE (by
substitutinga in the expression forv above), whereg
is a system dependent constant3ry4. To leading orde
we obtainv . 1 1 gE. For the moment let us ignor
l
l

ic

the terms withp . 0 and retain only thep ­ 0 term in
the summation of Eq. (4). As we shall show later, t
p ­ 0 term contributes to the slowest decay. Successiv
faster decays are contributed by the terms with increa
magnitude ofp. We substitute Eq. (4) with thep ­ 0
term into the expression for the canonical RF and ass
that at low enough temperatures the density of states
4857
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energy independent constant. This givesR
`

0 e2bE coss1 1 gEdt dER`

0 e2bE dE
­

b2 cosstd 2 gbt sinstd
g2t2 1 b2

,

(5)

which decays as2 b

g sinstdyt for gt ¿ b. This, of
course, is the behavior obtained from the numerical an
sis reported above. The asymptotic functional form is t
of j0std, i.e., the zeroth order spherical Bessel function.

The result in Eq. (5), although originally derived
describe the asymptotic behavior of the velocity RF in
low T limit, applies at allT ’s. This can be shown easil
by retaining higher order terms inE in the expression
for the RF at a fixed energy before substituting into t
equation for the canonical RF. Keeping termsp . 0 in
Eq. (4) leads directly to the appearance of powers oE
in the integrals while retaining higher order terms in t
expansion forv leads to trigonometric functions with
arguments involving higher powers ofE. This results in
contributions to the canonical RF from integrals of t
form

R`

0 Epe2bEfcos, sing sgtEd fcos, sing sc2tE2d · · · dE
where the terms in square braces indicate that one or
other trigonometric function is chosen. Replacing the
and cos functions containing arguments with powers
E greater than one with their series expansions sim
result in contributions from a sum of integrals of the forR`

0 tlEme2bEfcos, sing sgtEd dE, where all of the powers
of E have been collected inEm, with l andm related by
the inequalitym $ l 1 1. In the long time limit, these
integrals have the behavior that they tend either totl2m21

or 0, depending on the choice of trigonometric functio
in the integrand and whetherm is even or odd. Since
m 2 l $ 1, all contributions to the velocity RF arisin
from retaining higher order terms inE die off faster than
1yt. In view of the formal similarities between this an
the double-well problems, similar results can be deriv
for the double well [6]. In Case (III) the equation o
motion is that of a pendulum [7]. The analysis is simil
to the one above except for the issues mentioned ea
This will be detailed elsewhere [8].

The 1yt behavior of the velocity RF leads to the r
sult that the mean square displacement increases loga
mically as t ! `. This can be shown by relating th
mean square displacement of the particle to the velocity
as follows [9]: s2std ; kfxstd 2 xs0dg2l ­ 2

Rt
0 dtst 2

td kys0dystdl ~ 2t lnstd 2 2t 1 const.
Although as stated earlier, leading quartic anharmoni

is possibly more common than others, we have numeric
probed relaxation in potentials of the form12 x2 1

1
2n x2n

for n ­ 3, 4, 5. To our knowledge, there are no simp
closed form solutions to the equations of motion for the
anharmonic potentials. Our analysis reveals that forn ­
3, f . 0.45, for n ­ 4, f . 0.32, and forn ­ 5, f .
0.23. These results strongly suggest that for arbitra
n, the asymptotic relaxation exponent follows the la
f ­ 1ysn 2 1d [8]. Thus, for arbitraryn . 2, the mean
4858
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square displacements2std , t11 n22

n21 as t ! `. To our
knowledge, these are the simplest Hamiltonian systems
which such a rich variety of slow algebraic decays ha
ever been reported.

The study presented above is relevant to a variety
problems of considerable interest in condensed ma
physics. We briefly illustrate some of these connectio
below.

The Krumhansl-Schrieffer (KS) model [1] is describe
by the Hamiltonian H ­

P
i

my
2
i

2 1
P

is
Au2

i

2 1
Bu4

i

4 d 1P
i.j

Cijsui2uj d2

2 , with A , 0 and B, Cij . 0. ui and yi

are the displacement and velocity, respectively, of parti
i. In the acoustic mode approximation, KS have show
that when well depths are less than the intersite energ
H can be reduced to an effectively one-body problem
a continuum representation withui ­ uisxd, yi ­ yisxd,
x ­ xj ­ jl, andc0 equal to the velocity of low ampli-
tude sound waves. The equation of motion is given
d2h

ds2 ­ h 2 h3, whereh ; uyu0 ­ fsx 2 ytdyu0, s ;
sx 2 ytdj, and j2 ; msc2

02y2d
jAj , with phase velocity

y, and u0 ;
≥

jAj

B

¥1y2
. Our calculations prove that the

relaxation in the KS system follows thej1ytj relaxation
law as t ! `, a general property which has not bee
previously noted. Perhaps the most striking conseque
of this result is that particles in the KS model [1], in
this continuum limit, possess at ln t type mean square
displacement, another new observation.

The dynamical behavior of the 2D Ising spin glas
Rb2Cu12xCoxF4 has been carefully probed recently b
Dekker et al. [2]. They provide strong evidence tha
there exists a broad temperature range in whichqstd ;
kSzstdSzs0dl , exps2tytcdb 0

, wheretc is the character-
istic relaxation time and the exponentb0 is very small,
being 0.06 atT ­ 6.75 K and increasing to a constan
value 0.09 below 4 K. They also show that this behavi
is consistent with a decay law ofta21, where typically
0 , a , 1 with sa 2 1d , 21 in this particular system
[ [2], p. 11 249 below Eq. (11)]. If one can relate the dy
namics in two-state systems with that in a double we
the connections between these results and ours may
established. Slow algebraic decay of dynamical dens
(and hence position) correlations is also observed via lig
scattering studies in the pregel phase of aqueous gel
[3] and in a variety of other complex systems typical
analyzed using mode coupling theories [10]. It is conce
able that our study may help develop some new insig
to further clarify the existing analyses of these problem
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