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Analytic solutions for a sonoluminescing gas bubble have been obtained, which provide den
pressure, and temperature distributions for the gas inside a bubble oscillating under an ultrasonic
The solutions show that sonoluminescence occurs due to the increase and subsequent decrease in
wall acceleration which induces a thermal spike. It also turns out that the number of electrons ion
the ion species, and the kinetic energy of the electrons affect crucially the spectrum of the light em
[S0031-9007(96)01702-4]
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Sonoluminescence (SL) has been found to be the lig
emission associated with the catastrophic bubble collap
of a gas bubble oscillating under an ultrasonic field [1]
However, the exact mechanism of the light emission cha
acterized with picosecond flashes of continuous spectru
[2,3] has not been identified as to whether it is of therma
black body and/or bremsstrahlung radiation origin [4,5].

In this study, the density, pressure, and temperature d
tributions inside a sonoluminescing gas bubble have be
obtained by solving the mass, momentum, and ener
equations for the gas analytically. The instantaneous r
dius of a bubble has been obtained by the equation fro
Keller and Miksis formulation [6]. This equation, includ-
ing the effects of liquid compressibility, is as follows:µ
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whereRb is the bubble radius,Ub is the bubble wall ve-
locity, CB is the sound speed in liquid at the bubble wall
and r` is the medium density. The liquid pressure on
the external side of the bubble wallPB is related to the
pressure inside the bubble wallPB by PB ­ Pb 2 2sy
Rb 2 4mUbyRb wheres and m are the surface tension
and dynamic viscosity of liquid, respectively. The pres
sure of the deriving sound fieldPS may be represented by
a sinusoidal function such asPS ­ 2PA sinvt wherePA

is the deriving sound amplitudev ­ 2pf and f is fre-
quency. The mass and momentum equations in spheri
symmetry given as follows should be solved to understan
the gas behavior inside a bubble.
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wherer is the distance from center,rg is the gas density,
and ug is the gas velocity which obeysugsRb , td ­ Ub .
The solutions satisfying Eqs. (2) and (3) have been o
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tained by Kwak and Yang [7]. These are given with tim
derivative notation as

rg ­ r0 1 rr , (4a)

ug ­
ÙRb

Rb
r , (4b)
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wherer0R3
b ­ const. andrr ­ ar2yR5

b . The constanta
is related to the gas mass inside a bubble asaym ­ 5s1 2

NBCdy4p , with NBC ­ sPb0R3
byTb0dysP`R3

eyT`d where
Tb andT` are gas and ambient temperatures, respective
Re is the equilibrium bubble radius, and subscript0 denotes
properties at the bubble center.

Assuming that the internal energy for the gas insid
a bubble is a function of gas temperature only asde ­
Cy,bdTb where Cy,b is a constant volume specific heat
the energy equation without a viscous dissipation term
as follows:
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where qr is the radial component of heat flux inside a
bubble. Since the solutions given in Eq. (4) also satisfy th
kinetic energy equation, only Eq. (5) needs to be solve
With enthalpy representation of the energy equation, o
can eliminateDyDts­ ≠y≠t 1 ug≠y≠rdTb to obtain
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Light emission which occurs just prior to the bubble
collapse [3] may be related to the significant increase
bubble wall acceleration during this period. Taking int
account the bubble wall acceleration, one may obtain t
following equation representing the heat flow rate inside
bubble from Eqs. (4a), (4b), (4c), and (6):
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Since the temperature rise due to the bubble wall acc
eration is a transient phenomenon which occurred durin
few nanoseconds, the above equation may be decompo
into
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The solution of Eq. (8a), which is essentially the solu
tion with uniform pressure, is known and is quite goo
for the behavior of a nonsonoluminescencing bubble [7
Assuming that the conductivity for gas inside a bubble
kg ­ AT 1 B, one can obtain the temperature distribu
tion due toq0. That is
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whereh ­ sRbyddyklyB andkl is the thermal conductiv-
ity of liquid. The thickness of thermal boundary layerd

for thermal conduction may be determined from the ma
momentum, and energy equations for liquid with assum
tion of the quadratic temperature profile in that zone [7]

Abrupt temperature rise and subsequent quenching d
to the bubble wall acceleration and the increase a
decrease in the acceleration may be treated in another t
scale [8], different from the bubble motion. A solution o
Eq. (8b) with no temperature gradient at the bubble cen
is given by
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The coefficientC may be determined from a boundar
condition kgdTbydr ­ kldTlydr at the wall whereTl is
the temperature distribution in the thermal boundary lay
with different thicknessd0. That is
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The above solution is a formal one in the sense that h
flow rate characterized by the boundary layer thicknessd0

and the conductivity of liquidkl is primarily determined
by the radiation heat loss in this situation. The temper
ture distribution inside a bubble may be estimated fro
Eqs. (9) and (10) with appropriate values ofd0 and kg.
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The temperature distribution from Eq. (9) can be regard
as a background one. The gas conductivity at ultrah
temperatures may be obtained from collision integra
[9]. The boundary layer thicknessd0 may be determined
from a relation2pklR

2
bsTbl 2 T`dyd0 ­ P where P is

power loss due to bremsstrahlung. However, the va
of d0 has been chosen so that proper bouncing mot
results after the collapse, which is about0.1 mm. Without
heat loss, that isd0 ! ` or kg ! 0, the temperature of
the gas inside a bubble goes to infinity as confirmed
numerical calculations [10,11]. For example, one m
obtain the maximum temperature up to107 K if one uses
kg ­ 0.01 WymK.

Figure 1 shows the calculated radius-time curve for t
bubble with an equilibrium radius of4.5 mm driven by
the field with a frequency of 26.5 kHz and an amplitud
of 1.30 atm. The maximum bubble radius calculated
22.3 mm while the minimum radius is0.63 mm with sub-
stantial reduction of bouncing motion after the first bubb
collapse due to quenching of the gas. The temperatur
the collapse point is about 500 K, which is a quite d
ferent result compared to the nonsonoluminescing c
where temperature maximum is achieved at the colla
point. The density, pressure, and temperature profiles
side a bubble at 400 ps before the collapse are show
Fig. 2. The distributions obtained suggest that the sho
formation inside a bubble hardly occurs during this sta
because shock cannot propagate to the region of hig
density and pressure. Time dependent bubble wall
celeration and the gas temperature at bubble center
shown in Fig. 3. As can be seen in this figure, a su
den increase and subsequent decrease in acceleratio
the bubble wall result in rapid quenching of gas followe
by the substantial temperature rise up to 25 000 K, wh

FIG. 1. Theoretical radius-time curve for air bubble ofR0 ­
4.5 mm at PA ­ 1.30 atm andf ­ 26.5 kHz in water. Col-
lapse occurs att ­ 97.2134 ms.
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FIG. 2. Density, pressure, and temperature distributions ins
a bubble at 400 ps prior to the collapse point for the case sho
in Fig. 1.

can be regarded as a thermal spike. Considerable incr
in gas temperature due to bubble wall acceleration c
be seen in Fig. 3. With uniform pressure approximati
[7], the maximum temperature achieved is only 5800 K
the collapse. These calculation results also show why
light emission occurs just prior to the collapse [3] and t
duration of the pulse is in the range of 300 ps, which
half the width of the thermal spike. More temperature ri
near the bubble collapse can be obtained when the ac
tic amplitude increases. For the case of an equilibriu

FIG. 3. Time dependent bubble wall acceleration and g
temperature around the collapse point for the case shown
Fig. 1. The maximum occurs at 400 ps prior to the collapse
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radius of 4.0 mm driven by the field with a frequency
of 26.5 kHz and an amplitude of 1.40 atm, the maximu
center temperature achieved at 400 ps before the colla
is about 100 000 K.

In Table I the sensitivity of sonoluminescence to exte
nal parameters is shown. Calculation results show th
such extreme sensitivity of SL to external paramete
originates from the sudden increase in bubble wall a
celeration near the bubble collapse. If the radiation is
thermal blackbody origin, the duration of SL should b
greater than 100 ns, as can be seen in Fig. 3. Moreov
black body radiation is an equilibrium phenomenon, an
it may not explain such a transient occurrence.

Even though thermal black body radiation shows co
tinuous spectrum, observed results from SL cannot be
plained by thermal radiation as mentioned before. T
other possibility of continuous spectrum is bremsstrahlu
due to electron-ion collision. The emission coefficientjv

due to bremsstrahlung from the gas volume is given
[12]:
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where ni and ne are the densities of ions and electron
in bubble volumeVB, respectively,´0 is the dielectric
constant for free space, andc is the speed of light.
The electron temperatureTe is obtained by assuming
a Maxwellian electron velocity distribution. At a high
frequency regime (Born approximation), the Gaunt fact
obtained by summation over the electron velocity distrib
tion [12] is GsT , vd ­

p
3yp exps2h̄vykTedy

p
h̄vykTe.

The corresponding spectral radiance turns out to bejl ­
v2jvys2pcd, which is proportional tov2 exps2h̄vy
kTedy

p
h̄vykTe or exps2hcykTeldy

p
hcykTelyl2,

where l is wavelength. Thus one can see that th
emission intensity falloff is exps2h̄vykTed at fre-
quencies of h̄vykTe $ 1. Consequently, the spectra
radiance is maximum whendjlydv ­ 0, which results
in lmax ­ 2hcys3kTed, and the emission intensity varies
as1yl2.5 as observed in experiments. The total emissi
of bremsstrahlung is obtained by integratingjv over all
frequencies. The result is found to be for one polarizatio
which is given by
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The calculated SL spectrum depending wavelength fro
a bubble of 2% Xe inN2 with an equilibrium radius of
4.5 mm driven by the field with a frequency of 26.5 kHz
and an amplitude of 1.32 atm is shown in Fig. 4. Th
peak temperature in this case is about 32 000 K. Ev
though the intensity is quite a bit larger than the observ
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TABLE I. Calculated gas temperature at bubble center and the maximum bubble wall acceleration depending on the equ
bubble radius, the driving amplitude of ultrasound, and ambient liquid temperature.

Case 1 Case 2 Case 3 Case 4 (No SL

Experimental R0 smmd 5.5 4.5 4.0 8.5
input PA satmd 1.25 1.3 1.4 1.075
parameter T` sKd 308 293 276 293

Calculation R̈b smys2d 1.02 3 1012 1.79 3 1012 4.82 3 1012 2.38 3 1010

results Tc sKd 13 000 25 000 100 000 2400
e

-

data [4], the qualitative trend is similar to experimenta
results. A spectral peak occurs at 300 nm, which implie
that the average electron velocity is about3 3 106 mys.
If the electron velocity or temperature increases, the pe
is shifted to shorter wavelength. In this case the tot
emission is about4 mWysr, which is in close agreement
with the observed value [2], considering measureme
angle (sr). If the gas temperature increases to 100 000
the emissive power is about150 mWysr. Note that the
contribution from nitrogen ions is not considered becau
the relaxation time for the dissociation ofN2 [13] is greater
than the excursion time of the thermal spike so that th
dissociation ofN2 hardly occurs during this time.

The emissive power, as can be seen from Eq. (1
depends on the density of electrons and ions, the spec
of ion, and the kinetic energy of the electron. Th
numerical value of a typical density of ions near collaps

FIG. 4. Spectral radiancesWymmysrd from the 2% Xe bubble
in nitrogen. Initial bubble radius isR0 ­ 4.5 mm with an
ultrasound amplitude ofPA ­ 1.32 atm atf ­ 26.5 kHz.
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is about 5 3 1025ym3. These parameters shaping the
spectrum of SL are determined by the maximum values
of gas temperature and pressure achieved during th
collapse. The power spectrum given in Eq. (13) is
the case for an isotropic distribution of electrons. If
the electron distribution is an anisotropic one, different
spectrum may be obtained [14]. Detailed analysis and
discussions are presented in another paper [15].
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