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Nonspreading wave packets for Rydberg electrons are predicted in rotating molecules with e
dipole moments. We have named them the Trojan wave packets since their stability is due
same mechanism that governs the motion of the Trojan asteroids in the Sun-Jupiter system.
all previously predicted Trojan wave packets in atoms, molecular Trojan states do not require ex
fields for their existence. [S0031-9007(96)01683-3]

PACS numbers: 31.10.+z, 03.65.Ge, 31.50.+w, 33.80.Rv
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Following an earlier indication based on a semiclass
analysis by Klar [1], we have recently shown analytica
and numerically [2,3] that in the presence of a circula
polarized electromagnetic wave impinging on hydroge
atoms there exist new quantum states of highly exc
electrons. The analytic results were further refined
[4], and extensive numerical calculations [5,6] fully co
firmed the existence of these states and their very l
lifetimes. In the rotating frame, these states are alm
stationary and, therefore, in the laboratory frame they r
resent nonspreading electronic wave packets moving
circular orbits around the nucleus with the frequency
the wave. The Trojan wave packets are centered aro
the classical equilibrium points produced by the exter
field of the polarized wave that are close analogs of
stable Lagrange equilibrium points in celestial mechan
[7] around which the Trojan asteroids move. The elec
field of the applied wave provides the same stabiliz
force as does the gravitational pull of Jupiter in the c
of the asteroids. The stability of Trojan wave packets
circularly polarized wave fields may be further increas
as proposed in [8,9,10], by applying an additional hom
geneous magnetic field.

In this Letter, we show that the Trojan wave pac
ets of Rydberg electrons also exist in molecules evein
the absenceof any external field. The conditions fo
the existence of such stable wave packets circulating
large orbits around the molecular core are a sufficie
large electric dipole momentea and a rotation of the
molecular core. The quantum dynamics of Trojan sta
in polar molecules is governed essentially by the sa
Schrödinger equation as for Trojan states in atoms pla
in a circularly polarized electromagnetic wave. The el
tron wave functions for these two problems are related
a sequence of two simple transformations: a shift in
coordinate space and a shift in the momentum space.
cause of the mathematical equivalence of the two pr
lems, one may use all the results obtained before
strongly driven Rydberg electrons in hydrogenic atom
0031-9007y96y77(21)y4298(4)$10.00
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The only difference is that the force2eE due to the elec-
tric field of the wave is replaced now by the inertial forc
maV2. Although the three categories of systems, plan
tary, atomic, and molecular, that exhibit the existence
Trojan states are subjected to different forces, their ma
matical description reveals striking similarities, owing
the crucial importance of the Coriolis force in all thes
systems. The molecular Trojan states differ, however
an essential way from atomic Trojan states. The atom
Trojan states can be modified continuously by chang
the amplitude of the applied field, while the molecul
Trojan states are controlled by the rotational frequen
V which is quantized. Also, the breaking of rotation
symmetry is not due to an applied microwave field but
occurs spontaneously (the complete molecular Hamilt
ian is fully invariant under rotations).

We are interested in a motion of a molecular Rydbe
electron whose wave function is localized on a lar
circular orbit. Since such an electron is always f
from the rest of the molecule, it does not intera
with individual particles but only feels a certain charg
distribution of the remaining core. The action of th
core on the electron may be represented by a Coulo
field whose center is, in general, shifted by a vectora
with respect to the center of mass of the molecule. T
dipole moment of the core, measured with respect to
center of mass, is in this case equal toea. In order
to realize the conditions for the existence of the Troj
wave packets, we will consider the situation when t
core is rotating. For a charge distribution rotating with t
angular frequencyV around thez axis that passes throug
the center of mass, the components of the displacem
vectora depend on time through the formulas

axstd ­ ax cossVtd 2 ay sinsVtd , (1)

aystd ­ ax sinsVtd 1 ay cossVtd , (2)

azstd ­ az . (3)
© 1996 The American Physical Society
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Under these assumptions, we can describe the dyna
of the Rydberg electron by the following simplified mod
Hamiltonian

HL ­
p2

2
2

1
jr 1 astdj

, (4)

where we used the atomic units (h̄ ­ 1, e ­ 1, m ­ 1).
The same model Hamiltonian has been used previo
[11,12] to study the autoionization of molecular Rydbe
states in the classical regime. The laboratory-fra
Hamiltonian HL is time dependent, but we can get r
of this dependence by transforming the Schrödinger w
equation to the rotating frame. The wave function in t
rotating framecRsr, td is obtained from the wave functio
in the laboratory framecLsr, td by applying the rotation
operator with the angular frequencyV,

cRsr, td ­ eiVMztcLsr, td , (5)

whereMz is the z component of the angular momentu
operator. Because of the transformation properties of
components of the position vector under rotation

eiVMztxe2iVMzt ­ x cossVtd 2 y sinsVtd , (6)

eiVMztye2iVMzt ­ x sinsVtd 1 y cossVtd , (7)

eiVMz tze2iVMz t ­ z , (8)

the wave functioncRsr, td fulfills the Schrödinger equa
tion with the time-independent HamiltonianHR ,

HR ­
p2

2
2

1
jr 1 aj

2 VMz . (9)

The HamiltonianHR contains an additional term2VMz

that accounts for the inertial forces (centrifugal a
Coriolis) acting in the rotating frame. The Schröding
equation in the rotating frame

i≠tcRsr, td ­

µ
p2

2
2

1
jr 1 aj

2 VMz

∂
cRsr, td (10)

can be transformed to the form known from our previo
work [2] by successive shifts of the coordinate a
the momentum. In order to obtain the most favora
conditions for the existence of the Trojan states, we s
assume that the dipole is perpendicular to the axis
rotation and we align thex axis along the dipole momen
(ax ­ a). Upon expressingcRsr, td in terms of a new
functioncsr, td,

cRsr, td ­ ea≠x e2iaVycsr, td , (11)

and with the use of the relations

e2a≠x xea≠x ­ x 2 a , (12)

eiaVypye2iaVy ­ py 2 aV (13)

we obtain the Schrödinger equation for the wave funct
csr, td with the “shifted” HamiltonianH,
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H ­
p2

2
2

1
jrj

1 aV2x 2 VMz 2 a2V2y2 . (14)

This Hamiltonian has the same form (except for t
trivial constant terma2V2y2) as the one that govern
the time evolution in the rotating frame of the electr
in the driven hydrogen atom [2] with the termaV2

playing now the role of the electric field of the circular
polarized wave. Therefore we may use all the res
obtained in Refs. [2–6] for the Trojan wave packets
driven electrons. In particular, it has been shown that
HamiltonianH possesses an approximate eigenstate in
form of a Gaussian wave packet

csr, td ­ Ne2VfAsx2x0d21By222iCsx2x0dygy2

3 eiVx0ye2VDz2y2e2iEt , (15)

whereN is the normalization constant. The center of t
wave packet (15) is obtained from the Hamilton equatio
of the corresponding classical problem

Ùx ­ px 1 Vy, Ùy ­ py 2 Vx, Ùz ­ pz , (16)

Ùpx ­ 2
x

jrj3
2 aV2 1 Vpy , (17)

Ùpy ­ 2
y

jrj3
2 Vpx , Ùpz ­ 2

z
jrj3

. (18)

The static solution of these equations

r ­ sx0, 0, 0d, p ­ s0, Vx0, 0d (19)

determines a stable Lagrange equilibrium point. T
distancex0 is determined by the equilibrium condition

1

x2
0

1 aV2 ­ x0V2, (20)

which expresses the balance between the Coulomb fo
the dipole force, and the centrifugal force. It is convenie
to introduce a dimensionless parameterq that determines
the ratio of the Coulomb force to the centrifugal force,

q ­
1

V2x3
0

. (21)

The equilibrium condition (20) expressed in terms ofq
has the form

q 1
a
x0

­ 1 . (22)

Now we shall expand the HamiltonianH around the
equilibrium values (19) of the positions and momenta a
retain only the quadratic terms.

HQ ­
p2

x 1 spy 2 Vx0d2

2
2 qV2sx 2 x0d2 1 qV2 y2

2

2 Vsx 2 x0d spy 2 Vx0d 1 Vypx

1
p2

z

2
1 qV2 z2

2
2

1
x0

≥
1 1

q
2

¥
. (23)
4299
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We have used here the equilibrium condition (20)
cancel the linear terms. The motion in thez direction
decouples in this approximation from the motion
the xy plane, but in this plane the motion is trul
two dimensional. For simplicity, we have applied th
quadratic approximation in the Cartesian coordinat
because we are interested in proving merely the existe
of the Trojan states in molecules. Our analysis can
extended easily to cylindrical coordinates which we
shown in [3,4] to be much more suitable for describi
the “banana-shaped” long living wave packets. We exp
that our predictions based on the simplified model will
fully confirmed byab initio numerical calculations.

The Trojan state of the Rydberg electron given
the Gaussian wave function (15) is an eigenstate of
HamiltonianHQ and, therefore, it will be an approximat
eigenstate of the exact shifted Hamiltonian in Eq. (1
when the neglected higher order terms are small, i
when x0 is sufficiently large. In the rotating frame, thi
state is stationary and it is localized around the class
equilibrium point. The extension of the Trojan wav
packet in the directionsx, y, andz are determined by the
coefficientsA, B, andD, respectively. All the coefficients
characterizing this wave packet can be determined fr
the eigenvalue equationHQc ­ Ec ,

A ­
q

s1 1 2qds4fsqd 2 9q2dy3q , (24)

B ­
q

s1 2 qdf4fsqd 2 9q2gy3q , (25)

C ­ fsqdy3q , (26)

D ­
p

q , (27)

E ­ VsA 1 B 1 Ddy2 2 s1 1 qy2dyx0 , (28)

where

fsqd ­ 2 1 q 2 2
q

s1 2 qds1 1 2qd . (29)

The original wave functioncR in the rotating frame
obtained from the formula (11) has the from

cRsr, td ­ Ne2VfAsx2x01ad21By222iCsx2x01adygy2

3 eiVsx02adye2VDz2y2e2iEt . (30)

In the laboratory frame, the Trojan state isnonstationary.
The wave packet circles around the center of mass
the molecule keeping in phase with the rotation of t
molecular dipole.

The Hamiltonian (23) can be brought to the canonic
form [2,4]

HQ ­ v1a
y
1a1 2 v2ay

2a2 1 vzay
z az 1 E , (31)

where the characteristic frequenciesv6 andvz have the
values

v6 ­ V

s
2 2 q 6

p
9q2 2 8q

2
, vz ­ V

p
q .

(32)
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The same frequencies characterize, of course, the clas
oscillations described by the Hamiltonian (23). T
region of classical stability of these oscillations, where
the frequencies are real, extends fromq ­ 8y9 to q ­ 1.
In the same region all the coefficientsA, B, C, and D
that characterize the shape of the quantum mechan
wave packet are real which suggests also the quan
mechanical stability. The quantum stability of wa
packets in this region has, indeed, been fully confirm
Exact numerical solutions [3,5,6] of the Schröding
equation with the HamiltonianH restricted to thexy
plane that correspond to the approximate Gaussian w
function (15) live up to this expectation. The lifetimes
these exact solutions for high Rydberg states are of
order of millions of Kepler periods [5].

Our analysis leading to a prediction of Trojan states
electrons in polar molecules is based on the assump
that the radiusx0 of the circular Rydberg orbit is large
as compared to the dimension of the core. Thus
ratio ayx0 represents a small parameter in this analy
since a is always limited by the linear dimensions o
the core. The smallness ofayx0 is in correspondence
with the requirement of stability. Indeed, the equilibriu
condition (20) means thatayx0 must be smaller than1y9
if q is to fall between 8y9 and 1. We shall show below
that, in realistic cases, the value ofq is very close to 1.

The essential requirement for the existence of the Tro
states is the rotation of the molecular core. The freque
of this rotationV can be expressed in terms ofx0 anda
with the use of Eq. (20)

V ­
1

x0
p

x0 2 a
ø

1

x
3y2
0

. (33)

On the other hand, the value ofV is determined by the
rotational quantum numberJ and the moment of inertiaI
of the molecule,V ­ JyI. Hence, for a given molecule
the value ofx0 depends only on the value ofJ. For small
ayx0, this relation has the form

x0 ø
µ

I
J

∂2y3

. (34)

Even for the smallest molecules (cf. the discussion belo
when the moment of inertia is of the order of 5000 (
atomic units),x0 is of the order of 300 for the lowes
rotational state. Such a large value ofx0 guarantees tha
the electron probability densityrsrd,

rsrd ­ N2e2VAsx2x01ad22VBy22VDz2

, (35)

is well localized far from the core; the ratio of the dens
at the center to the density at the equilibrium point
equal to exps2VAx2

0d ø exps2p
x0d sinceA ø 1. The

localization in the azimuthal direction is not as good as
the radial direction because the coefficientB ø

p
ay3x0 is

much smaller thanA.
In order to demonstrate that the Trojan states of Rydb

electrons in molecules are not highly exotic, we shall sh
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now that even in the simplest case of the hydrogen m
ecule there exist favorable conditions for their existen
Obviously, the Trojan states cannot exist in homonuc
molecules, since by symmetry such molecules do not h
dipole moments. However, when one hydrogen atom
replaced by its isotope, by deuterium, or even better
tritium, the center of mass is shifted with respect to
center of charge and a dipole moment is created in the
responding molecular ion. In particular, in the hydrog
tritium molecule the center of mass is shifted by 1y4 of the
distanceR between the nuclei. Taking the standard va
R ­ 2 a.u. for the hydrogen molecular ion [13], we o
tain a ­ 0.5. The moment of inertia of the core is equ
in this case to a product of the reduced mass of the
clei (3y4 of the proton mass) by the square of the dista
R. This gives for the lowest rotational statex0 ø 312.
Such a value of the mean distance from the center
standard Rydberg states in hydrogenic atoms would
respond to the principal quantum numbern equal to abou
18. One should keep in mind, however, that the Tro
states are nonstationary and are made of many hydrog
eigenstates, so that the effective value ofn is to be used
only to get a better intuitive picture. The effective val
of n for higher rotational states withJ equal to 2, 3, and
4 decreases successively to about 14, 12, and 11.
the other hand, when we move to heavier molecules,
effective value ofn increases. Since the moment of in
tia may easily increase by 2 orders of magnitude as c
pared to the hydrogenic value [14], we may reach the v
n ­ 60 that has been used in [2] as a characteristic va
for the Trojan states in atoms. Thus the Trojan state
polar molecules are not only described by the same m
ematical model as the Trojan states in hydrogenic at
placed in microwave fields but they also may have s
ilar geometric dimensions. This makes us confident
the characteristic parameters of the Trojan states of e
trons in polar molecules are not only correctly predicted
the basis of the quadratic approximation but also that
corresponding solutions of the exact Schrödinger equa
will exhibit the same high degree of stability and very lo
lifetimes as has been found for the Trojan states in ato
Our confidence is further strengthened by earlier theo
cal predictions [12] of stable periodic Rydberg orbits n
the ionization threshold that were based on classical
ory. The stability of Trojan states in molecules may
further enhanced by applying the external magnetic fi
as has been suggested for atomic states in Refs. [8–10

Despite all the formal similarities, the molecular Tr
jan states are different from the atomic Trojan sta
since there is no microwave field that can be diabatic
switched on, as proposed in [5], to assemble these s
on the orbit. The dipole moment of the molecule is fix
The rotational frequencyV cannot be turned on gradual
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because it is quantized. Therefore we have to invent dif
ent methods to produce the molecular Rydberg states.
possible production mechanism is the capture of a pass
by free electron into a Trojan state by a rotating molecu
ion. Of course, a third body or an external field is need
in this case to carry away the energy surplus. Another p
duction mechanism might employ the recently develo
subpicosecond broad-band, half-cycle field pulses [16–
to excite one of the electrons in the molecule to its Tro
state. Such pulses might be capable of creating elec
wave packets made of many stationary states.
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