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Gravitational Instantons and Minimal Surfaces
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We show that for every minimal surface inE3 there is a gravitational instanton, an exact
solution of the Einstein field equations with Euclidean signature and anti-self-dual curvature. The
explicit metric establishing this correspondence is presented and a new class of exact solutions are
obtained. [S0031-9007(96)01786-3]

PACS numbers: 04.20.Jb
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Einstein field equations for anti-self-dual gravitation
fields with Euclidean signature reduce to a complex ellip
Monge-Ampère equation [1]. On a complex manifoldM
of dimension 2, this equation is given by

s≠≠ud2 ­ k p1 , (1)

whereu is the Kähler potential,≠ denotes the holomorphi
exterior derivative, the bar denotes complex conjugati
andp1 is the volume element onM . Herek is a constant
which determines the character of this equation, namel
is elliptic for k . 0 and hyperbolic ifk , 0. For k ­ 0
we have the complex homogeneous Monge-Ampère eq
tion which plays a prominent role in the theory of functio
of two complex variables as it is the direct generalizat
of Laplace’s equation [2]. The complex elliptic Mong
Ampère equation is the Einstein field equation govern
instantons [3–9]. It is a formidable equation; howev
some progress can be made by looking at its reduc
in less than two complex variables. Well-known insta
ton solutions such as the Eguchi-Hanson [5] and Gibbo
Hawking [6] solutions can be obtained from a reduction
Eq. (1) in one real variable [7]. In this Letter we shall co
sider a reduction of the complex Monge-Ampère equat
in two real variables. One possibility, which is rather nai
but nevertheless very fruitful, is to simply assume that
Kähler potential depends only on the real parts of the t
complex coordinates. For another reduction see [10].
if we lay down a local coordinate system onM with two
complex coordinatesz 1 ­ t 1 iz, z 2 ­ x 1 iy and as-
sume thatu ­ ust, xd only, then we are led to the Kähle
metric

ds2 ­ uttsdt2 1 dy2d 1 uxxsdx2 1 dz2d

1 2utxsdtdx 1 dydzd (2)

and the Kähler 2-form

v ­ uttdt ^ dy 1 uxxdx ^ dz

1 utxsdx ^ dy 1 dt ^ dzd (3)

which is closed. Now from the reduction of the compl
Monge-Ampère equation (1) we obtain
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uttuxx 2 u 2
tx ­ k (4)

as the only Einstein field equation governing this class
anti-self-dual solutions. The two-dimensional real Mong
Ampère equation with constant right hand side (4) adm
multi-Hamiltonian structure [11] which, by the theorem
Magri [12], provides proof of its complete integrability
Furthermore, Eq. (4) is equivalent to the equation
minimal surfaces in the elliptic case [13], whereas in t
hyperbolic case it corresponds to the Born-Infeld equat
[14]. Using this correspondence, we can write the me
for a class of instantons in the form

ds2 ­
k 1 f2

tq
1 1 kf

2
t 1 f2

x

sdt2 1 dy2d

1
1 1 f2

xq
1 1 kf

2
t 1 f2

x

sdx2 1 dz2d

1 2
ftfxq

1 1 kf
2
t 1 f2

x

sdtdx 1 dydzd , (5)

whereby the Einstein field equations reduce to the class
equation

s1 1 f2
x dftt 2 2ftfxftx 1 sk 1 f2

t dfxx ­ 0 (6)

governing minimal surfaces ifk ­ 11, or the Born-Infeld
equation fork ­ 21. Hence we have the following:

Theorem.—For every minimal surface inE3 the metric
(5) provides an instanton solution of the Einstein fie
equations with Euclidean signature and anti-self-du
curvature.

The proof of this theorem consists of a straightforwa
check that for the metric (5) the only Einstein fie
equation is given by Eq. (6) governing minimal surfac
in E3, and, provided that it is satisfied, the curvature
form is anti-self-dual.

Examples of instanton metrics that we can obta
through this correspondence are given by

ds2 ­
1
r

fsdr 1 r tanudud2 1 sdR 1 r tanudfd2

1 r2sdu2 1 df2dg (7)
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ds2 ­
1q

1 2
a
r2

∑
dr2 1 sr2 2 addu2

1

µ
1 2

a
r2 cos2 u

∂
dy2 1 2

a sinu cosu

r2 dydz

1

µ
1 2

a
r2

sin2 u

∂
dz2

∏
, (8)

which is an asymptotically Euclidean metric that corr
sponds to the catenoid or the helicoid minimal surfac
depending on

a ­ a2
c , a ­ 2a2

h , (9)

respectively.
Finally, there is a remarkably simple instanton metr

that contains an arbitrary analytic function

ds2 ­ jsdt2 1 dx2 1 dy2d 1
1
j

sdz 1 hdyd2, (10)

wherej andh are conjugate analytic functions satisfyin

jt ­ 2hx , ht ­ jx , (11)

the Cauchy-Riemann equations.
In the hyperbolic case we can use the corresponde

between the Born-Infeld equation and the real hyperbo
Monge-Ampère equation in two dimensions [14] to writ
the metric in the form

ds2 ­ V fsdx 1 Udtd2 1 sdz 1 Udyd2g

2
1
V

sdt2 1 dy2d , (12)

where U, V satisfy the two-dimensional gas dynamic
version of the Born-Infeld equation [15],

Ut ­ UUx 1 V 23Vx ,

Vt ­ sUV dx , (13)

as the Einstein field equations. These are the same as
Euler equations for Chaplygin gas with adiabatic inde
g ­ 21. The multi-Hamiltonian structure of the Born
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Infeld equation [15] is one of the richest of its kind, and i
complete integrability is therefore well established. It ca
be solved by the classical hodograph method and from
hodograph solution of Eqs. (13), we arrive at the metric

ds2 ­ s f 2 gd sdt2 2 dx2 2 dy2d

1
1

f 2 g
fdz 1 s f 1 gddyg2, (14)

wherefsx 1 td andgsx 2 td are two arbitrary functions.
This solution is analogous to (10).

We have established that every solution of the equat
for minimal surfaces inE3 gives rise to an instanton
solution of the Einstein field equations. This is a ve
large class of solutions which is impossible to explo
fully in this Letter. We shall provide an exhaustive lis
in a forthcoming publication.

I thank Professor E.̇Inönü for his kind interest in this
work.
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