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A Causal Source Which Mimics Inflation
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How unique are the inflationary predictions for the cosmic microwave anisotropy pattern? In this
paper, it is asked whether an arbitrary causal source for perturbations in the standard hot big bang co
effectively mimic the predictions of the simplest inflationary models. A surprisingly simple example of
a scaling causal source is found to closely reproduce the inflationary predictions. This Letter extend
the work of a previous paper [N. Turok, Phys. Rev. D54, 3686 (1996)] to a full computation of the
anisotropy pattern, including the Sachs-Wolfe integral. I speculate on the possible physics behind su
a source. [S0031-9007(96)01649-3]

PACS numbers: 98.70.Vc, 04.20.Gz, 98.80.Cq, 98.80.Hw
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The prospect of mapping the cosmic microwave bac
ground (CMB) anisotropies [1] to high resolution ha
raised the exciting possibility of confirming fundament
theories of the origin of structure in the Universe. The i
flationary theory is the present front runner, and the lat
CMB measurements do even hint at support for the s
plest, spatially flat inflationary models. The angular pow
spectra these theories predict are distinct from those in c
mic defect or baryon isocurvature models, and it is an i
portant question whether spectra of this form are reall
unique prediction of inflation. Or could a noninflationar
mechanism somehow replicate them?

The fundamental difference between inflationary a
noninflationary mechanisms of structure formation is th
inflation alters the causal structure of the early Univer
adding on a prior epoch during which correlations are
tablished on scales much larger than the Hubble rad
This is, of course, how the standard horizon puzzle
solved. Similarly, the perturbations produced during infl
tion possess “super-horizon” correlations (quotes indic
a standard big bang definition). If these “super-horizo
correlations were shown to exist, it would strongly suppo
the idea of inflationary structure formation, for no caus
mechanism could have produced them within the stand
big bang.

Since COBE observed perturbations on the CMB s
on scales larger than the “horizon” at last scattering, o
might think the issue was settled. But these large an
anisotropies could have been produced causally wit
the standard big bang, by time dependent gravitatio
potentials along the line of sight. Cosmic defects
well as open Universe orL dominated models provide
examples of theories where this happens.

The smaller angle anisotropies are a more promis
probe because they are due to local effects which
strongly constrained by causality (Fig. 1). In particula
the Doppler peaks caused by phase coherent oscillat
[2] in the photon-baryon fluid provide a possible signatu
of “super-horizon” curvature perturbations [3–7]. Refe
ence [6] developed a formalism for causal sources, a
the present Letter follows up that work.
0031-9007y96y77(20)y4138(4)$10.00
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Here I ask whether a causal source acting pu
via gravity in a smooth Universe could generate CM
anisotropies similar to those in flat inflationary mode
For simplicity I restrict consideration to scaling sourc
which nevertheless turn out to provide a surprisin
simple inflationary mimic. I emphasize that the mimic
not a theory, but an ansatz constructed by hand to pro
a consistent solution to the Einstein equations. But iis
sufficiently simple that it might actually be realized in
future theory of structure formation—in that sense
counterexample may turn out to be constructive.

I deal with the linearized Einstein equations in the s
approximation, where the perturbations are assume
have negligible effect on the source [8]. The source st
energy tensorQmn is then covariantly conserved wit
respect to the background metric:

ÙQ00 1
Ùa
a

sQ00 1 Qd ­ P;

ÙP 1 2
Ùa
a

P ­ ≠i≠jQij ,
(1)

FIG. 1. The causality constraint on the microwave ba
ground anisotropy. The picture is in comoving coordinat
The outer circle represents our causal horizon in the stan
big bang. The inner circle is the surface of last scattering,
which photons are set free from the hot plasma. Circles s
the domains of influence on these photons—the radius is
light travel distance since the hot big bangtLS. This subtends
an angleQLS , 1.1± in a flat Universe with standard recom
bination. No causal physics operating within the standard
bang could have generated correlations between photons o
last scattering surface at points separated by more than2QLS
on the sky.
© 1996 The American Physical Society



VOLUME 77, NUMBER 20 P H Y S I C A L R E V I E W L E T T E R S 11 NOVEMBER 1996

c

se
e
io
r
e

te
-
et

u-
b
e

T
bo
py

ur
rs
r

ca
e
en

-
es
on

in
a
in

ra

m

-
i

tu
-

la

nge

on

B

rm
the
ant.

ea

tion
s
to
os,

ion
e on

to

n is
n

ms

are

n-

l
y
f
rm
whereP ­ ≠iQ0i . Dots denote derivatives with respe
to conformal timet, andastd is the scale factor.

A formalism for dealing with such sources was propo
in [6]. Here I shall consider only coherent sourc
representable in terms of a single set of master funct
which are solutionsQmnsx, td of (1). The correlato
kQmnsr , tdQrls0, t0dl equals the spatial convolution of th
master functionsQmn andQrl.

As argued in [6], causality implies that the mas
functionsQmnsr , td vanish forr . t. For scalar pertur
bations, the master functions are spherically symm
and can be written asQ00sr , td, Q0i ­ xiJsr , td, Qij ­
1
3 Qsr, tddij 1 QAsr , td sxixj 2

1
3 r2dijd. The term1

3 Q

is the pressureP, andQA the anisotropic stress. In sit
ations where matter is being actively moved, as it will
here, the anisotropic stresses are generally of the sam
der as the pressure.

Some general properties can now be seen.
Fourier transforms (assumed to exist) are analytic a
ki ­ 0, and can be Taylor expanded. By isotro
the leading terms areQ00 , k0, Q0i , ki , P ,
k2, andQij , dij. In Fourier space we writeQijskd ;
1
3 dijQ 1 skikj 2

1
3 dijdQS . One sees thatQSskd ­

k21dQAydk 2 d2QAydk2 , k2.
I now specialize to scaling sources, where the so

(a) involves a number with dimensions of the inve
of Newton’s constantG and (b) involves no othe
length scale apart from the horizon scalet. With these
conditions the source-perturbation equations are s
invariant, apart from the violation of scaling caus
by the radiation-matter transition. Scaling and dim
sional analysis imply that (see, e.g., [9])Q00sk, td ,
t

2 1

2 f1sktd, Qsk, td , t
2 1

2 f2sktd, Psk, td , t
2 3

2 f3sktd,
QSsk, td , t

2 1

2 f4sktd, where thefi have Taylor expan
sions ink2 obeying the restrictions noted above. Th
four f 0

is are related by the two energy momentum c
servation equations (1). So, for example, thek0 term in
the first equation relates the leading terms inf1 and f2,
and thek2 term in the second equation relates the lead
terms inf2 and f3. But even after applying these equ
tions, we still have essentially two free functions rema
ing. We also have some freedom in how to incorpo
the matter-radiation transition into the source.

I assume the background spacetime is flat, and has
ric ds2 ­ a2std h2dt2 1 fdij 1 hijsx, tdg dxi dxjj, with
t conformal time andastd the scale factor. I work in ini
tially unperturbed synchronous gauge, in which the E
stein equations are manifestly causal.

We are interested in computing the CMB tempera
distortion in a directionn on the sky: In the “instanta
neous recombination” approximation this is

dT
T

snd ­
1
4

dRsid 2 n ? vRsid 2
1
2

Z f

i
dt Ùhijninj ,

(2)
wheredR is the density contrast, andvR the velocity, of
the photon fluid on the surface of last scattering. The
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term is the Sachs-Wolfe integral, representing the cha
in the proper path length along the line of sight.

The first two terms are local effects, determined from

d̈C 1
Ùa
a

ÙdC ­ 4pG

3

∑X
N

s1 1 3c2
N drN dN 1 Q00 1 Q

∏
,

(3)

ÙdR ­
4
3

ÙdC 2
4
3

= ? vR;

ÙvR ­ 2s1 2 3c2
Sd

Ùa
a

vR 2
3
4

c2
S=dR ,

(4)

where cS is the speed of sound in the photon-bary
fluid. Note that onlyQ00 1 Q enters. Thus prior to
last scattering, only one of the two free functions inQmn

contributes—the other is literally invisible in the CM
anisotropy.

In the simplest inflationary theory, the surface te
1
4 dR dominates in determining the Doppler peaks—
vR term and the Sachs-Wolfe integral are subdomin
In Ref. [6], I found a causal sourceQ00 1 Q for which
thedR surface term matched that from inflation. The id
was simply to choose

Q00 1 Q ~ f1srd 1 f2srd ~ dsr 2 Atd,

0 , A # 1 , (5)

representing a spherical shell expanding at some frac
of the speed of light. ForA close to unity, the match wa
excellent [6]. Such a shell of matter is similar in form
a supernova explosion—for a spherical shell of neutrin
one hasQij , Spipj ~ xixjyr2.

Here I extend the computation to the entire express
(2). The Sachs-Wolfe integral has some dependenc
the anisotropic part of the metric perturbation, and
compute this it is necessary to further specifyQmn. The
simplest choice leavingf1 1 f2 fixed is to specifyf3.
Then Eqs. (1) are used as follows: The energy equatio
integrated to determineQ00, and the momentum equatio
is differentiated to determineQS . Of course this must be
done consistently with the matching of the leading ter
as discussed above.

In Fourier space, the choices I make for the source

Q00 1 Q ­
a
Ùa

sinAkt

Akt5y2
(6)

as in (5), with the prefactor incorporating the radiatio
matter transition in a simple way. ForP, we must
satisfy Pskd , k2 at smallk. Equivalently, the integraR

t

0 r2 drPsr, td ­ 0. This is most easily satisfied b
taking Psr , td to be the sum of two delta functions o
equal weight but opposite sign. Their Fourier transfo
produces

P ­ 2
Estd

5

2

6
B2 2 C2

µ
sinBkt

B
2

sinCkt

C

∂
, (7)
kt
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whereEstd is a messy function obtained by analytica
solving for the coefficient ofk2 term in the momentum
equation (1). It equals2

15 in the radiation era and2
18 in

the matter era. A set of values which leaves the Sa
Wolfe integral sub-dominant isB ­ 1.0 andC ­ 0.5.

The initial conditions for theQ00 and the perturbation
are set up deep in the radiation erat ø tEQ , well outside
the horizonkt ø 1. From thek0 terms in the energy
conservation and perturbation equations, one has

Q00 ­ 2t
2 1

2 , dR ­ dn ­
4
3

dC ­ Dt
3

2 , vR ­ 0 ,

(8)

with the constantD determined by setting the tota
pseudoenergy t00 ­ k2sh 2 hSdys24pGd ­ Q00 1P

N rNa2dN 1 s?ayad ÙdCys4pGd to zero. With these
choices there are no superhorizon perturbations in
photon-to-CDM -baryon or -neutrino ratios. Setting t
pseudoenergy zero means there are no curvature pe
bations either. In the full calculation, the anisotrop
metric perturbation is given byÙhS 2 Ùh ­ 224pGfP 1P

N sPN 1 rN da2ik ? vNgyk2. The free streaming o
photons and neutrinos after last scattering is mode
following Ref. [3]. The completeCl spectrum of the
causal model defined in Eqs. (6)–(8) is shown in Fig.

In the construction above, where I integrate the ene
equation to determineQ00, there is no reason it should g
to zero inside the horizon. However, because I explic
turn off Q00 1 Q inside the horizon, the source ceas
to have any effect on the fluid perturbations and
trace part of the metrich ­ 22dC. The effect on the

FIG. 2. Comparison of the simplest inflationary theo
(dashed line) with its “mimic” causal source model (solid lin
discussed here. The vertical axis islsl 1 1dCl , with Cl the
angular power spectrum andl the Legendre index. Both curve
were calculated in a flat Universe with canonical parame
VB ­ 0.05, VCDM ­ 0.95. The vertical scale is arbitrary.
4140
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anisotropic parthS is similarly turned off becauseP goes
to zero. In effect, I have turned off all the “gravitationall
active” components of the source, but there is no rea
for the energyQ00, the pressureQ, or the anisotropic
stressesQS to vanish separately—they need only satis
the relationsQ00 1 Q ­ 0 andQ 1 2QS ­ 0. This is
reminiscent of the behavior of a straight cosmic string
it carries energy but generates no gravitational field.
any case, the sub-horizon source is removed if one ad
term c1k2tsay ÙadQ00 to Q00 1 Q, or a term2c2k2tQ00
to P. Either of these makesQ00, Q, andQS go to zero
inside the horizon as expf2constk2t2g. Figure 3 shows
the evolution of the components ofQmn with and without
these modifications, and Fig. 4 shows the correspond
Cl spectra. The moral is that there is a lot of freedo
inside the horizon to make large alterations in the sou
without introducing a significant integrated Sachs-Wo
effect.

How sensitive to the particular choice of ansatz is t
result? Figure 4 compares theA ­ 1 model with the
casesA ­ 0.7 andA ­ 0.1. As A decreases, the sourc
changes sign at largerkt. The radiation perturbation
starts off with the opposite sign to the source: If th
latter does not change sign, the radiation perturbat
eventually must change sign, as it is driven by t
source. This causes the leftward shift of the peak.
is also easy to arrange for a shift to the right by taki
linear combinations of sources like (6) [6]. So the
is a substantial region of parameter space around

FIG. 3. Behavior of the stress tensor inside the horizon. T
thin lines show the original source defined in Eqs. (6) and
as a function ofkt in the radiation era (in order as the curve
intersect they axis moving upwards)t1y2QS , t1y2sQ 1 Q00d,
t1y2Q00, and 75k22t21y2P. The bold lines show the same
curves for the model specified byc1 ­ 0.001 and c2 ­ 0.003
(see text), where all components are turned off inside
horizon. TheCl spectrum for the latter model is shown i
Fig. 4.
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FIG. 4. TheCl spectrum of theA ­ 1 model (bold line) is
compared with that forA ­ 0.7 (dashed line) andA ­ 0.1
(dotted line). The model illustrated in Figure 3, for which th
stress tensor vanishes inside the horizon, is also shown as
thin line (alteringc2 to 0.001 makes theCl spectrum virtually
indistinguishable from the original model, except for the four
peak, which is still a little high).

simplest A ­ 1 model which has similarCl spectra.
It would be very difficult to observationally separa
these models from inflation, especially in the realis
case where we are unlikely to know all the releva
cosmological parameters (V, VB, h, VL, and so on)
in advance. I have so far explored only a very tin
part of model space, and preliminary investigations
more general ansatzes indicate that a very wide rang
Cl spectra is possible, especially when the Sachs-W
integral becomes a dominant effect.

I have given myself a great deal of freedom
constructing this source, and it is far from clear th
realistic physics could produce it. Nevertheless, t
reader may tolerate some speculations. As mention
the form of r 1 3P required is similar to that resulting
from a supernova explosion, but whereas in the la
case the energy redshifts away asastd21, here scaling
evolution requires that the energy in the shell increase
by dimensions,E , G21t. This requires some positive
feedback, which one could conceivably arrange w
unstable dark matter, decaying via stimulated emission
the
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Goldstone bosons or even gravity waves. Another iss
is the Gaussianity or otherwise of the perturbations. If t
source is made up of a very large number of “explosion
which are allowed to superpose, it can be made v
Gaussian. But if the shells interact, there is a limit
their number density, and the perturbations would be n
Gaussian.

To conclude, causality alone is insufficient to distingui
the inflationaryCl predictions from those of noninflation
ary models. Of course the observational confirmation
one of these spectra would be a tremendous success
inflation, but the door would still be left open to other ex
planations of cosmic structure formation.
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