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Critical Conductance and Its Fluctuations at Integer Hall Plateau Transitions
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Under periodic boundary conditions in the transverse direction, we calculate the averaged
temperature two-terminal conductancekGl and its statistical fluctuationksdGd2nl, for n # 4, at the
critical point of integer quantum Hall plateau transitions. We finduniversalvalues forkGl  s0.58 6

0.03de2yh, and ksdGd2nl  se2yhd2nA2n, where A2,4,6,8  0.081 6 0.005, 0.013 6 0.003, 0.0026 6

0.005, ands8 6 2d 3 1024, respectively. We also determine the leading finite size scaling correcti
to these observables, and make comparisons with experiments. [S0031-9007(96)01658-4]

PACS numbers: 73.50.Jt, 05.30.–d, 74.20.–z
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For macroscopic, disordered, two-dimensional el
tronic systems at low temperatures, the metallic beha
is only observed near quantum phase transitions. T
examples are the superconductor to insulator transit
in amorphous thin films, and the transitions betwe
quantum Hall plateaus [1]. In two spatial dimensio
the conductivity tensorsmn measured in units ofe2yh
is dimensionless. Under generic conditions,ksmnl (the
impurity averaged conductivities) are expected to
universal at the quantum critical points [2,3].

The universal conductance fluctuations of disorde
mesoscopic metals has attracted tremendous experim
and theoretical interest in recent years [4]. The sa
question can be asked at the quantum critical po
mentioned above. Thus “what is the statistical (over
impurity ensemble) properties ofsmn at quantum critical
points of two-dimensional systems” is the concern
the present paper. In particular, we concentrate on
transitions between integer quantum Hall plateaus.

In an integer plateau transition, the electron cond
tivity tensorssxx , sxyd changes froms0, nde2yh to s0, n 6

1de2yh. Concerning these transitions the following co
sensus is reached [1,5–8]. (a) When extrapolated to
temperature and infinite sample size, the transitions
genuine continuous phase transitions with asingle diver-
gent length scalej —the quasiparticle localization length
(b) As the Fermi energysEFd moves toward a critica
valueEc, j , jEF 2 Ecj2n, with n . 2.3. (c) The char-
acteristic energy scale,1yj, thus (the dynamical expo
nent)z  1.

Based on a Chern-Simons formalism, Kivelson, Lee,
Zhang (KLZ) asserted thatssxx, sxyd at thes0, nde2yh !

s0, n 1 1de2yh transition is ssc
xx , sc

xyd  s 1
2 , n 1

1
2 de2h

[3]. Huo, Hetzel, and Bhatt have numerically comput
sc

xx at the s0, 0d ! s0, 1de2yh transition using the Kubo
formula [9]. Their calculation assumes that the electro
states lie entirely in the lowest Landau level. They ha
considered several different forms of the impurity poten
and concluded thatsc

xx  s0.55 6 0.05de2yh which is
consistent with the result of KLZ.
0031-9007y96y77(21)y4426(4)$10.00
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Recently, the experimental four-terminal resistivityrxx

has been studied systematically at the quantum H
liquid to insulator transitions by Shaharet al. [10]. They
concluded that the critical conductivity tensor isuniversal,
and the value ofrc

xx ø hye2 agrees with the prediction
of KLZ. In addition, significant sample to sampl
fluctuations in the critical resistance have been obser
[10]. Here we note that, in order to measure the tr
rc

xx (or sc
xx), the temperature has to be low enough

that corrections to scaling have faded away, yet it has
be high enough so as to avoid the effects of mesosco
fluctuations [11]. More recently, the statistical fluctuatio
of the two-terminal conductance in the transition regim
has been studied experimentally in mesoscopic sam
by Cobden and Kogan who demonstrated the presenc
large mesoscopic fluctuations in the conductance [12].

In this paper, we calculate the ensemble averag
two-terminal conductancekGl and, for the first time,
its fluctuations ksdGd2nl at the critical point of the
integer quantum Hall plateau transitions. In additio
we study the finite-size and aspect ratio dependence
these quantities. The model we use is the Chalk
Coddington network model [13] and its extension [14
and with periodic boundary conditions applied in th
transverse direction. These models have been show
exhibit the correct critical properties of the integer plate
transitions [13–15]. Our findings are summarized
follows. The conductance of aW 3 L sample (whereW
is the circumference andL is the length of the cylinder)
exhibits the following scaling behavior:

kGl 
e2

h
F sLyrel Dgrel, L2yirr Dgirr , WyLd . (1)

Here we have used the fact thatGyse2yhd is dimension-
less. In the above,k· · ·l denotes the disorder ensemb
averaging,Dgrel andDgirr are the coupling constants con
jugate to the relevant and the least-irrelevant operato
respectively. At the critical point,Dgrel  0. We have
performed finite-size scaling analysis ofkGlc on L 3 L
samples to extractF s0, 0, 1d andyirr to bes0.58 6 0.03d
© 1996 The American Physical Society
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and0.55 6 0.15, respectively. Thus the critical conduc
tance kGlc  s0.58 6 0.03de2yh. We have also calcu
lated the central momentsksdGd2nl for n # 4 and have
shown that they exhibit the following scaling behavior,

kdG2nl 

µ
e2

h

∂2n

F2nsLyrel Dgrel, L2yirr Dgirr , WyLd . (2)

We have determined the critical momentskdG2nlc 
se2yhd2nF2ns0, 0, 1d. For n  1, 2, 3, and 4, the value
of F2n are found to be0.081 6 0.005, 0.013 6 0.003,
0.0026 6 0.005, and s8 6 2d 3 1024, respectively. We
verified the universality of these results and assert tha
higher moments, and hence theentiredistribution function
PsGd, are universal at the transition. Since in the rest
this paper weignore the electron-electron interaction, ou
conclusions are, at most, relevant to theinteger plateau
transitions. We also point out that it remainsunclear
at present about the relation between the two-term
conductanceG and the smn derived from the Kubo
formula in a closed system without contacts.

Let us considernoninteractingelectrons in a strong
magnetic field, and potentials that are smooth on
scale of the magnetic length. In this limit the plate
transition can be described by “quantum percolation”
semiclassical electron orbits in the Chalker-Codding
network model [13,14]. The latter consists of a squ
lattice of potential saddle points at which quantum tunn
ing between the edges of quantum Hall droplets take p
[Fig. 1(a)]. Away from these vertices, the edge electro
propagate along the directed links with a fixed chirality
by the direction of the magnetic field. To account for t
random areas of the Hall droplets, the edge electrons
cumulate random Bohm-Aharonov phases while trave
ing the links of the network. At each saddle point,
shown in Fig. 1(b), there are two incoming and two o
going edges states. The associated probability amplitu
are denoted byZ1, . . . ,4. Because of current conservatio
jZ1j

2 1 jZ2j
2  jZ3j

2 1 jZ4j
2. With a choice of gauge

the quantum tunneling event at each node is then c
pletely specified by a2 3 2 transfer matrix,µ

Z1

Z3

∂


µ
eif1 0

0 eif2

∂ µ
coshu sinhu

sinhu coshu

∂
3

µ
eif3 0

0 eif4

∂ µ
Z4

Z2

∂
, (3)

where fi [ f0, 2pd are random phases, andu is a real
number. Using Eq. (3) as the building block, we constr
the W 3 W transfer matrixTi which propagates eige
wave functions on a cylinder of circumferenceW in thex
direction. The total transfer matrixT for the entireW 3

L system is given by the matrix productT 
QL

i1 Ti.
For the details of transfer matrix calculations, readers
referred to the original work of Chalker and Coddingt
[13]. Here we merely emphasize a few important poin

In general, the tunneling parameteru in Eq. (3) should
be a random variable, depending on the local pot
-
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FIG. 1. (a) Schematics of the network model. The shad
areas correspond to the semi-infinite metallic leads. (b) T
quantum tunneling at a single node of the network.

tial at the saddle point. However, in Ref. [14] it wa
shown that introducing randomness inu did not change
the universality class (i.e., did not change the localizati
length exponentn  2.33 6 0.03) of the plateau transi-
tion. It turns out that the network model is situated
the critical point as long asu is the same for all nodes
[15]. Invariance under 90± rotation selects a particula
one fu  uc  lns1 1

p
2 dg out of the family of critical

models [13,15]. We shall present results for both isotrop
systemssu  ucd for which the two-terminal conductanc
along thex direction sGxxd and they direction sGyyd are
equal, and anisotropic systems (i.e.,u fi uc) for which
Gxx fi Gyy . In the latter case we study the geometr
mean

p
GxxGyy .

We next define the two-terminal conductance. A
shown in Fig. 1(a), two semi-infinite conducting leads a
connected to theW 3 L disordered network. It has bee
shown that linear response theory applied to the combi
lead-sample-lead system gives the following multichann
two-terminal conductance [16,17]:

G 
e2

h
Trtyt 

e2

h

WX
i1

1
cosh2sgiLd

. (4)

In Eq. (4), t is the transmission matrix through th
disordered region, andgi is the ith of the W Lyapunov
exponents of the Hermitian transfer matrix productTyT
[18]. We note that the validity of Eq. (4) in the absenc
of time reversal symmetry has been shown in detail
Baranger and Stone for finite magnetic fields [17].

We now present the results. We have studiedW 3

L systems with periodic boundary conditions in th
transverse direction forL  8, 16, 32, 48, 64, and 96
and for aspect ratioWyL  1y4, 1y3, 1y2, 1, 2, and 4.
The disorder ensemble consists of at least 3000 sam
for each sW , Ld. The distribution functionPsGd is
very broad, and the most probable value of the critic
conductanceGc,typical is, although close to0.5e2yh, not
sharply defined. For isotropic systems (i.e.,u  uc) the
averaged critical conductancekGsLdlc for L 3 L samples
is shown in Fig. 2. To extract the asymptotic valuekGlc
4427
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FIG. 2. The finite-size dependence of the critical conducta
at the isotropic critical point. The solid line is the fit t
the scaling form in Eq. (5) in the text withkGlc  s0.58 6
0.03de2yh and yirr  0.55 6 0.15. The inset shows the be
havior of the conductance fluctuations, which givesksdGd2lc 
s0.081 6 0.005d se2yhd2 and the same renormalization grou
dimensionyirr .

and the exponentyirr at the critical point, we expand
the scaling function in Eq. (1) according toF s0, x, 1d ø
F s0, 0, 1d 1 F 0s0, 0, 1dx for small x. Thus, for large
system sizeL, we should have

kGsLdlc  kGlc 1 F 0s0, 0, 1dDgirrL
2yirr , (5)

where kGlc  F s0, 0, 1de2yh. From the data shown in
Fig. 2, we obtainF s0, 0, 1d  0.58 6 0.03 and yirr 
0.55 6 0.15. We have also studied the aspect-ra
sWyLd dependence ofkGlc. In the context of Eq. (1) we
find

F s0, 0, WyLd  c1e2c2LyW sWyLd , (6)
with c1  0.72 6 0.03 and c2  0.22 6 0.02. The ex-
ponential factor is a precursor to the conductance beh
ior in a quasi-one-dimensional system withL ¿ W .

In order to verify the universality ofkGlc and to check
that the 2yirr is indeed the renormalization group d
mension of the least-irrelevant operator, we have stud
network models with various forms of node parameter d
order corresponding to random distributions ofu values
with the same medianuc. The results are consistent withi
the error bars with those obtained above. This further s
4428
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ports the conclusion thatu disorder is an irrelevant per-
turbation at the critical point. In addition, we have als
considered anisotropic critical models for whichu fi uc.
In this case, using the procedures described above,
have calculated the conductanceskGxxl andkGyyl (periodic
boundary conditions are always imposed in the transve
directions). The results are summarized in Table I. A
though the critical values ofkGxxlc andkGyylc depend on
the amount of anisotropy, their geometric mean

p
GxxGyy

does not. The latter stays close to the value ofkGlc ob-
tained for the isotropic system. Thus we conclude th
there exists auniversalcritical two-terminal conductance
kGlc  s0.58 6 0.03de2yh.

The fact that our value forkGlc deviates fromsc
xx 

1
2 se2yhd asserted by KLZ is, as far as we can see, re
However, as was pointed out at the beginning of th
paper, it is not clear how the two-terminal conductan
relates to the conductivity tensor derived from the Ku
formula in systems without contacts.

We now turn to the central moments of the critical co
ductance described by the scaling forms given in Eq. (
In the inset of Fig. 2 we plotF2  ksdGd2lcyse2yhd2

for the isotropic network (i.e.,u  uc) as a function
of the system size forL 3 L samples. Following a
similar finite-size scaling analysis as given in Eq. (5
we extract F2s0, 0, 1d  0.081 6 0.005 and the same
yirr  0.55 6 0.15 to be the renormalization group
dimension of the leading irrelevant operator. Th
dependence ofksdGd2lc on the degree of anisotropy
(i.e., u fi uc) is shown in Table I. Thus we con
clude ksdGd2lc  s0.081 6 0.005d se2yhd2. Repeating
the procedure for the fourth and the sixth momen
gives the resultsksdGd4lc  s0.013 6 0.003d se2yhd4,
ksdGd6lc  s0.0026 6 0.005d se2yhd6, and with less
accuracyksdGd8lc  s8 6 2d 3 1024se2yhd8. In Fig. 3,
we present the data obtained for even-integer, as wel
odd-integer and noninteger, central moments. Thenth
order moments interpolate betweenksdGdnlc  ayneun2

at small n and ksdGdnlc  bn2b at large n, where
sa, y, u, b, bd ø s0.80, 0.28, 0054, 4.65, 4.18d are all
universal constants. The small-n behavior shows that
the critical conductance obeys a log-normal distributio
On the other hand, the large-n behavior, indicative of a
broad distribution, is purely empirical. The latter shou
be contrasted to the behavior in mesoscopic disorde
n-

TABLE I. Ensemble-averaged conductances and conductance fluctuations at the critical points of the isotropicsu  ucd and the
anisotropicsu fi ucd models. The units aree2yh for G andse2yhd2 for sdGd2. Error estimates in the last digits are given in pare
thesis.

u Gxx Gyy
p

GxxGyy sdGxxd2 sdGyyd2
p

sdGxxd2sdGyyd2

uc 0.58(3) 0.58(3) 0.58(3) 0.081(5) 0.081(5) 0.081(5)
0.84 0.64(3) 0.53(3) 0.58(3) 0.081(5) 0.084(5) 0.082(5)
0.80 0.75(3) 0.47(3) 0.59(3) 0.080(5) 0.086(3) 0.082(4)
0.75 0.88(3) 0.43(3) 0.62(4) 0.075(5) 0.083(5) 0.079(5)
0.70 1.04(3) 0.30(3) 0.56(4) 0.079(6) 0.079(5) 0.079(6)
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FIG. 3. The behavior of thenth order central moments of
the conductance distribution which interpolates between
exponential and the power-law behaviors (dashed lines) in
small and largen limits as described in the text.

metals, where thes2 1 ed expansion in the diffusive
regime predicts nonuniversal moments for largen [19].

We now compare our results with experimental fin
ings. This comparison must be made under thedis-
claimer that, so far, the understanding of the effects
Coulomb interaction on the critical properties of the in
teger plateau transition is still incomplete [20]. Firs
we assumethat the two-terminal conductancekGlc is the
four-probesc

xx measured experimentally. Second, fro
general particle-hole symmetry argument [3], one expe
sc

xy  0.5e2yh. With our resultkGlc ø 0.58e2yh, this
implies rc

xx  0.99hye2. This value agrees with the ex
perimental finding of Shaharet al. [10]. More recently,
Cobden and Kogan have measured the two-terminal c
ductance near the integer transitions [12]. Since the l
ter was carried out on mesoscopic samples outside
asymptotic scaling regime, direct comparison with our r
sults would be difficult to justify. Nevertheless, their da
provide an estimated valueksdGd2l ø 0.05se2yhd2, which
is in reasonable agreement with our findings.
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