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Nonspreading wave packets for Rydberg electrons are predicted in rotating molecules with electric
dipole moments. We have named them the Trojan wave packets since their stability is due to the
same mechanism that governs the motion of the Trojan asteroids in the Sun-Jupiter system. Unlike
all previously predicted Trojan wave packets in atoms, molecular Trojan states do not require external
fields for their existence. [S0031-9007(96)01683-3]

PACS numbers: 31.10.+z, 03.65.Ge, 31.50.+w, 33.80.Rv

Following an earlier indication based on a semiclassicalhe only difference is that the forcee £ due to the elec-
analysis by Klar [1], we have recently shown analyticallytric field of the wave is replaced now by the inertial force
and numerically [2,3] that in the presence of a circularlymaQ?. Although the three categories of systems, plane-
polarized electromagnetic wave impinging on hydrogenidary, atomic, and molecular, that exhibit the existence of
atoms there exist new quantum states of highly excitedrojan states are subjected to different forces, their mathe-
electrons. The analytic results were further refined inmatical description reveals striking similarities, owing to
[4], and extensive numerical calculations [5,6] fully con-the crucial importance of the Coriolis force in all these
firmed the existence of these states and their very longystems. The molecular Trojan states differ, however, in
lifetimes. In the rotating frame, these states are almosin essential way from atomic Trojan states. The atomic
stationary and, therefore, in the laboratory frame they repTrojan states can be modified continuously by changing
resent nonspreading electronic wave packets moving otihe amplitude of the applied field, while the molecular
circular orbits around the nucleus with the frequency ofTrojan states are controlled by the rotational frequency
the wave. The Trojan wave packets are centered arourd which is quantized. Also, the breaking of rotational
the classical equilibrium points produced by the externalymmetry is not due to an applied microwave field but it
field of the polarized wave that are close analogs of theccurs spontaneously (the complete molecular Hamilton-
stable Lagrange equilibrium points in celestial mechanic$an is fully invariant under rotations).

[7] around which the Trojan asteroids move. The electric We are interested in a motion of a molecular Rydberg
field of the applied wave provides the same stabilizingelectron whose wave function is localized on a large
force as does the gravitational pull of Jupiter in the caseircular orbit. Since such an electron is always far
of the asteroids. The stability of Trojan wave packets infrom the rest of the molecule, it does not interact
circularly polarized wave fields may be further increasedwith individual particles but only feels a certain charge
as proposed in [8,9,10], by applying an additional homo-distribution of the remaining core. The action of this
geneous magnetic field. core on the electron may be represented by a Coulomb

In this Letter, we show that the Trojan wave pack-field whose center is, in general, shifted by a vecior
ets of Rydberg electrons also exist in molecules eiven with respect to the center of mass of the molecule. The
the absenceof any external field. The conditions for dipole moment of the core, measured with respect to the
the existence of such stable wave packets circulating ooenter of mass, is in this case equal d@. In order
large orbits around the molecular core are a sufficientlto realize the conditions for the existence of the Trojan
large electric dipole momentéa and a rotation of the wave packets, we will consider the situation when the
molecular core. The quantum dynamics of Trojan statesore is rotating. For a charge distribution rotating with the
in polar molecules is governed essentially by the samangular frequency) around the; axis that passes through
Schradinger equation as for Trojan states in atoms placeithe center of mass, the components of the displacement
in a circularly polarized electromagnetic wave. The elecvectora depend on time through the formulas
tron wave functions for these two problems are related by

a sequence of two simple transformations: a shift in the _ _ .

coordinate space and a shift in the momentum space. Be- ax(t) = ax Cod Q1) — ay sin(€d1), (1)
cause of the mathematical equivalence of the two prob- ay(t) = a, sinQ1) + a, cogQr), )
lems, one may use all the results obtained before for

strongly driven Rydberg electrons in hydrogenic atoms. a,(t) = a,. 3)
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Under these assumptions, we can describe the dynamics ,, _ p_2 1 2  2m2
of the Rydberg electron by the following simplified model H=7 Ir| Tallx - OM; — a2, (14)

Hamiltonian This Hamiltonian has the same form (except for the

H, — P> 1 4) trivial constant terma®Q?/2) as the one that governs
2 Ir + a(?)|’ the time evolution in the rotating frame of the electron
in the driven hydrogen atom [2] with the terma()?

where we used the atomic units & 1, e = 1, =1). . - .
€1 e " ) laying now the role of the electric field of the circularly

The same model Hamiltonian has been used previousl larized Theref I th it
[11,12] to study the autoionization of molecular Rydberg gta_rlzed _wea/ef. 5 e(rse fore t\éve Tma_y use a ekr(?[su fS
states in the classical regime. The Iaboratory-framé).""Ine in Refs. [2— ]_or € 'rojan wave packets o

Hamiltonian H;, is time dependent, but we can get rid driven electrons. In particular, it has been shown that the

of this dependence by transforming the Schrédinger Wav?amiltonianH POSSESSES an approximate eigenstate in the
equation to the rotating frame. The wave function in the orm of a Gaussian wave packet

rotating frameyg(r, ¢) is obtained from the wave function w(r, 1) = Ne~QUAG—x0P+By? = 2iC(x—x)y]/2
in the laboratory framey, (r, ) by applying the rotation ’
operator with the angular frequen€y, X iQx0y ,—~QOD/2 ,—iEi (15)
— LiOM.t . .
Yr(r,1) = ¢ rlr, 1), () whereN is the normalization constant. The center of the

where M, is the z component of the angular momentum Wave packet (15) .is obtaingd from the Hamilton equations
operator. Because of the transformation properties of th@f the corresponding classical problem

components of the position vector under rotation . . .
P P x=pc+Qy, y=py, = Qx, z=p;, (16)

MMt xo T IOME —  cog Q1) — ysin(Qr),  (6) ) X ,

iOM.r . —iQM,1 : P Ir|? "+ Qpy, ()
e"Mlye = xsin(Qr) + ycodQr), (7) . y . z

| ' Py = ThE T Qpy, p. = R (18)
ezQM:tzeﬂQM:t =z, (8)

The static solution of these equations
the wave functiony(r, r) fulfills the Schrédinger equa-

tion with the time-independent Hamiltonidiy, r = (x0,0,0), p = (0,Qx0,0) (19)
Hp = p_2 _ 1 - OM,. (9 dfetermineg a stablt_’:) Lagrange quilit_)rium po!nt. The
2 Ir + al distancex is determined by the equilibrium condition
The HamiltonianH contains an additional term QM. 1 ) ’
that accounts for the inertial forces (centrifugal and X2 +al” = xol7, (20)

Coriolis) acting in the rotating frame. The Schrodinger
equation in the rotating frame which expresses the balance between the Coulomb force,

2 | the dipole force, and the centrifugal force. Itis convenient

i0:r(r, 1) = (p— - - QMz)lﬂR(r,;) (10) to introduce a dimensionless paramejethat determines

2 Ir + al the ratio of the Coulomb force to the centrifugal force,

can be transformed to the form known from our previous 1
work [2] by successive shifts of the coordinate and q= 0L
the momentum. In order to obtain the most favorable *0
conditions for the existence of the Trojan states, we shallhe equilibrium condition (20) expressed in termsgof
assume that the dipole is perpendicular to the axis ofas the form
rotation and we align the axis along the dipole moment

(21)

(ax = a). Upon expressingl(r, ) in terms of a new g+ —=1. (22)
function ¢ (r, 1), *o
_; Now we shall expand the Hamiltonia® around the
__ _aody iaQ)
Yr(r,1) = e (e, (11) equilibrium values (19) of the positions and momenta and
and with the use of the relations retain only the quadratic terms.
, 2+ (py — Qxp)? 2
e 40yt — y — a, (12) HQ _ Px (pyz XO) . qﬂz(x _ .X())2 + qQQyE
iaQy —iaQy __
¢ pye Y = py — af) (13) — O — x0) (py — Qx0) + Qyp,
we obtain the Schrédinger equation for the wave function p? 522 1 q
(r, 1) with the “shifted” Hamiltonian#, + 5t - %(1 + 5)' (23)
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We have used here the equilibrium condition (20) toThe same frequencies characterize, of course, the classical
cancel the linear terms. The motion in thedirection oscillations described by the Hamiltonian (23). The
decouples in this approximation from the motion inregion of classical stability of these oscillations, where all
the xy plane, but in this plane the motion is truly the frequencies are real, extends frgm= 8/9to g = 1.
two dimensional. For simplicity, we have applied theln the same region all the coefficients B, C, and D
quadratic approximation in the Cartesian coordinatesthat characterize the shape of the quantum mechanical
because we are interested in proving merely the existenagave packet are real which suggests also the quantum
of the Trojan states in molecules. Our analysis can benechanical stability. The quantum stability of wave
extended easily to cylindrical coordinates which werepackets in this region has, indeed, been fully confirmed.
shown in [3,4] to be much more suitable for describingExact numerical solutions [3,5,6] of the Schrddinger
the “banana-shaped” long living wave packets. We expeatquation with the HamiltoniarH{ restricted to thexy
that our predictions based on the simplified model will beplane that correspond to the approximate Gaussian wave
fully confirmed byab initio numerical calculations. function (15) live up to this expectation. The lifetimes of
The Trojan state of the Rydberg electron given bythese exact solutions for high Rydberg states are of the
the Gaussian wave function (15) is an eigenstate of therder of millions of Kepler periods [5].
HamiltonianH, and, therefore, it will be an approximate  Our analysis leading to a prediction of Trojan states of
eigenstate of the exact shifted Hamiltonian in Eq. (14)electrons in polar molecules is based on the assumption
when the neglected higher order terms are small, i.ethat the radiusx, of the circular Rydberg orbit is large
when x, is sufficiently large. In the rotating frame, this as compared to the dimension of the core. Thus the
state is stationary and it is localized around the classicatatio a/x, represents a small parameter in this analysis
equilibrium point. The extension of the Trojan wave since a is always limited by the linear dimensions of
packet in the directions, y, andz are determined by the the core. The smallness @f/xy is in correspondence
coefficientsA, B, andD, respectively. All the coefficients with the requirement of stability. Indeed, the equilibrium
characterizing this wave packet can be determined frongondition (20) means that/x, must be smaller thaih/9

the eigenvalue equatialipyy = Ey, if g i; to fa!l t_)etween #9 and 1. We shall show below
a=yi 2@~ 9. @) T el requrement for the existence of the Trojan
B =~ a4 () — 913, 25) o thia rotationts oan be expressed in terms of anda
C = )3, (26) with the use of Eq. (20)1 1
D=.q, 27) Q:mzy~ (33)

E=QA +B+D)/2—-(1+q/2)/x, (28 On the other hand, the value 6f is determined by the
rotational quantum number and the moment of inertia
of the moleculef) = J/I. Hence, for a given molecule,
flg)=2+gq - 2\/(1 —¢)(1 +2g). (29) the value ofx, depends only on the value 8f For small
a/xy, this relation has the form

where

The original wave functiongyz in the rotating frame
obtained from the formula (11) has the from < I )2/3
Xo =~

Yr(r,t) = Ne—SI[A(x—xo+a)2+By2—2ic(x—xo+a)y]/z 7

Even for the smallest molecules (cf. the discussion below),
when the moment of inertia is of the order of 5000 (in
In the laboratory frame, the Trojan statenisnstationary  atomic units),xy is of the order of 300 for the lowest
The wave packet circles around the center of mass aftational state. Such a large valuexgfguarantees that
the molecule keeping in phase with the rotation of thethe electron probability density(r),
molecular dipole.

The Hamiltonian (23) can be brought to the canonical

form [2.4] t ; ' is well localized far from the core; the ratio of the density
Hyp = wiatay — w-ala- + w;aja; + E, (31) at the center to the density at the equilibrium point is

where the characteristic frequencies andw, have the equal to exp—QAx;) ~ exp(—,/xo) sinced = 1. The

(34)

% eiQ(xofa)ye*QDzzﬂe*iEt. (30)

p(l‘) _ NZe7QA(x7xo+a)27()ByzfﬂDz2’ (35)

values localization in the azimuthal direction is not as good as in
2—gq* /ng —8g B the radial direction because the coefficiBnt= /a/3x is
w+ = Q 5 . o, =Qq. much smaller thar.

In order to demonstrate that the Trojan states of Rydberg
(32) electrons in molecules are not highly exotic, we shall show
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now that even in the simplest case of the hydrogen molbecause itis quantized. Therefore we have to invent differ-
ecule there exist favorable conditions for their existenceent methods to produce the molecular Rydberg states. One
Obviously, the Trojan states cannot exist in homonucleapossible production mechanism is the capture of a passing-
molecules, since by symmetry such molecules do not haviey free electron into a Trojan state by a rotating molecular
dipole moments. However, when one hydrogen atom ison. Of course, a third body or an external field is needed
replaced by its isotope, by deuterium, or even better byn this case to carry away the energy surplus. Another pro-
tritium, the center of mass is shifted with respect to theduction mechanism might employ the recently developed
center of charge and a dipole moment is created in the cosubpicosecond broad-band, half-cycle field pulses [16—18]
responding molecular ion. In particular, in the hydrogen-o excite one of the electrons in the molecule to its Trojan
tritium molecule the center of mass is shifted by bfthe  state. Such pulses might be capable of creating electron
distanceR between the nuclei. Taking the standard valuewave packets made of many stationary states.
R = 2 a.u. for the hydrogen molecular ion [13], we ob- We would like to thank David Farrelly, Maciej Kalin-
taina = 0.5. The moment of inertia of the core is equal ski, Johann Rafelski, Turgay Uzer, and Kuba Zakrzewski
in this case to a product of the reduced mass of the nder very helpful comments and suggestions. This work
clei (3/4 of the proton mass) by the square of the distancéas been supported by the KBN Grant No. 2P30B01309.
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