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Undulations and Dynamic Structure Factor of Membranes
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(Received 28 June 1996)

We investigate the dynamic structure factorSsq, td of membrane phases at large wave numberq
which are sensitive to single membrane dynamics. Considering an ensemble of membrane pla
at random orientations, the effect of membrane thermal undulations is calculated. Their sta
is modeled by bending energy and standard hydrodynamic dispersion law. We predict a str
exponential relaxationSsq, td , e2sGqtd2y3

with a relaxation rateGq ~ k21y2q3 wherek is the bending
modulus. Our results are in good agreement with recent dynamic light scattering spectra from
sponge phases obtained by Freyssingeas, Roux, and Nallet [(unpublished)]. [S0031-9007(96)01

PACS numbers: 68.10.–m, 68.35.Ja, 82.70.Kj
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Surfactants in solutions self-assemble in a numbe
basic structures, of which membrane bilayer is a v
common one [1,2]. Sponge and lamellar phases are
well known packing arrangements of these bilayers
the three-dimensional (3D) solvent. The sponge (orL3)
phase is isotropic with no long range order [3]. T
membrane forms a random surface on a scale la
than a typical cell sizej, resulting with finite (random
vesicles and one percolating membrane. In the lam
phase [4], which has the symmetry of smectic-A liquid
crystals, the membranes are arranged in a periodic s
with repeat distance which we also denotej. In practice
the lamellar phase may be either fully oriented (i.e.
single “crystal”) or powder (poly-“crystalline”), namely
composed of several lamellar grains, each havin
different orientation.

On a length scale much shorter thanj the membrane
does not interact with neighboring membranes, and
behavior is similar in both phases. Scattering at s
short wavelengths can thus probe the static and dyn
behavior of a single membrane, regardless of its l
range order. In typical sponges, the regime of large w
numbersq, qj ¿ 1, has been explored in the past
x-ray and neutron scattering [5] and yielded a static st
ture factorSsqd , q22, typical for an ensemble of near
flat membrane pieces at random orientations. Rece
this regime has been exposed to light scattering u
very dilute samples, giving rise to largej [6]. The
dynamic light scattering from the sponge and pow
lamellar is found anomalous. First, the relaxation p
file cannot be fitted by a single exponential. A fit to
stretched exponential lawSsq, td , e2sGqtda

yields an ex-
ponenta . 0.7. Second, in the sponge the relaxation r
Gq is found to depend on the bilayer material, which m
be viewed as a dependence ofGq on the bending modu
lus k. However, this plausible interpretation implies th
for the systems studied experimentally,Gq is decreasing
with increasingk, which is opposite to the trend expect
from the dispersion relation for membrane undulatio
[7,8] vsqd , k

h q3 (whereh is the viscosity).
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On the other hand, the universal scaling lawGq , q3

has been observed in both sponge and lamellar syste
to a good accuracy. General mode coupling theories f
systems where the hydrodynamic interaction dominat
[9] predict Gq . kBT

16h q3, so long as the wavelength is
shorter than the characteristic correlation length. Th
result is consistent with the observed scaling withq,
but inconsistent with the observed dependence of (t
prefactor in) Gq on the specific system, sinceGq is
predicted by these theories to be independent of any fre
energy parameters.

The purpose of this Letter is to resolve these appare
contradictions, which could raise some doubts in ou
current knowledge of membrane thermal undulations, a
to explain the observed stretched exponential decay of t
dynamic structure factor. We focus on one membran
plaquette of linear sizej which is less than, or of the
order of, the persistence length, making an arbitrary ang
with the scattering wave vector$q, and consider the effect
of thermal undulations on the resulting dynamic structu
factor. The calculation of the latter is almost exact withi
the approximations made for calculating the statistics
thermal undulations. We donot assume, for instance,
a linear relation between concentration fluctuations an
membrane displacements, which is very common
the theory of smectic liquid crystals [10]. Nor do
we assume that the average undulation amplitude, in
scattering blob of linear sizeq21, is small relative to
q21 [11]. We then make proper angular averaging t
account for an isotropic ensemble of such plaquette
This averaging should be suitable to describe both spon
and powder lamellar, as well as vesicle phases (s
below). The result is a stretched exponential decay profi
Ssq, td , e2sGqtd2y3

with Gq , skBTykd1y2kBTq3yh. The
anomalous dependence onk, Gq ~ k21y2, is explained as
a result of two competing effects. One is theincrease
of the undulations relaxation rate, and the other is th
decreaseof the average undulation amplitude, both with
increasing stiffnessk. While a stiffer membrane, subject
to a random (thermally activated) undulation, will relax
© 1996 The American Physical Society
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faster to its flat state, it is less efficient in explorin
volume, so that one has to wait a longer time for an em
solvent blob to be filled up by membrane material.

Other effects, such as the rotational and translatio
motion of plaquettes, will be considered in detail els
where [12]. Translational diffusion leads to an addition
relaxation in the form of a multiplying factore2q2Dt with
a diffusion coefficientD , kBTyhj. Comparing the two
rates we conclude that, so long asqj ¿ 1, the effect of
translational diffusion is negligible. More precisely, th
is true only for timest ø hj3yk. However, for longer
times t * hj3yk, Ssq, td has already decayed to vanis
ingly small, essentially unmeasurable, values. A sim
conclusion is reached when we consider the effect of
tational diffusion. We note in passing that our results
not sensitive to the model of membrane plaquettes wh
we are using. Similar results can be obtained for a sph
cal vesicle of radiusR, thereby significantly improving the
study of Milner and Safran [11] in the scattering regim
qR ¿ 1.

We start with the general expression for the dynam
structure factor [13]

Ss $q, td 

*X
i,j

ei $q?f $Ri std2 $Rjs0dg

+
, (1)

where$Ri ’s are the coordinates of individual surfacta
molecules building up the bilayer. The position of ea
molecule $Ristd can be decomposed into a lateral, tw
dimensional, coordinate$ristd on a reference flat surface
and a perpendicular positionzistd. The latter can be
expressed by the functionhs$r, td which describes the
deviation from flatness,zistd  hsss$ristd, tddd. If membrane
undulations are not too large,$ristd is roughly constant,
with corrections being of orderks=hd2l. We therefore
replace$ristd by its average$r, assumed constant in time
The double sum in Eq. (1) is then transformed to

Ss $q, td 

*
1
a4

Z
d2r

p
gr

Z
d2r 0

3
p

gr 0 ei $qk?s$r2$r 0deiqzfhs$r,td2hs$r 0 ,0dg

+
, (2)

where $qk is the two-dimensional component of$q parallel
to the membrane average plane,a is a molecular length,
andgr  1 1 f=rhs$r, tdg2. We shall consider scatterin
geometries in whichqz ¿ skBTykd1y2qk. In an isotropic
ensemble of plaquettes—our model of the sponge
short distances—$q takes random values on different pl
quettes. It can be shown, however, that the contribu
to scattering from plaquettes oriented according to the
verse condition is negligible [12]. That is, density flu
tuations in the parallel direction, in the form of exce
area, can be neglected. Scattering from oriented lam
lae is also easily performed at largeqz . When this is so,
the main contribution to the integrals due to undulatio
comes from the exponential terms. Thus we may segr

andgr 0 to unity and we are left to calculate the average
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the second exponent in Eq. (2). We note that for the c
qz  0, which has been studied in detail by Messageret
al. [7], the entire effect of undulations is buried in the d
viation of gr and gr 0 from unity, and this approximation
is not adequate.

Before we proceed to evaluate the average in Eq.
let us discuss the equilibrium statistics of the therm
undulations. These are assumed to follow the Helfr
bending Hamiltonian [14], which, for small deformation
=h ø 1, is

H 
1
2

k
Z

d2rf=2hs$rdg2 
1
2

k
X

$k

k4h$kh2$k , (3)

wherek is the bending modulus andh$k are the Fourier
components ofhs$rd. With this free energy, standar
hydrodynamic mode analysis [7,8] leads to the followi
relaxation rate of an amplitudeh$k

vskd 
k

4h
k3, (4)

where h is the viscosity. This result forvskd can be
rationalized using the Oseen hydrodynamic interact
[15] for the case of an almost flat membrane. Th
vskd  Lskd≠Hy≠h2$k whereLskd  1y4hk is the two-
dimensional Fourier transform of the Oseen interact
1y8phr, leading immediately to Eq. (4)). Thek3 scal-
ing of vskd is thus simply an outcome of thek4 scaling
of the energy and the long range,1yk, scaling of the hy-
drodynamic interaction. Using these, the time-depend
correlation function ofh$kstd is written as

kh$kstdh2$ks0dl 
kBT
kk4

e2vskdt . (5)

The stochastic dynamics ofh$kstd can be described
by a Langevin equation in which the random force
assumed to obey Gaussian statistics [16]. With t
assumption, and the Gaussian (harmonic) approxima
to the bending energy Eq. (3), it follows that the stochas
variable hs$r , td 2 hs$r 0, 0d also obeys Gaussian statisti
[16]. As a result, the average in Eq. (2) can be perform
exactly to give

Ss $q, td 
1
a4

Z
d2r

Z
d2r 0ei $qk?s$r2$rde2

q2
z
2

kfhs$r,td2hs$r 0,0dg2l.

(6)

Equation (6) may be verified [12] by performing exa
averaging in time over the random (white noise) for
appearing the Langevin equation, and exact averag
over the initial (equilibrium) conditions, using a partitio
function with the Hamiltonian of Eq. (3).

Using Eq. (5), the real-space correlation function
Eq. (6) can be decomposed into static and dynamic pa

kfhs$r , td 2 hs$r 0, 0dg2l  Fosr 2 $r 0d 1 Fs$r 2 $r 0, td

(7)
4789
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with the static membrane correlator

Fos$r 2 $r 0d  kfhs$rd 2 hs$r 0dg2l


1

2p2

kBT
k

Z d2k
k4

s1 2 ei $k?s$r2$r 0dd (8)

and a dynamic correlator

Fs $r 2 $r 0, td 
1

2p2

kBT
k

3
Z d2k

k4 ei $k?s$r2$r 0ds1 2 e2vskdtd . (9)

(The lower and upper limits for these integrals arek 
pyj andk  pya, respectively.) The integral in Eq. (8
can be evaluated to give

Fos$r 2 $r 0d .
kBT
4pk

j$r 2 $r 0j2 ln

µ
j

j$r 2 $r 0j

∂
, (10)

showing the well known divergence with distance f
surfaces dominated by bending energy [4],Fosrd , r2.

Let us now turn to the time-dependent correlator whi
determines the relaxation profile ofSsq, td. The integral
in Eq. (9) is calculated forha3yk ø t ø hj3yk to
leading order [12] to give

Fs$r 2 $r 0, td .
∑

0.069

µ
kBT

k

∂ 1

2 kBT
h

t

∏ 2

3

2
1

12p

kBT
k

j$r 2 $r 0j2 ln

µ
k

4ha3 t

∂
1 fosj$r 2 $r 0jd . (11)

Here fo is a function only of j$r 2 $r 0j and thus con-
tributes only to the static structure factor. The seco
term has a logarithmic dependence on time which wo
be extremely hard to detect in experiment. The domin
time dependence is thus described by the first term wh
increases with time as,t2y3. This “anomalous diffusion”
will subsequently give rise to the stretched exponen
relaxation.

Using these results in Eq. (6), and performing the
maining integrals, we obtain the dynamic structure fa
tor of plaquettesat a given orientation(e.g., an oriented
lamellar phase) in the formSs $q, td  Ss $qde2sGqz td2y3

where
Gqz

 0.025skBT d3y2ysk1y2hdq3
z and whereSs $qd is the

static structure factor. Finally, in order to predict the r
laxation profile for sponge, powder lamellar, and vesic
phases, weaverageover the angle between$q and the sur-
face normal. This average is dominated by the region n
zero angle, i.e., whenqk ø 0 and qz ø q, but full inte-
gration is still required for an accurate description. T
result, for kykBT * 1, can be well presented [17] by
stretched exponential

Ssq, td . Ssqde2sGqtd2y3

, (12)

where

Gq  0.025gk

µ
kBT

k

∂ 1

2 kBT
h

q3. (13)

Here gk is a weak,monotonously increasing, function o
kykBT and approaches unity forkykBT ¿ 1. [To lowest
4790
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order gk . 1 2 3 lnsqjdkBTy4pk.] Note the familiar
scaling Gq , q3 and the anomalous dependence onk,
Gq , k21y2. Ssqd , q22 is the sponge typical static
structure factor [5] (in the regimeqj ¿ 1), describing
also the scattering from an isotropic phase of large di
or large vesicles.

The result (13) can be justified using a simple handwa
ing, scaling-type, argument. We focus on one membra
plaquette which is oriented perpendicular to$q, i.e., with
qz  q. To significantly relax density correlations in th
z direction, the membrane has to move in this directi
a distance of order1yq, implying an average undulation
amplitudeh , 1yq. Since, from Eq. (10),h , s kBT

k d1y2r ,
the lateral distance corresponding to this amplitude
r , s k

kBT d1y2q21. As k increases, one has to go furthe
away along the membrane in order to obtain the desi
amplitude. The Stokes-Einstein diffusion coefficient of
membrane sheet of this size isD , kBTyhr which leads
to Dsqd , kBT

h s kBT
k d1y2q. The relaxation rate is, as usua

given byGsqd , Dsqdq2, which leads immediately to the
same scaling as in Eq. (13).

The predicted stretching exponenta  2y3 is close
to the experimental fit valuea  0.7. The trend ofGq

to decrease with increasingk is also consistent with
experiment. The latter behavior has been observ
[6] using three different systems: (i) SDSypentanoly
waterydodecane, (ii) C12E5yhexanolywater, and (iii)
SDSyoctanolybrine, for which k has been estimated
independently from dynamic light scattering spectra
concentrated lamellar phases [6,18] (yielding the valu
2, 3, and4kBT , respectively). Thesmall, nontrivial,
numerical prefactor in Eq. (13) is remarkably close to t
experimental value (e.g., the agreement is within 20%
the system SDSyoctanolybrine wherek . 4kBT ). This
numerical factor is very different from the one predicte
by the Kawasaki mode coupling theory (1y16, with no
k dependence). The experimental accuracy does
allow us, however, to quantitatively verify our predictio
Gq , k21y2. Our theory predicts a similar stretche
exponential profile also for anoriented lamellar phase
with qz ¿ skBTykd1y2qk. Experiments on sufficiently
dilute systems [6] at largeqz are not yet available.

It is interesting to note that the static structure fa
tor (t  0) obtained from Eqs. (6)–(10) is identical t
the one derived by Ramaswamy, Prost, and Lub
sky [19] for the single membrane contribution to th
scattering from lamellar phases. However, Ramaswa
et al. [19] claim that, in order to discuss thedynamicsof
concentration fluctuations, the equations describing me
brane undulations are not important since they have to
coupled to a membrane mass conservation law. He
they conclude that the result of the mode coupling theo
[9] Gq , skBTyhdq3 is also correct for the sponge and
lamellar phases in the limitqj ¿ 1. Both our predictions
and the experimental results [6] are at variance with t
conclusion. Although we do not conserve exactly me
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e,
brane material in each plaquette, in conjunction with
approximate transformation from Eq. (1) to Eq. (2), t
error made in this approximation can be shown negl
ble. The general mode coupling approachshouldapply to
the regimeqj ø 1 of the sponge where the waveleng
is much longer than the individual cells building up th
sponge. This regime has been studied elsewhere [20]

Another interesting point is that a similar stretched e
ponential decay of the dynamic structure factor, with
exponenta  2y3, appears for bothflexible1D [13] (lin-
ear) and 2D (membranelike) polymers [12] obeying t
Zimm model. The counterpart of the undulations cor
lator kfhs$r , td 2 hs$r 0, 0dg2l appearing in our calculation i
the segment-segment correlator [13]kf $Rmstd 2 $Rns0dg2l
(Rn is the position of polymer segmentn). The expres-
sions for the dynamic correlators are very similar in the
three cases leading to the apparently universal decay
e2sGqtd2y3

. In fact, the expected scalingGq , q3 can be
reconciled with Eq. (6), or with the analogous equatio
for flexible polymers [12,13], which are quite gener
and assume only Gaussian fluctuation statistics, onlya

takes the value2y3. Yet for flexible polymers the effec
tive relaxation rate has the more familiar temperature
pendenceGq ~ kBT . This is because in the Zimm mode
of polymers the segment spring constant is of entropic
gin and is thus proportional tokBT with no dependence on
any other free-energy parameters.

A somewhat different relaxation is found for semiflex
ble rodlike polymers [21], which are the 1D analog of t
semiflexible membranes discussed here. The bending
ergy is described in a similar way to Eq. (3), with a 1
integral replacing the 2D integral and with a bending mo
ulus k which has dimensions of energy3 length. Equa-
tion (5) still describes correctly the undulation correlati
function kh $kstdh2$ks0dl using, however,vskd , k

h k4 in-
stead of Eq. (4). Following the same approach as
membranes leads to [12,21]Ssq, td , e2sGqtd3y4

, where
Gq , s kBT

k d
1

3
kBT
h q8y3.

To conclude, using the Helfrich bending free energy
describe membrane undulations we have explained b
the stretched exponential decay of the sponge and pow
lamellar dynamic structure factors, and the anomal
dependence of the effective relaxation rate on bend
stiffness. A similar behavior is predicted for scatteri
from large vesicles and from an oriented lamellar ph
at largeqz . Our predictions provide a novel quantitativ
method for measuring the bending stiffness of membra
in bulk phases. This can be extremely useful sin
knowledge of this quantity is often hampered by lack
accuracy and conflicting results from different techniqu
[22]. The structure factor can be often detected e
outside the range of light scattering, e.g., by neutron s
echo which widens up the possible applicability of th
method.
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Note Added.—Some of our results are similar to thos
obtained by Frey and Nelson [J. Phys. I France1, 1715
(1991)] using a renormalization group approach.
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