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Continuous Shear Thickening and Colloid Surfaces
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We elucidate the basic physics of shear thickening in colloids from the viewpoint of the dissipativ
interactions between close approaching particles. With just hard-sphere lubrication, Brownian sphe
show a logarithmic thickening at high stresses. We use a model of interactions due to porous surfa
to show that thickening is enhanced by stronger dissipative surface forces, and compare successf
simulation with experiment. The onset of thickening is sensitive to the degree of order and history
shear. [S0031-9007(96)01743-7]
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Dense colloidal suspensions at high shear rates exh
thickening effects: a rise of viscosity with increasing she
rate. At volume fractions approaching close packin
discontinuous thickening with a large jump in viscosit
can occur at a critical stress; however, at lower volum
fractions and lower stresses a more continuous rise is o
reported. Many systems show thickening [1], includin
colloids of monodisperse spherical particles [2,3].

The microstructural origins of thickening are not re
solved. Some have seen it as a general feature of none
librium phase diagrams [4] resulting from an increase
particle Reynolds number, others as a mechanical ins
bility of layered flow [5]. Some theories [2,5] emphasiz
the competition between conservative repulsive forces a
hydrodynamic forces. Some have speculated on the r
of Brownian forces [3,6,7] either as a source of mecha
ical instability of layer flow [7] or as relaxation mecha
nisms for clusters [3]. Thickening has been seen in
number of molecular dynamics simulations [4,8], but
simulation study of colloids [9,10] showed thickening an
clustering due to divergent lubrication interactions.

In this Letter, we will show that thickening is par
ticularly sensitive to the near field interparticle dissip
tive interactions. We point out that these interactio
need be included to quantitatively understand experim
and that measurements of thickening are probes of th
interactions.

We think that the fundamental origins of thickening i
colloids is evident in the behavior of particle system
with only dissipative interactions. We have recent
shown [11] that at high concentrations such syste
do not reach a steady state under shear due to ra
collapse of interparticle gaps at low applied strains.
kinetic clustering theory [12] based on the shear induc
growth of rigid rodlike clusters down the compressio
axis predicts this rapid collapse and defines a jamm
transition at a volume fraction below close packing
which an infinite cluster gels at low strain before it ca
tumble. Such a jam is likely the origin of discontinuou
shear thickening. In the presence of other interactio
0031-9007y96y77(22)y4660(4)$10.00
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the onset of jamming is probably sensitive to bot
applied stress and volume fraction. This Letter wi
explore continuous thickening in which Brownian an
conservative forces lead to steady states in regions outs
that where jamming occurs.

We now introduce our simulation technique and par
cle models. Modeling the flow of particles concentrate
in a hydrodynamic medium is a significant challenge. Th
most studied algorithm [9] involvesOsN3d inversions of
matrices [10]. In the limit of high shear rates and conce
trated systems where shear thickening occurs, the div
gent hydrodynamic interactions due to the relevant moti
of the surfaces of close particles must dominate the res
tance to particle motion. We retain just these near fie
two-body terms in our model. Others have made a sim
lar approximation [13,14] but the scope of our results
unprecedented.

For hard spheres, these near field dissipative inter
tions are well known. They can be divided into squee
modes—the leading divergent interaction—along the lin
of centers and modes arising from the transverse mot
of neighbors. To leading order in the intersurface ga
the Reynolds lubrication squeeze mode force on a parti
i is given by

fi ­ 2
X

j

s3pmd2y8hijd fsvi 2 vjd ? nijgnij

1 Ossslns2yhijdddd , (1)

wherem is the viscosity of the solvent, the sum is ove
nearest neighbor particlesj, hij is the gap between the
surfaces,nij is the unit vector along the line of centersi
to j, and vi , vj are the particle velocities. We included
additional logarithmic nonanalytic terms [15] for the
squeeze, shear, and rotation modes. The hydrodynam
colloidal, and Brownian force and torque balance on ea
particle to give the equation of motion

2R ? V 1 FC 1 FB ­ 0 . (2)

The hydrodynamic force and torquesR ? V are related
linearly to the 6N velocityyangular vectorV by the
© 1996 The American Physical Society
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resistance matrixR formed from a sparse sum of terms
such as (1). Flow is driven by Lee-Edwards period
boundary conditions [16] on the velocity field. Neares
neighbors are identified by the construction of Delauna
tetrahedra [17]. Each time step, Eq. (2) was solved f
V by conjugate gradient techniques (note inversion ofR
leads to a long-ranged and many body mobility matrix
We use a variable time step such that particles nev
overlap.

For Brownian simulations we generate random forc
and torque FB on each particle through a sum o
weighted pair terms on each bond such that they obey
fluctuation-dissipation theorem:kFBFBl ­ 2kTR. Terms
in the gradient of the diffusion tensor are included by us
of an orderdt2 algorithm for the particle trajectory and
the computation of stress at the half time step positio
leads to devatoric Brownian contributions.

In this Letter, we will use two models of the surfaces o
colloid particles. The first is Hookian spheres with con
servative repulsive forces represented by linear repuls
springs around a hydrodynamic hard sphere with dissip
tive interactions given by (1). Between particlesi and j
separated byrij the spring force is

fc
ijsrd ­ 2nijfF0 2 sF0ydcdrijg if r , dC . (3)

Note dcy2 sets how much the thermodynamic volum
fraction FT , that measured by the second virial co
efficient, exceedsF, that set by the divergence of
(1). We define a dimensionless spring constantK ­
sF0ydcdys Ùgmdd, where Ùg is the applied shear rate, and
a dimensionless shear rateW:

W ­ Ùgmd2yF0 . (4)

For stiff springs,W ø 1, these set a minimum gap
between particles atdc. We mimic a dissipative surface
layer (see below) by introducing anad hoc power
law divergence to the viscosity insidedc by simply
multiplying (1) and the shear terms by a factor

1 1 shijydcdb for hij , dc (5)

The linear springs have a maximal compressive loa
which when exceeded determines a collapse of the spr
into the regime of enhanced dissipation.

The second model we take from the literature [18,19
It models a porous polymer coat on particles. Th
conservative part of this interaction has the form

fc
ijsrd ­ 2QskTyddnijfs2dcd25y4 2 shijd25y4g,

if r , dc . (6)

The scale parameterQ ­ 2PkfsGd2d9y4 saydd15y4g with
G the number of chains per unit area,a the polymer
monomer size, andk a constant; here we will quoteQ
as a single lumped parameter.
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The dissipative part is that of fluid flow through
polymer coat described by the Brinkman equation—th
enhances the dissipation over (1). An expression
recently been given [19]. The strength of the dissipati
force is controlled by a nominal porosity length scalejp

(strictly within the original model, this is related to th
polymer correlation length of the coat; however, here w
allow it to vary independently). Figure 1 shows a plot
the squeeze mode of this interaction; it is overall strong
than (1) but while around the regime of contact of the co
this force grows more steeply than (1), in the regime
compressed coats its divergence is weaker than (1). Th
are other physical mechanisms which may lead to visc
interactions differing from (1)—but we ignore these.

First, we report on thickening of Brownian an
Hookian hard spheres with Reynolds lubrication (1). B
applying conditions in which the particles under flo
approach ever closer, in one case with a shortening
the surface spring and in the other by increasing
stress, we find a thickening which varies as a logarith
of the inverse of the interparticle gap. Figure 2 show
the hydrodynamic contribution to the viscosity from
simulations at volume fractionsF ­ 0.48 and 0.51.
For Brownian spheres this is plotted against the str
while for the Hookian spheres it is plotted againsts1ydcd
where a stiff springK ­ 106 is set buts its length varied
as a direct control of the interparticle gaps. In th
latter case, the viscosity increases despite a decreas
thermodynamic phase volume. In the Brownian ca
the inverse dimensionless stress is also a length scaledB,
characteristic of close approach. Equating the Brown
forces between a pair of particleskTydB to that due to the

FIG. 1. The dissipative force law of Refs. [19,20] and Eq. (
of the text plotted against the gap between a pair of partic
The force is divided by the product of the relative veloci
down the line of centers and solvent viscosity. Curv
bottom to top: Eq. (1), then with coats 0.01 diameters thi
and jpyd ­ 0.001, 0.0008, 0.0006, . . . , 0.0002 diameters; the
vertical line indicates contact of the coats.
4661
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FIG. 2. Thickening effects atF ­ 0.48 (squares), 0.51 (cir-
cles) the hydrodynamic contribution to the viscosity plott
against hH Pe for Brownian spheres (closed symbols) a
1s2dcydd for Hookian spheres (open symbols). Inset: the p
diction (7) for the peak position in ratio to that in the actu
distribution plotted against Peclet.

hydrodynamic shear stresssHd2, whered is the particle
diameter, determines

dByd ø kTysHd3 ø 1yhHPe, (7)

where we have introduced the shear rate Pe as
Peclet number andhH the hydrodynamic contribution
to the viscosity relative to that of the solvent (dByd
is the boundary layer thickness where convection a
diffusion balance). We examined the distribution of t
gaps between nearest neighbors. For Pe. about 10 a
broad peak appears in this distribution at small ga
and becomes more distinct the higher Pe. In the in
of Fig. 2 we plot 1yhH Pe divided by the gap at this
peak—the data corroborate (7). Over the range we
able to study, the viscosity increases, but only logarithm
with Peclet. Note, there is no true second Newton
plateau in the data—even large Pe is relevant. Althou
we cannot rule out that the viscosity increase diminish
at even higher rates, it is a common misunderstand
that Brownian effects are irrelevant at high shear rat
Similar conclusions have been reached by the author
Refs. [9,10]. We find that varying repulsive conservati
forces does not enhance the logarithmic thickening of (

We now compare data for real colloids. In Fig. 3 w
show data for experiments on PMMA particles with PH
polymer coats [3] in two different solvents and silic
particles [20] all circa 0.5 core volume fraction. For th
PMMA particles, one of the solvents (II) was a po
solvent for the coat and this system shows a strong sh
thickening response (open circles and squares). We co
simulations of Brownian spheres with (1) and simulatio
with coats of thickness 0.01 (the order of the thickne
of the PHS coats) and porosity 0.0005 diameters
differing strengthsQ ­ 50, 10kTyd and compare with the
experimental data set at the volume fraction 0.49 in
4662
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poor solvent (II). It is clear that the gradual thickening
Brownian hard spheres with Reynolds lubrication cann
explain the experiment in solvent II—but the coat mod
with Q ­ 50kTyd does produce a thickening respon
quantitatively comparable. We do not claim to have sho
that the particular coat interaction is appropriate for t
particular system [3]—although we do use a conservat
force comparable to that measured [3] and the porosity
of the order of the interchain spacing for the system [
We have not examined the effect of changing the solv
quality directly. This will change the coat thicknes
porosity, and strength simultaneously leading to a comp
sensitivity which cannot be understood by simple scali
arguments (it may also change the surface roughness w
current models do not account for). We do conclud
however, that dissipation at contacting surfaces enhan
relative to that of hard spheres is necessary to exp
the degree of thickening in experiment and sufficien
described by the coat model.

There have been no previous predictions of rheolo
in 3D reported at this volume fraction with polymer co
models. In the shear thinning regime, the simulation d
lie in between the experiments both quoted at 0.5 volu
fraction. It is interesting to note the sensitivity to th
coat interaction in the thinning regime. The logarithm
thickening of the Brownian spheres is in contrast to t
high shear rate Newtonian plateau of the experiment
solvent I. However, such plateaus may be due to coat
is recovered in the simulations (Fig. 3) with coats in th
regime where the conservative forces are strong rela
to the applied shear forces.

Finally, we examine the role of order under flow i
thickening. Under flow, order exists for stiff and thic
enough surface “springs.” The thickening regimes
Fig. 3 are associated with a decline in order with increa
ing thickening—interestingly this is gradual througho
the thickening regime rather than a sharp order-disor
transition at the onset of thickening. At lower volum
fractions we can observe thickening in regimes without
der. We use the Hookian spheres to illustrate different s
narios. With this model, if particles are pushed togeth
such that the maximal forceF0 is exceeded, then this de
termines a sharp transition to viscous contacting surfa
with b . 0 and thickening. In the inset of Fig. 3 we fixe
dcyd ­ 0.01 and b ­ 4 and varied the shear rateW at
F ­ 0.55 and 0.48. AtF ­ 0.55 the system is ordered
under flow. If this system is sheared at a sequentially
creasing rate, then it is shear thinning up to the onse
thickening. The transition point, however, is history d
pendent: Starting each run from a disordered rest s
leads to an earlier onset. This occurs because stress
centration in disordered starting states is higher than in
ordered steady state. In contrast, atF ­ 0.48 the system
prior to thickening is disordered under flow and the su
den thickening is preceded by a gradual thickening. Th
different scenarios are a feature of experiment [3].



VOLUME 77, NUMBER 22 P H Y S I C A L R E V I E W L E T T E R S 25 NOVEMBER 1996

s-
s

r,
s

ate

n,
is,
s

:

.

is,

,
w
te

i.

p,

,
,

at
FIG. 3. Simulations ofN ­ 50 Brownian spheres atF ­
0.5: Brownian spheres with Eq. (1) (filled circles). Sphere
with the interactions of Ref. [18], and coat thickness 0.0
diameters; effective pore size 0.0005 diameters and osmo
force strength [see Eq. (7)]Q ­ 10 (filled triangles), 50kTyd
(filled diamonds). Experiments: 690 nm particles of Ref. [3
in solvent II and volume fraction 0.51 (0.49) unfilled circle
(squares); 1200 nm particles in solvent I (unfilled triangles
Dashed line Ref. [19] Inset: viscosity againstW for spring
coated spheres withdcyd ­ 0.01 at F ­ 0.48 (squares),
0.55 (circles). The closed symbols were from a fresh re
configuration at each shear rate, while the open symbols w
simulated under stepwise increase of shear rate.

Our view of thickening is that it is due to the close ap
proach of particles with strong dissipative interactions. W
differentiate between jamming and continuous thickenin
In the former case rigid percolating clusters exist, but in t
latter case any connection between thickening and the f
mation of finite rigid clusters remains to be clarified. Bot
conservative and Brownian forces may control the leng
scales of close approach of particles and hence the deg
to which near field dissipation is felt. The former ma
set a critical stress above which particle pairs contact w
high dissipation—this may lead to a jump to new stead
state with higher viscosity or even jamming. Thickenin
is not in principle an order-disorder effect—it can occu
out of disordered flow regimes. Our results indicate th
models without inertia are sufficient to explain thickenin
in colloid systems.

More generally, we note that the above and other r
sults suggest to us thatconcentratedcolloids inshear flow
can quite successfully be modeled withOsN2d simulation
techniques with just the divergent hydrodynamic intera
tions. This opens the prospect of systematic quantitat
studies of the role of particle surfaces in the bulk rheolog
of concentrated colloids.
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