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A relativistic generalization of a well-known method for approximating the dynamics of topolog
defects in condensed matter is constructed, and applied to the evolution of domain walls
cosmological context. It is shown that there are self-similar “scaling” solutions, for which one
in principle, calculate many quantities of interest without recourse to numerical simulations. Here
area density in the scaling regime is calculated in various backgrounds. Remarkably good agre
with numerical simulations is obtained. [S0031-9007(96)01779-6]
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Topological defects formed at a cosmological phas
transition are one of the two known ways of creatin
scale-free primordial density perturbations [1,2]. How
ever, unlike rival inflation-based models [3], analytic ca
culations have not yet made much impact. There do ex
analytic treatments of the defects and Goldstone mod
arising from the spontaneous breaking of global symm
tries [4,5], which are exact in the limit of largeN, where
N is the number of scalar fields, but they remain relative
undeveloped.

In this Letter a new technique is outlined which
promises to form the basis of an exact dynamical theo
for all topological defects described by a Nambu-Got
action. It is based on a method well known in th
condensed matter literature: theu theory of Ohta, Jasnow,
and Kawasaki [6], and its descendents [7]. In th
approach, the defects are replaced by a multicompon
scalar field (the “u” field) specially designed so that its
zeros track the positions of the defects. Although th
equations of motion are nonlinear, when combined wi
a Gaussian ansatz for the field probability distribution
they are susceptible to a mean-field theory treatment. O
can then calculate analytically many important quantitie
such as the defect density and correlation functions, pur
from the two-point correlation function of theu field,
which is itself calculable.

To apply this theory to cosmic defects, all that i
required is to make it relativistically covariant. The
fictitious field that replaces the defects still has a Gaussi
ansatz for its probability distribution function, and a
self-consistent and self-similar solution for the linearize
equations of motion can be found. With this in hand
one can calculate the defect density, using a generalizat
of well-known techniques, although the presence of tim
derivatives of theu field correlators complicates the
procedure somewhat. In principle one could then g
on to calculate more or less anything of interest: fo
example, in the cosmological context we would like t
know the two-time correlation functions of the cosmi
string stress-energy tensor [8]. However, in this Letter w
shall content ourselves with calculating the scaling valu
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for the area density of domain walls, in an approximatio
where one neglects the time derivatives of theu-field
correlation function. The results for walls are encouragi
when compared to the numerical simulations [9–11]. T
results for strings are more difficult to obtain, and will b
presented elsewhere [12].

Another feature of the theory is that it describes th
behavior of defects formed from initial conditions with
slight bias favoring one vacuum over another [10,11].
is found that the defects disappear at a conformal tim
hc  hisU2yku2lcd1yD whereU  kul is the initial bias
in the field, andku2lc the initial fluctuations around that
value. Indeed, part of the motivation for this work wa
to account for this behavior observed in some interest
simulations recently carried out by Larsson, Sarkar, a
White [11].

The essence of the technique is to replace the wa
with a real scalar field, which vanishes precisely at t
coordinates of the wallsXmssad, where m takes the
values0, . . . , D anda the values0, . . . , D 2 1. Thus we
begin with the equationusXmd  0. Differentiating once
with respect to the world-volume coordinatessa , we find

≠bXm≠musXd  0 . (1)

Thus the vector≠musXd is spacelike normal to the wall.
The embedding of thep brane in the background

space-time induces a metric in its world volume,gab 
gmnsXd≠aXm≠bXn, where gmn is the space-time
metric. Using the embedding metric we can cova
antly differentiate (1) by acting with the operato
s2gd21y2≠as2gd1y2gab to obtain

hXm≠mu 1 gab≠aXm≠bXn≠m≠nu  0 , (2)

where h is the covariant d’Alembertian and
g  det gab. The defect equations of motion ar
[1,2]

hXm 1 Gm
nrgab≠aXm≠bXn  0 , (3)

where G
m
nr is the affine connection. In Eq. (3) we ca

identify the tensorPk
mn  gab≠aXm≠bXn , which is the

tangential projector onto the wall. We can replace th
© 1996 The American Physical Society 4495
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by gmn 2 P'
mn , whereP'

mn  ≠mu≠nuys≠ud2. Using the
defect equations of motion (3) we may then write

fs≠ud2gmn 2 ≠mu≠nug s≠m≠nu 2 Gr
mn≠rud  0 . (4)

This is the fundamental equation of motion for the fieldu
which replaces the defects. It is actually unnecessary
this field has anything to do with the underlying Higg
fields, and so it may be called a “fictitious” field. I
other approaches, which apply to global defects, the Hi
field f is related to the fictitious field by the nonlinea
transformationfsx, td  fsud, where f solves the static
defect field equations as a function of the transve
coordinateu [7].

The equations of motion (4) are not easy to sol
as they are nonlinear. However, they have the dist
advantage over the original equations of motion (3)
that they are local. If one tries to solve (3) directly, o
must include the nonlocal processes of self-intersec
and reconnection. In numerical simulations this is ve
time consuming, and involves the introduction of
seemingly arbitrary parameterp, which is the probability
of reconnection. For strings, this is usually set to
following simulations of the full classical field theor
[13]. In the current approach, reconnection happens w
probability 1, provided theu-field configuration is smooth
This is an essentially geometric result. Where two wa
intersect, the spatial component of the normal to
surfaceu  0 changes direction discontinuously. If th
second derivative ofu exists,≠iu must therefore vanish
along the line of intersection, with no generic requirem
on ≠0u. Hence as the field evolvesu changes sign at the
intersection point, which means that the walls generica
reconnect or intercommute (see Fig. 1).

In order to solve the nonlinear field equations foru,
the approach taken in the condensed matter contex
essentially that of mean-field theory: bilinears in the fie
u are replaced by their averages. Thus one is assum
that the field is a Gaussian random field, and rema
so throughout its evolution. This seems a good start
point for the relativistic version as well, although it shou
be borne in mind that the approximation is not w
controlled.

We begin the mean-field theory manipulations by defi
ing the basic equal-time two-point correlation function:

kusx, hdusx0, hdl  Csjx 2 x0j, hd , (5)
where the angle brackets denote an average over a
tially isotropic Gaussian probability distribution function
We shall also defineMmn to be the equal-time two-poin

FIG. 1. The sign of theu field near the intersection of two
walls. Generically, the sign ofu changes at the intersectio
point as the intersection happens: hence the walls emerge
their connectivity changed.
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correlator of≠mu:

k≠musx, hd≠nusx0, hdl  Mmnsjx 2 x0j, hd . (6)

A two-point correlator with three derivatives will also be
useful:

k≠musx, hd≠n≠rusx0, hdl  gmnrsjx 2 x0j, hd . (7)

When referred to with no explicit spatial variables, th
correlators are to be taken at zero separation. In th
coincident limit, the assumed spatial isotropy of th
distribution function dictates their forms. The nonzer
components ofMmn are

M00  T shd, Mmn  Sshddmn , (8)

wherem, n  1, . . . , D, and the nonzero components o
gmnr are

g000shd 
1
2

ÙTshd , g0mnshd  2
1
2

ÙSshddmn ,

gm0nshd 
1
2

ÙSshddmn . (9)

We now linearize the equations of motion by taking th
Gaussian average, and then find a self-consistent solut
for the fieldsusx, hd. We need the following identities:

ks≠ud2≠m≠nul  M≠m≠nu 1 2grmngrs≠su , (10)

ks≠ud2≠rul  M≠ru 1 2grsMhr≠su , (11)

whereM  Mmngmn .
In a flat Friedmann-Robertson-Walker space-time

the affine connection is G
r
mn  sdr

md0
n 1 d

r
n d0

m 2

gmngr0d s Ùayad. We can now see that the linearized
equations of motion have the form

ü 1
mshd

h
Ùu 2 y2=2u  0 , (12)

wheremshd andy depend onD. For Friedmann models,
one can show that

mshd  22hs ÙSySd 1 ashd fD 2 3sTySdg , (13)

y2  fD 2 1 2 sTySdgyD , (14)

whereashd  h Ùaya.
In a scaling solution we would expectSandT to have a

power-law behavior withh. Thus, so long as we are not
near a transition in the equation of state of the Univers
m andy2 are constant. Imposing the boundary conditio
that u be regular ash ! 0, (12) then has the simple
solution

ukshd  An

µ
h

hi

∂s12mdy21n Jnskyhd
skyhdn

, (15)

where An  2nGsn 1 1dukshid, and s1 2 md2y4  n2.
The form of the initial power spectrumPiskd  jukshidj2
is taken to be white noise, which ensures that the field
spatially uncorrelated to begin with.
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We may now evaluateTyS andy2, and implicitly solve
for n. First, we must decide the sign ofn. It turns
out that it is inconsistent to takes1 2 mdy2  n [one
way of showing this is to compareÙCshd calculated by
explicit differentiation, and by evaluation ofku Ùul]. Thus
C scales ash2D, S and T as h2sD12d. Using standard
integrals of Bessel functions, and defining the parame
b  2n 2 D 2 1, we find

T
S


sD 1 2d sD 2 1d
2sD 1 2 1 bd

, (16)

provided b . 0, so that the integrals forS and T are
defined. To findb, we solve the equation

m ; b 1 D 1 2  aDf1 2 3sTySdg 1 2sD 1 2d .

(17)
The radiation-dominatedsa  1d and matter-dominated
sa  2d Friedmann models require a certain amount
algebra; however, Minkowski spacesa  0d has the
simple solutionb  D 1 2, giving TyS  sD 2 1dy4
andy2  3sD 2 1dy4D.

Armed with the “mean-field” solution forusx, hd we
can now calculate anything that can be expressed in te
of local functions of the field and its derivatives, provide
of course that we are able to perform the Gauss
integrals involved. In this Letter we content ourselve
merely with evaluating the area density, which is give
by

A 
Z

dDs
p

2g dD11sssx 2 Xssdddd . (18)

Making the coordinate transformation fromxm to ssa , ud
near the wall, this can be rewritten as

A  dsud j≠uj . (19)
In order to calculate the Gaussian average ofA, one takes
Fourier transforms [6]:

kAl  2
GsDy2d
2p11Dy2

Z dk
2p

Z dD11q
sq2dDy2

3

ø
≠

≠q
?

≠

≠q
eiq?≠u1iku

¿
. (20)

One potential difficulty is thatq2 can vanish, due to the
Lorentzian metric. The equation must therefore forma
be defined by analytic continuation to imaginary time, an
an accompanying Wick rotation of the time componen
of the Fourier transform variableqm.

One can show that the correlators involving time deriv
tives always appear in the combinationTyS 2 ÙC2yCS,
which has the value14 in Minkowski space [13]. Neglect-
ing these terms turns out to make only a 10% differen
to the result for the averaged comoving defect area den
Ashd, which is

kAshdl 
p

2
GfsD 1 1dy2g

GsDy2d

µ
S

2pC

∂1y2

1 OsTyS 2 ÙC2yCSd . (21)

In the limit TyS 2 ÙC2yCS ! 0 we recover the original
condensed matter result for domain walls [6,14,15
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as expected. The full calculation will be detaile
elsewhere [12].

One can show that

S
C


1

h2

sb 1 1d sb 1 1 1 Dy2d
2by2

, (22)

and we immediately see that the correct scaling beha
for the wall area densityfAshd ~ h21g is reproduced.
Furthermore, we are able to compute the coefficie
and compare with numerical simulations. The como
ing area densities for walls in two- and three-dimensio
Minkowski space, radiation- and matter-dominated Frie
mann models are displayed in Table I.

The theory seems to work well: scalar field theo
simulations inD  3 give a comoving area density o
approximately1.5yh in both radiation [10,11] and matte
[9] eras, which sits nicely with the calculated value
However, the agreement is partly fortuitous, as there
probably significant errors in both the theoretical a
numerical values. InD  2 the agreement is also good
although there is evidence for a small deviation from t
h21 behavior inD  2 [9,10].

One may also ask how the network behaves whe
small bias is introduced into the initial conditions, that
if kusx, hidl  U. In numerical simulations of domain
walls [10,11], it is found that even for very small initia
biases, for which the walls percolate, the system s
evolves away from the percolating state and eventua
the large walls break up and disappear. Similar behav
is well known in the study of quenches of condens
matter systems with a nonconserved order param
[6,14,16,17].

The theoretical description of this behavior is fair
straightforward. Introducing a bias into the initial con
ditions alters the Gaussian average of (20) tokAshdlU 
kAshdl expf2U2y2Cshdg, wherekAshdl is the zero bias
result from (21). If the system is close to being se
similar at some initial timehi when the magnitude of the
bias isU and the fluctuation around that value isCshid,
one can calculate the timehc at which the defect density
falls to a fractione21 of its scaling value to be

hc  hifU2y2Cshidg21yD . (23)

Recent simulations by Larsson, Sarkar, and White le
support to the above calculations ofkAshdlU and hc

[11]. Coulsonet al. [10] did not attempt fits of the correc
form, A ~ h21 expf2shyhcdDg, to their simulations,

TABLE I. The calculated values of the comoving doma
wall area density in the self-consistent linearized solution foru.
Values listed are for Minkowski spacesa  0d, and radiation
and matter-dominated FRW models (a  1, 2, respectively).

a A sD  2d A sD  3d

0 1.6h21 1.9h21

1 1.7h21 2.1h21

2 1.9h21 2.3h21
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although they did note that the walls disappeared fas
than a simple exponential inD  3.

To summarize, this Letter outlines a new analytic tec
nique for describing the dynamics of topological defec
after a cosmological phase transition. It is a relativis
version of a well-known approach in condensed mat
physics, due to Ohta, Jasnow, and Kawasaki [6]. T
scaling area density of domain walls in three spatial
mensions is calculated, and agrees quantitatively with
merical simulations of a real scalar field [9–11]. Furth
work is clearly needed, particularly on strings, but it a
ready seems clear that developments of this technique
be of great benefit to the study of cosmic defects.
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