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We present a theory of the nonlinear optical response of cavity embedded interacting electron systems
which does not rely on semiclassical factorization. The theory provides a unified basis for understanding
nonlinear quantum dynamics in cavity embedded quantum wells. Nonclassical behavior of transmitted
light is found. [S0031-9007(96)01797-8]
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The atom-cavity system has been used to investi
quantum dynamical processes for open quantum sys
in a regime of strong coupling and to explore quant
behaviors that have no classical counterparts [1]. W
the development of crystal growth technologies, it has
come possible to investigate cavity embedded interac
electron systems [2–6]. Cavity quantum electrodynam
(cavity QED) effects have been observed by placing qu
tum wells (QW’s) in a semiconductor planar microcav
[2,7]. The QW exciton-cavity system has some fundam
tal differences with respect to the much simpler two le
atom-single mode cavity system; however, coherent
ear dynamics of the two systems is very similar des
the complexity of the electronic states of the semicond
tor. In fact, a weak light beam of given wave vector c
excite only one-exciton states, and, owing to the con
vation of the in-plane momentumk, only the exciton state
with the same wave vector of incident light interacts.
situation similar to linear dynamics of two level atoms
a single mode microcavity is thus reproduced. Nonlin
dynamics does not maintain the simple picture of two c
pled fields. Furthermore the source of nonlinearities in
level atoms comes from saturation, while excitonic non
earity comes also from Coulomb interaction between e
trons. As a consequence a more complex situation and
phenomena are expected exploring nonlinear dynamic
interacting electron systems in the strong coupling regi
Recently a first principle semiclassical theory of nonlin
response for a two band semiconductor model has b
given in [8,9]. The theory, applied to four-wave mixin
in quantum wells, provides a unified basis for understa
ing a wide range of observed phenomena. Quantum
tical effects and manifestation of nonclassical dynam
have been predicted [10,11] and observed [12,13] exp
mentally in atom-cavity systems also for a large num
of atoms. The nonlinear behavior of the strongly coup
exciton-cavity system [14] opens a new and versatile
of exploring quantum dynamics in mesoscopic syste
Time resolved photon statistics during normal mode c
pling in a semiconductor microcavity has been rece
measured [15].

A full quantum mechanical description of light in inte
action with a confined polarizable medium, in the line
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regime, has been given in [16]. Here we present a the
of the nonlinear optical response of an interacting elect
system which does not rely on the semiclassical fact
ization. This opens a promising connection between
physics of collective excitations and quantum optics. T
theory provides both information on quantum correlatio
of emitted photons, predicting quantum optical effec
and a first principle description of those well-known no
linear phenomena in exciton physics as four-wave mix
and hyper-Raman scattering. The system which we
vestigate consists of a quantum well (QW) grown inside
semiconductor planar Fabry-Perot resonator. We treat
cavity field within the quasimode approximation, the ca
ity field is quantized as though the mirrors where perfe
and the resulting discrete modes are coupled phenom
logically to the external continuum of modes [17]. Th
eigenstates of the HamiltonianHph of the cavity modes
are written asjn, ll, wheren indicates the total numbe
of photons in the state andl ­ sk1, s1; . . . ; kn, snd is a
label specifying wave vectork and polarizations of each
of the n photons. The statesjEN ,al with energyvN ,a of
the HamiltonianHc of the usual semiconductor model ca
be labeled according to the numberN of eh pairs [9,18].
The statejEN­0l is the semiconductor ground state. Th
N ­ 1 subspace is the exciton subspace with the ad
tional quantum numbera ­ sn, s, kd. The set of states
with N ­ 2 eh pairs determines the biexciton subspac
The interaction of the electron system with cavity mod
is given in the usual rotating wave approximation by

HI ­ ih̄
X
n,k

V p
n,ka

y
k Bn,k 1 H.c., (1)

where the operatora
y
k creates a photon state withk ;

sk, sd and energyvk ­ sv2
0 1 y2k2d1y2, y being the ve-

locity of light inside the cavity,B
y
n,k creates an exciton

state with the same wave vector and polarizationk and
energyv1,n,k. Vn,k is the photon-exciton coupling coef
ficient enhanced by the presence of the cavity [19]. T
dephasing of the semiconductor excitations is introduc
phenomenologically, by assuming a reservoir at zero te
perature, while the linear coupling of cavity modes wi
the external modes provides both the damping and
© 1996 The American Physical Society
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input optical pumping of the cavity modes [17]. For
coherent input beam, the driving of cavity modes is d
scribed by the following Hamiltonian term

Hp ­
X

k

Eksay
k 2 akd , (2)

where Ek are the amplitudes of the coherent drivin
fields. The dynamical evolution of the coupled syste
is governed by the expectation values of the follo
ing product Hubbard operators:̂XN ,a;M,bŶn,l;m,m, where
X̂N ,a;M,b ­ jEN ,al kEM,bj, Ŷn,l;m,m ­ jn, ll km, mj. Hub-
bard operators can be used to express the exciton [9]
photon operators. From the form of the interaction and
the pump Hamiltonian, the expectation values of these
erators can be expressed as a power series in the ext
field

kX̂N ,a;M,bŶn,l;m,ml ­
i0X

i­0

kX̂N ,a;M,b Ŷn,l;m,mlsN1M1n1m12id

1 OsE N1M1n1m12i012d . (3)

Equation (3) is of great relevance for the following ca
culations, since it provides a truncation scheme ba
on powers of excitation strength. A similar truncatio
scheme, in the semiclassical framework, was first
ploited by Axt and Stahl [20], and Victor, Axt, and Stah
a
e-

g
m
-

and
of
p-
rnal

l-
ed
n
x-
l

[21]. The state of the quantum system is defined by
density operator and a master equation describing its t
evolution. The full analytic solution of such an equatio
is not known even for the much simpler two level atom
single mode cavity system [11]. Instead of solving t
master equation, we consider the equation of motion
the expectation values of system operators of interest
to a given order. We start by considering the polarit
linear dynamics writing the coupled equation of motio
for kakls1d ­ kX̂0;0Ŷ0;1,kls1d and kBn,kls1d ­ kX̂0;n,kŶ0;0ls1d.
We obtain

≠

≠t
kakls1d ­ 2g0

kkakls1d 1
X
n

Vn,kkBn,kls1d 1 Ek , (4a)

≠

≠t
kBn,kls1d ­ 2G0

n,kkBn,kls1d 2 Vn,kkakls1d. (4b)

In these equationsg0
k ­ g 1 ivk , whereg is the cav-

ity damping, assumed for simplicity independent on t
mode, and analogouslyG0

n,k ­ G 1 iv1,n,k. In the fol-
lowing we will show as a unified description of the low
est order nonlinear quantum dynamics of the system
be obtained in terms of the solutions of linear equatio
(4) and of the two particle correlation functionskakak̃ls2d,
kBn,kak̃ls2d, andkBñ,k̃Bn,kls2d, obeying the following set of
coupled equations
ned by

cide

zation:
an
≠

≠t
kakak̃ls2d ­ 2sg0

k 1 g
0
k̃d kakak̃ls2d 1

X
n

sV p
n,k̃kakBn,k̃ls2d 1 V p

n,kkak̃Bn,kls2dd 1 Ek̃kakls1d 1 Ekkak̃ls1d, (5a)

≠

≠t
kak̃Bn,kls2d ­ 2sG0

n,k 1 g
0
k̃d kak̃Bn,kls2d 1 Ek̃kBn,kls1d 2 Vn,kkakak̃ls2d 1

X
ñ

V p
ñ,k̃kBñ,k̃Bn,kls2d, (5b)

≠

≠t
kBñ,k̃Bn,kls2d ­ 2sG0

n,k 1 G
0
ñ,k̃d kBñ,k̃Bn,kls2d 2 Vñ,k̃kak̃Bn,kls2d 2 Vn,kkakBñ,k̃ls2d 1 R

s2d
n,k;ñ,k̃ , (5c)

whereR
s2d
n,k;ñ,k̃ is given by

R
s2d
n,k;ñ,k̃ ­

X
k0,b

V
s1d
n,k;ñ,k̃;k0;bkak0Bbls2d 2 i

X
b

c
s1d
n,k;ñ,k̃;bkX̂0;2,bls2d, (6)

with

c
s1d
n,k;ñ,k̃;b ­ sv2,b 2 v1,n,k 2 v1,ñ,k̃d kE1,ñ,k̃jBn,kjE2,bl , (7a)

V
s1d
n,k;ñ,k̃,k0;b ­ 2

X
n0

Vn0,k0 kE1,ñ,k̃j fBn,k, B
y
n0,k0g 2 dsn,kd;sn0,k0djE1,bl . (7b)

The equation of motion forkX̂0;2,bls2d reads

≠

≠t
kX̂0;2,bls2d ­ 2s2G 1 iv2,bd kX̂0;2,bls2d 2

X
n0,k0;n00,k00

Vn00,k00 kE2,bjBn0,k0 jE1,n00,k00 l kak0Bn00,k00ls2d. (8)

We stress that all deviations from semiclassical results in the two particle correlation functions are determi
Rs2d

n,k;ñ,k̃
; if it would be zero only trivial linear and semiclassical results would be obtained, i.e.,kak , ak̃ls2d ­

kakak̃ls2d 2 kakls1dkak̃ls1d ­ 0. Rs2d
n,k;ñ,k̃

can be considered a two exciton correlation force. The coefficients (7) coin
with those obtained in the semiclassical theory of nonlinear response in interacting electron systems [9], andRs2d

n,k;ñ,k̃
differs from the factor in the source term for the third order nonlinear response in [9] by semiclassical factori
if we make the replacementkak0Bn00,k00ls2d ! kak0ls1dkBn00,k00 ls1d in Eqs. (6) and (8), coincidence is achieved. So we c
4737
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conclude that the same interaction processes and so
of nonlinearities determines both semiclassical nonlin
response and quantum correlations. In particular, the
term in Eq. (6) is the phase space filling term, wh
the second term describes exciton-exciton interaction
biexciton effects [9]. The difference outlined abo
between the correlation force (6) in the quantum theo
and in the semiclassical approach is important. In fac
the semiclassical theory the correlation force is a kno
driving term, since it can be expressed in terms of
coefficients (7) and of the linear response solutions.
the quantum theory the correlation force depends
the two particle correlation functionskakBn,k 0ls2d that it
affects. As a consequence a self consistent calcula
is required in order to solve Eq. (5). Equation (5) c
be interpreted as the extension to interacting elec
systems of Eq. (4) of Carmichaelet al. [11], describing
quantum dynamics ofN two level atoms in a single
mode cavity. We stress the importance of the excit
exciton correlation force and of two particle correlatio
for the nonlinear quantum dynamics of the system. In
following we consider some examples which show h
nonlinear quantum dynamics can be described in term
two particle correlation functions.

Four-wave mixing.—If the system evolves as a pu
state, the expectation values of Hubbard operators ca
written as

kX̂N ,a;M,bŶn,l;m,ml ­ kX̂0;N ,a Ŷ0;n,llp

3 kX̂0;M,bŶ0;m,mlykX̂0;0Ŷ0;0l . (9)

By using this expression and Eq. (3) we obtain the
pendence of third order polarization on two particle c
relations in a simple form. Third order polarization
proportional tokBn,kls3d. Polariton dynamics implies tha
the exciton field generated by a nonlinear source t
propagates exchanging energy with the cavity field. T
coupled propagation up to the third order is described
the following equations:

≠

≠t
kakl ­ 2g0

kkakl 1
X
n

Vn,kkBn,kl 1 Ek , (10a)

≠

≠t
kBn,kl ­ 2G0

n,kkBn,kl 2 Vn,kkakl

1
X
ñ,k̃

kBñ,k̃ls1dpR
s2d
n,k;ñ,k̃ . (10b)

The nonlinear source term in Eq. (10b) depends on the
relation force and hence on two particle correlations. T
coupled propagation of the nonlinear excitation leads to
coherent oscillations in four-wave mixing observed exp
mentally [14]. The nonlinear source term in Eq. (10b) c
incides with the corresponding term in the semiclass
theory [9] if quantum correlations are neglected. Howev
we can notice that four-wave mixing is generated by
same correlation force determining two particle quant
4738
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correlations; as a consequence, deviations from semic
sical results and renormalization effects [22] are expec

Hyper-Raman scattering.—The hyper-Raman proces
can be schematically described as follows: two incid
photons of given wave vectork1, k2 drive the cavity
modes via the Hamiltonian term (2) which, interactin
with the electron system, create a two electron-hole p
state which annihilates to create a one electron-hole
state and one photon of different wave vectorsk and
k̃ such thatk 1 k̃ ­ k1 1 k2 [23]. In contrast to the
four-wave mixing, this process can be described only
a full quantum mechanical approach, since the last s
in the above description, i.e., the spontaneous brea
of the two electron-hole pair state is not allowed
the semiclassical theory. The correlation force driv
the process, generating two particle correlations, w
wave vectorsk, k̃ such thatk 1 k̃ ­ k1 1 k2, which
determine light emission in thek and k̃ directions. The
hyper-Raman spectrum is given by the inelastic part of
spectrum of the fluorescent light,

Toutsvd ­ 2gout

Z
dt eivtkay

k std, akst 1 tdlss , (11)

where the subscriptss indicates steady state andgout is the
loss coefficient of the output mirror, for a symmetric cav
gout ­ gy2. According to the quantum regression the
rem, two time correlation functions askay

k std, akst 1 tdl
obey the same equations askakstdl, with initial conditions
given by the equal time correlation functionskay

k , akl and
kay

k , Bn,kl. By expanding equal time correlation function
in terms of Hubbard operators and using Eqs. (3) and
we obtain

kay
k , akls4d ­

X
s̃

jkak , ak̃ls2dj2 1
X
ñ,s̃

jkak , Bñ,k̃ls2dj2,

(12a)

kay
k , Bn,kls4d ­

X
s̃

kay
k , a

y

k̃ ls2dkak̃ , Bn,kls2d

1
X
ñ,s̃

kay
k , B

y

ñ,k̃ls2dkBñ,k̃ , Bn,kls2d, (12b)

wherek̃ ­ k1 1 k2 2 k. The integrated hyper-Rama
emission is proportional to expression (12a). We not
that, to calculate the spectrum at fourth order (seco
order in the incident intensities) by the quantum regress
theorem, it is sufficient to consider the equations
kakstdl and kBn,kstdl up to the third order [Eq. (10)]
Resonances and quantitative evaluations of such spe
will be given in a forthcoming paper; here we ha
shown the relation between hyper-Raman emission
two particle correlation functions, solution of Eq. (5).

Squeezing.—The exciton-exciton correlation force ca
induce quantum correlations between photons, leadin
nonclassical effects. Let us consider, as an exam
the output spectrum of squeezing for an incident be
at normal incidencek ­ 0 and of given polarization
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(i.e., 1), with energy vp ­ vk50. We also consider
light emission along the same direction and with t
same polarization of incident light. The output spectru
of squeezing is proportional to the Fourier transfo
of the time-ordered and normally ordered correlati
function [24] Tk: A1std, A1 :lss, whereA1 is a quadrature
component, which we choose in phase with the driv
field: A1 ­ a0 1 a

y
0 . We consider a cavity at zer

detuningv1,n­1 ­ v0, wheren ­ 1 indicates the heavy
hole 1S exciton level, and present a simple analytic
approximation avoiding self consistency. If deviatio
from semiclassical results are not large, we can so
Eq. (5) by considering the correlation force as a kno
term, making inR

s2d
n,k;ñ,k̃ the replacementkak0Bn00,k00ls2d !

kak0 ls1dkBn00,k00ls1d. Furthermore, since only a (1) polarized
incident beam is considered, bound two electron-hole p
states cannot be created, and we can neglect the fo
force correlation function [second term in Eq. (10)
[9] ]. By assumingv1,nfi1 2 vp ¿ G, g we obtain up
to the first nonzero order

k: A1s0d, A1s0d :ls2d
ss ­ ka0, a0ls2d

ss 1 c.c.

­ 22
G

g 1 G

V 2
1

gG 1 V 2
1

3

µ
N

2Npsf
1

N
Nexch

∂
. (13)

In this expression, showing a noise reduction ofA1
below the noise level of a coherent state,NyNpsf and
NyNexch depend on the density of excitons generated
the pump beam and coincide with the intensity depend
corrections to the exciton susceptibility [25]. If Coulom
interaction goes to zero1yNexch becomes zero and (13
coincides with the corresponding expression for theN
atoms-cavity system obtained in [26] in the limit o
weak driving fields. According to the quantum regress
theorem, in order to calculate the spectrum of squeez
at second order, one has to solve linear Eq. (4) w
initial conditions given byka0, a0ls2d

ss andkBn,0, a0ls2d
ss . The

output spectrum of squeezing can be easily obtained
adiabatic elimination of the variables corresponding to
of resonance exciton levelsn fi 1. It reads

Soutsvds2d ­ gk: A1s0d, A1s0d :ls2d
ss

Ḡ

V̄

3

∑
2V̄ 2 v

Ḡ2 1 sv 2 V̄d2
1

2V̄ 1 v

Ḡ2 1 sv 1 V̄d2

∏
,

(14)

where2V̄ is the Rabi splitting of the exciton-cavity sys
tem andḠ ­ sG 1 gdy2 is the normal modes linewidth
We expect this effect to not be easy to be observed
perimentally, since noise from thermalized electrons a
holes can destroy squeezing. However, for systems w
V1ysg 1 Gd ¿ 1, the Rabi peaks are well separated a
the energy of the incident beam, between the Rabi pe
e
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at vp ­ v1,1 ­ v0, is out of the Rabi splitted reso
nances, hence, no real population is generated and t
malization effects can be strongly lowered; in additio
squeezing increases by increasingV1ysg 1 Gd if the den-
sity of excitonsN is maintained constant by adjusting th
intensity of the incident beam [see Eq. (13)].
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