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Parametric Variation of Chaotic Eigenstates and Phase Space Localization
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(Received 24 June 1996)

We investigate the phase space localization properties of eigenstates of a quantum system pos
a chaotic classical limit. Parametric variation of the system suggests introducing a measu
correlations between state overlap intensities and level velocities to infer information about the
of eigenstate localization. Random matrix theory predicts no correlations. Yet when applied t
chaotic stadium billiard, we find large correlations reflecting the significant eigenstate scarring d
the parametric action variations of the orbits homoclinic to the central trajectory underlying the
packet. The analysis can be applied to data taken with quantum dots in the Coulomb-blockade
and microwave cavities. [S0031-9007(96)01650-X]

PACS numbers: 05.45.+b, 03.20.+ i, 03.65.Sq
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Nearly twenty years ago, Berry [1] and Voros [2] ma
a conjecture on the nature of eigenstates in the s
classical limit of a quantum system possessing a sim
chaotic classical analog. To within quantum fluctuatio
“chaotic” eigenstates should respect the ergodic hypo
sis in phase space,dsssE 2 Hsp, qdddd, as applied to wav
functions. Heller later modified this picture with his p
diction of eigenstate scarring along shorter classical
riodic orbits [3]. This initiated continuing investigatio
and debate as to the phase space “localization” or s
ring properties of chaotic eigenstates. In this cont
localization should be understood as meaning deviat
from the ergodic expectation and the inherent quan
fluctuations. A need arose to make connections betw
quantum mechanics and phase space. Thus Wigner
forms, Husimi distributions, and wave packets have b
employed in various contexts. The issues and co
quences are far from being settled and in this Letter (i)
introduce a measure involving parametric variations
probes such eigenstate localization, (ii) show random
trix models reflecting wave function ergodicity pred
vanishing correlations, (iii) use dynamical arguments
explain surprisingly large correlations found in the s
dium billiard, and (iv) suggest analyzing the conducta
data from quantum dots in the Coulomb-blockade reg
[4] and data from microwave cavities [5].

The relevance to localization of looking at parameter
pendencies can be viewed in the following manner.
system’s eigenstates satisfy the ergodic expectation, th
smooth perturbation will democratically connect all sta
near a given energy surface. The evolution of any
eigenstate or energy level over a large enough para
ter range will be statistically equivalent to their respec
neighboring states or levels. On the other hand, loca
tion creates the opportunity for undemocratic behavi
One example would be an excessive proportion (in a
tistical sense) of some states being essentially disconn
by the perturbation from other states. This would l
to an increase, relative to statistical expectations, of s
0031-9007y96y77(20)y4158(4)$10.00
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range avoided crossings. However, looking to the le
statistics is not likely to be the most sensitive test of n
ergodic behavior in the eigenstates. One needs to des
more adapted measure to probe such “nongeneric” be
ior. Ahead we introduce a correlation function betwe
overlap intensities and level velocities, which immediat
suggests itself in strength functions’ parametric behav

Consider a quantum system governed by a param
dependent Hamiltonian,̂Hsld. Suppose that the dynamic
are chaotic for all values of thel parameter range o
interest and no symmetry is being weakly broken. Th
the statistical properties are expected to be stationary
respect tol and we do not have to be concerned with
transition to or from chaos. In his original introduction
scarring, Heller [3] made use of a strength function

SsE, ld ­
1

2p

Z `

2`
dt eiEty h̄kf j fst; ldl

­
X

i

pfislddsssE 2 Eisldddd , (1)

where pfisld ­ jkf j Eisldlj2, Eisld labels the eigen
states and eigenvalues,SsE, ld is the Fourier transform o
the autocorrelation function of a wave packet initial st
jfl, andSsE, ld denotes the smooth part resulting from t
Fourier transform of just the extremely rapid initial dec
due to the shortest time scale of the dynamics (zero-le
trajectories). We will takejfl to be a wave packet with
phase space imagerfsp, qd, but other choices are pos
sible. If momentum space localization is the main int
est, the natural choice would be a momentum eigensta

The presence of very large overlap intensities inSsE, ld
indicates localization nearrfsp, qd. In Fig. 1, we show
SsE, ld for a wave packet initially oriented along th
horizontal axis of the stadium billiard, a highly chao
system. We see that the levels associated with the p
do not appear to move democratically. This sugge
introducing an overlap intensity-level velocity correlati
© 1996 The American Physical Society
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FIG. 1. Graphical representation ofSsE, ld for the stadium.
Each small line segment is centered on an eigenvalue an
lambda value. The heights are proportional topfisld. l is the
ratio of the side length to semicircle diameter. Asl increases,
the stadium stretches horizontally, but is scaled to preserv
area. jfl is a horizontally directed wave packet centered
the stadium and whose momentum is roughly set so that
largest dimension of the stadium spans 12 wavelengths. O
the range ofl plotted, the stadium lengthens approximately o
wavelength at the mean momentum ofjfl. See the text for the
solid and dashed curves.

coefficient,Cfsld, which is defined as

Cfsld ­

*
p̃fisld

≠Ẽisld
≠l

+
E

. (2)

It weights most the level velocities whose associa
eigenstates possibly share common localization chara
istics and measures the tendency of these levels to m
in a common direction. In this expression, the tildes
dicate that the variables are already zero-centered,
rescaled to unitless quantities with variance one. The
of states included in the local energy averaging can be
flexible except for the constraint that only energies wh
SsE, ld is roughly constant can be used or some unfo
ing must be applied.Cfsld thus has a simple form an
the additional advantage of involving quantities of dire
physical interest. Level velocities arise in thermodynam
properties and overlap intensities often arise in the m
ner used to couple into the system.

That Cfsld measures localization is seen in two ste
First it can be calculated within random matrix theo
which is supposed to apply generically to chaotic syste
It sets the reference point for one’s expectations of
statistical properties and is a way of deriving the res
for systems obeying the ergodic hypothesis. LethĤsldj be
given by a Gaussian ensemble (GE) and be constructe
Ĥsld ­ Ĥ1 1 lĤ2, whereĤ1 andĤ2 are independently
chosen GE matrices. Because the GE is invariant unde
set of transformations that diagonalize the ensemble,
choice ofjfl, although a fixed vector, is entirely arbitrar
The overlaps and level velocities are independent over
ensemble. With the overbar denoting ensemble averag
its
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Cfsld ­

*
p̃fi

≠Ẽisld
≠l

+
E

­ kp̃filE

*
≠Ẽisld

≠l

+
E

­ 0 .

(3)

In fact, it is essential to keep in mind thateverychoice
of jfl gives zero correlations within the random mat
framework. The existence of even a singlejfl in a
particular system that leads to nonzero correlations viol
ergodicity. It is straightforward to go further and consid
the mean square fluctuations ofCfsld,

Cfsld2 ­

*
p̃fip̃fj

≠Ẽisld
≠l

≠Ẽjsld
≠l

+
E

­
1
N

, (4)

whereN is the effective number of states used in the
ergy averaging. Again the level velocities are independ
of the eigenvector components. Thei fi j terms vanish
due to the independence of the diagonal elements of
perturbation leaving only the diagonal terms that invo
the quantities that respectively enter the variance of
eigenvector components and the mean square level v
ity. The final result reflects the equivalence of ensem
and spectral averaging in the large-N limit. Therefore,
in ergodically behaving systems,Cfsld ­ 0 6 N21y2 for
every choice ofjfl.

Next, we would like to have a picture of how loca
ization can lead to nonzero correlations inCfsld. It is
simply reflecting finite time correlations in the classic
dynamics. The classical propagation ofrfsp, qd will re-
lax to an ergodic long time average. However, during
relaxation, recurrences lead to localization in the eig
states. See Heller’s original arguments [3] for the ex
tence of scarring.pfi weights most heavily the group o
eigenstates localized nearrfsp, qd. Diagonal matrix ele-
ments (or level velocities) of some perturbation for the
states may not fluctuate about the classical average o
perturbation overdsssE 2 Hsp, qdddd. If not, Cfsld fi 0.
Note that this means some choices ofjfl will still lead to
zero correlations even though the system has localiza
It takes only one nonzero result to demonstrate con
sively localization, but to obtain a complete picture, it
necessary to consider manyjfl covering the full energy
surface.

We apply the velocity-intensity correlation measu
to the stadium billiard. In Fig. 1, all large overlap
moved down through the spectrum asl increased. The
correlations given in Fig. 2 show a nearly perfect aver
correlation coefficient ofCfsld ­ 20.665 (21.0 is the
lowest possible value). Furthermore, the value ofN in
this calculation is about50. Considering Eq. (4), the
result is quite inconsistent with ergodicity. We also fi
that there appears to be a significant structural persist
in the strength function. Many level crossings have
influence in redistributing the intensities.

At a heuristic level, the direction of the weighte
level velocities is simple to understand. If a state h
4159
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FIG. 2. Cfsld versusl. The average value is stationary
roughly 20.665 with the scatter consistent withN21y2 fluctua-
tions. The samejfl is used as in Fig. 1.

enhanced intensity along the horizontal bounce perio
orbit and the stadium is smoothly lengthened, to main
a constant number of wavelengths across implies redu
the momentum, i.e., decreasing the energy. An up
bound for the slope derives from a quantization condit
along the periodic orbit and is shown as the das
straight line in Fig. 1. The structural stability and lar
nonzero correlations can be explained more precisel
semiclassical theory. In a series of papers [6], it w
shown that the strength function could be expressed
sum over orbits homoclinic to the central orbit associa
with jfl in the usual semiclassical form

SsE, ld ø
X

j

Aj expsiSjyh̄ 2 inpy4d . (5)

In this case,Aj cuts off the amplitude of homoclinic orbit
crossing far from the centroid ofjfl. The key point is
that the homoclinic orbits organizeall the return dynamics
in which trajectories initially nearby fall away from th
central periodic orbit but later return to the neighborho
again. It was found that when all returning orbits we
included whose periods do not exceed the Heisen
time [tH ­ h̄r̄sEd], the summation converged well to th
discrete quantum strength function.

In general, a perturbation will alter the value of t
classical actions,Sj, and amplitudes,Aj , of each homo-
clinic orbit. We assume in the following that the me
level velocity due to the perturbation is zero. The su
mation is most sensitive to the changing actions beca
of the associated rapidly oscillating phases. To be c
sistent with zero correlations, the action variations m
be “randomly” distributed about zero. Otherwise, sh
ing the energy surface partially compensates the pe
bation effects and correlations are necessarily presen
fact, a simple condition can be derived in which the s
remains invariant to first order. Usingtj (orbit period)
­ ≠Sjy≠E, it turns out that if for every homoclinic orbi
tj # tH , a constant energy surface shift can be cho
4160
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such that this condition is closely satisfied,

DE ; DEj ­ 2
Dl

tj

≠Sjsld
≠l

, (6)

then the strength function is just being rescaled in ene
All the overlaps will remain the same but move with th
same constant velocity giving strong correlations and
aforementioned structural persistence ofSsE, ld. It is
the dynamical correlations in the distribution of the s
of ht21

j ≠Sjsldy≠lj that is at the very origin of scarring in
eigenstates. Without structural persistence, even if th
existed a large intensity overlap somewhere, it wo
quickly disappear with a change inl. Probabilistically
then, the chances of finding large overlaps in a spect
would be greatly reduced, or in other words, there wo
be far less localization.

For billiards, Eq. (6) simplifies to2E times the loga-
rithmic derivative withl of the orbit lengths. In Fig. 3,
we show the distribution of derivatives for the homoclin
orbits. The average shift can be used to calculate an
erage level velocity for the localized states,≠Ey≠l, from
Eq. (6). The solid line in Fig. 1 shows the result and f
lows large amplitudes nicely as lambda varies. This gi
a more complete explanation for the significant amoun
scarring noted in the stadium billiard. Eventually at lo
times, the properties of the homoclinic orbits must eq
librate and for sufficiently small̄h (the long Heisenberg
time limit), the ergodic expectations must be recover
Significant localization should exist up to the point in t
spectrum where the classical dynamical time scale du
which the homoclinic manifolds uniformly explore the e
ergy surface becomes much shorter thantH .

It is worthwhile to make some remarks on applyin
Cfsld to the Coulomb-blockade conductance data [

FIG. 3. Histogram of the logarithmic derivative of the fir
,1000 homoclinic orbits. The mean is 0.10. The horizon
bounce periodic orbit derivative is 0.27 and for the vertic
bounce orbit20.34. In Fig. 1, the barely visible, upwardly
moving energy level has a velocity matching the vertic
bounce orbit slope.
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we have in mind the low temperature limit. There th
peak conductances and resonance energies are tra
as a function of an external magnetic field or shap
changing gate voltages. The resonance energy variat
are related to a single particle level velocity and the pe
conductance is proportional to a quantity similar topfisld
[7]. For example, consider a case where the electr
enter and exit the quantum dot through structures t
are reflection symmetry related. There the express
for the conductance reduces to the form of Eq. (
Even without symmetry, the random matrix theory w
predict no correlations for the slightly more complicate
form whereas localization of the eigenstates can gene
nonzero correlations. If the tunneling contacts are pla
at opportune sites such as at the opposing horizo
ends of a stadium billiard, some shape distortions w
reveal the localization properties. Not every perturbat
will. In the stadium example given here, changing t
aspect ratio is perfectly adapted to testing for localizat
along the horizontal or vertical bouncing periodic orbi
However, this perturbation would not be expected
show correlations ifjfl were placed on the self-retracin
periodic orbit that has aV shape. We mention also tha
the microwave cavity data [5] can be studied with ev
more flexibility since they have measured the eigensta
and can therefore meticulously study a wide range ofjfl
to get a complete picture of the eigenstate localizat
properties.

SsE, ld contains all the information about the corre
lations and suggested the form of the measure we h
introduced. The eigenstates can show a great degre
localization even in a spectral range where it is difficult
detect deviations from random matrix predictions for t
spectral statistics. The stadium billiard shows large cor
lations in the intensity-velocity measure near the 300t
400th excited level but still has good agreement w
random matrix spectral measures; this energy range is t
cal for experimentally produced quantum dots. In fa
spectral measures are more closely related to level cu
tures. The intensity-curvature correlation for the stadiu
also gives the random matrix result zero.

The classical return dynamics organized by the h
moclinic orbits is responsible for the excess localiz
tion occurring in the quantum system. This leads to
introduction of a new classical time scale over which t
properties of the homoclinic orbits fully explore the e
ergy surface. In a uniformly hyperbolic system, this tim
scale will reduce to known scales associated with the L
punov instability in the system. However, many of th
paradigms used in chaotic systems are not uniformly
perbolic and the exploration time scale will lengthen
some regions of phase space will be difficult to enter a
ked
-
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trajectories will tend to get trapped there before retu
ing nearby to their original starting points in phase spa
There will be experimental, quantum mechanical con
quences of these dynamical correlations which are fu
described by the underlying homoclinic motion.

Finally, we mention thatCfsld could be used to
analyze integrable, near-integrable, or mixed phase sp
dynamics as well. For example in the mixed case, it mig
well provide new insight into “cantorus quantization” i
the neighborhood of the frontier between a KAM regio
of regular motion and chaos [8]. In these cases, stand
random matrix theory would not give the zeroth ord
statistical expectation, but the localization would still b
determined by the return dynamics in the semiclass
approximation; see [9] for the organizational scheme
the return dynamics in integrable systems.
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