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Dynamic Matching of Vortex Lattice in Superconducting Multilayers
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(Received 5 April 1996)

We observed oscillations of a nonlinear flux flow resistivityRs j, Hd as a function of a parallel
magnetic field6 , H , 9 T in Nb-TiyCu multilayers. We show that the oscillations inRsHd, which
have the field periodDH ø 0.1 T independent of temperature and current, indicate a long-range o
in the rapidly moving vortex structure. The critical currentIcsHd exhibits no oscillations characteristic
of RsHd. We propose an explanation of the effect in terms of dynamic matching of the moving vo
lattice with periodic microstructure and show that bothDH and the amplitude of the oscillations o
RsHd are inversely proportional to the sample thickness. [S0031-9007(96)01582-7]

PACS numbers: 74.60.Ge
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Dynamics and pinning of the flux line lattice (FLL
in a periodic potentialUsxd characteristic of artificia
multilayers or layered high-temperature superconduc
in a parallel magnetic field have attracted much atten
[1,2]. For instance, a static interaction of the FLL wi
a periodic pinning structure can give rise to peaks
the critical current densityjcsHd at matching magnetic
fields Hmn1n2 ­

p
3 f0m2y2sn2

1 1 n1n2 1 n2
2dl2 for which

the spacingasHd between neighboring vortex rows
commensurate with the periodl of Usxd, wherem, n1,
andn2 are integers, andf0 is the flux quantum. This ha
been observed in Pb-Bi alloys with periodic concentrat
of Bi [3], films with modulated thickness [4], or period
structure of holes [5], superconducting multilayers [
Nb-Ti wires with artificial pinning centers [7], etc. Th
motion of the FLL can cause steps in the dynamic flux fl
resistanceR when the FLL is driven by superimposed d
and ac currents [8–11].

A mathematical description of the FLL in a period
potential is similar to that of a Josephson contact, so
above phenomena have analogs in the physics of Jos
son systems [12] and charge and spin density waves
For instance, the peaks injcsHd are analogous to those fo
the Josephson contact with a spatially modulatedjc [14],
while the steps inR correspond to Shapiro steps [8–11
In this Letter we report on oscillations in the nonline
flux flow resistanceRsHd of NbTiyCu multilayers. This
new dynamic matching effect is described below in ter
of the generation of standing electromagnetic waves in
moving FLL. This gives rise to an oscillatingRsHd which
depends on the sample dimensions, similar to Fiske r
nances in Josephson contacts [12].

The multilayers were fabricated by two-gun pr
grammable dc magnetron sputtering of Nb2 49 wt % Ti
and Cu onto (1102)5 mm 3 10 mm sapphire substrate
in an argon plasma at 2 mTorr and 300 K [15]. T
thickness of Cu layerssdnd was 10 nm for all samples
while the thickness of Nb-Ti layerssdsd was varied from
10 to 100 nm. The number of layers varied from 50 to
in order to maintain the total sample thicknessd at 1 mm.
Low angle diffractometer scans showed distinct sate
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peaks indicating good multilayer periodicity which wa
also confirmed by transmission electron microscopy. T
samples were patterned photolithographically to prod
50 mm wide by 3 mm long bridges. The magnetic fie
0 , H , 12 T was applied parallel to the layers with a
accuracy of 0.015± and was always perpendicular to th
transport current densityj flowing along the layers.

The resistanceRsH, T , jd for different T , j, and ds

was measured by a four probe method as a function
field H, which was continuously increased with a consta
ramp rate ÙH [RsHd was independent ofÙH for 1 mTys ,
ÙH , 28 mTys]. The results were similar for multilayer

with different ds, so we show here representative data
ds ­ 25 nm, dn ­ 10 nm, andTc ­ 6.85 K. Figure 1
shows typical quasiperiodic oscillations inRsHd of order
1 mV; the effect is absent for perpendicular field. T
Fourier transform ofRsHd shows a sharp peak for the ma
harmonic ofRsHd at a periodDH ­ 0.095 T independent
of T , ÙH, and j, except forj close tojc (Fig. 2). The
value of DH increases asds is decreased; for instance
we observed similar oscillatingRsHd with DH ­ 0.13 T
for dn ­ ds ­ 10 nm. The amplitude of the oscillation
decreases with increasingT and j, dropping below the
noise level atT . 6.1 K andj . 5 3 104 Aycm2.

The above oscillations inRsHd have adynamicorigin,
since they can be observed only in the nonlinear fl
flow regime forj ø s2 10djc. As j approachesjcsHd, the
periodDH sharply increases, becoming of orderHm atj ø
jc (see Figs. 1 and 2). At the same time, our directjc

measurements [15] have shown that the staticjcsHd does
not exhibit any oscillations characteristic ofRsHd and has
just a single broad maximum around the first match
field, H ø 1 H. This indicates that the static matching
the FLL with the multilayer structure cannot give rise
the oscillations inRsHd with the periodDH ø 0.1 T at
H ø 7 8 T.

It turns out that the observedDH is close to the field
increment needed to increase the number of vortex r
Ny in the sample by one,

DH ­ s2
p

3 eHf0d1y2yd . (1)
© 1996 The American Physical Society
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FIG. 1. RsHd curves for the NbTiyCu multilayer with dn ­
10 nm andds ­ 25 nm for different jfAycm2g: 104 (1); 6 3
103 (2); 2 3 103 (3); 2 3 102 (4). Inset shows the sameRsHd
curves on a larger field scale.

Here e ­ lxyly , 1 is the anisotropy factor which ac
counts for a uniaxial compression of the hexagonal F
[1,2], and lx and ly are effective magnetic penetratio
depths perpendicular and parallel to the normal (N) layers,
respectively. ForH ­ 7 T andd ­ 1 mm, Eq. (1) yields
DH ­ 0.095 T if e ­ lxyly ø 0.2. This comparatively
large e corresponds to a good proximity coupling and
weak Hc2 suppression in this multilayer [15]. Howeve
the oscillations inRsHd cannot be explained by a static su
face pinning characteristic of thin films withd , l when
asHd is commensurate with the film thickness [16].
our case theRsHd curves display many pronounced osc
lations in the field region, whereNy , 102, so the com-
mensurability of the static FLL with the sample thickne
would be suppressed by very strong bulk pinning typi
for Nb-Ti. Nevertheless, to check the relevance of the s
face pinning, we measuredRsHd and jcsHd on a 1 mm
thick Nb-Ti film made by the same sputtering system
the multilayers. We observed no oscillations inRsHd and
jcsHd, which indicates that the effect is related to the m
tilayer structure.

The fact thatRsHd exhibits the oscillations with the
period (1) indicates the effect of commensurability of t
vortex structure with the sample thickness, which requ
a good periodicity of the rapidly moving FLL. Thi
implies that forj ¿ jc, the FLL correlation lengthLt [1]
perpendicular to the layers exceeds the sample thickn
At the same time, the absence of the oscillations injcsHd
-
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FIG. 2. DH as a function of current densityj (filled symbols)
and temperatureT (open symbols). Inset shows the Fouri
transform ofRsHd in Fig. 1, wherek ­ 2.05yDH [T]. The
main peak inRskd corresponds toDH ­ 0.095 T.

indicates that forj ø jcsHd, pinning destroys the long
range translational order in the FLL; thus,Lt becomes
smaller thand, and the FLL exhibits the same behavi
as in an infinite sample. This scenario implies thatLts jd
considerably increases withj, which is indeed a specific
feature of the moving FLL recently discovered both
neutron difraction experiments and theoretical calculatio
[17]. The increase ofLts jd is due to the recovering o
the long-range order in the moving FLL, as compared
the disordered FLL atj ø jc. Thus, the oscillations in
RsHd at j ¿ jc may indicate a dynamic matching of th
moving FLL with the layered structure, unlike the stat
matching responsible for the peaks injcsHd in thin films
and multilayers [6,16].

To show that the FLL moving perpendicular to th
layers does result in the oscillatingRsHd, we calculate
Rs j, Hd in the second order inUsxd which is a weak
perturbation forj ¿ jc. We use equations of anisotrop
elasticity theory for vortex displacementsusx, y, td [1,2].

hx
≠ux

≠t
­ K

≠

≠x
div u 1 m=̃2ux

2
X̀

m­1

fm sinskmx 1 Qmux 1 wd 2 f ,

(2)

hy
≠uy

≠t
­ K

≠

≠y
div u 1 m=̃2uyye2 , (3)

where thex axis is perpendicular to the layers,=̃2 ­
≠2y≠x2 1 e2≠2y≠y2, hx and hy are vortex viscosities
4079
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across and along the layers, respectively,K ­ sC11 2

eC66df0yH, m ­ eC66f0yH, C11 and C66 are the bulk
and shear elastic moduli, respectively, of the FLL in t
superconducting matrix,f ­ f0jyc is the Lorentz force,
c is the speed of light, andfm are Fourier coefficients of
the pinning forcefpsxd. For simplicity, the dispersion of
C11 is not included in Eqs. (2) and (3), sinceRs j, Hd will
be determined by the nondispersiveC66.

As known from a theory of commensurate structu
transitions [18], the valueskm in Eq. (2) can differ from
Qm due to matching effects. Indeed, ifmQa is not too
close to 2p, the mth harmonicfm sinsmQxnd of fpsxd
oscillates with the periodølym as a function of the
position of thenth vortex row,xn ­ na. However, ifma ø
l, the pinning forcefpsxd contains the slowly varying
“resonance” termfm sinkmx with the period2pykm ¿

lym, since sinsmQnad ­ sinmQsa 2 amdn. Heremam ­
l, andkm ­ mQsa 2 amdya equals

km ­ 2pms
q

HyHm 2 1dyl , (4)

where Hm ­
p

3 ef0m2y2l2 ­ 1.4em2fTg for l ­ 35 nm.
Since fm decreases withm, usually only the first few
harmonics dominate. However, the summation overm in
Eq. (2) should also include resonance terms withm . 1
for which km depends onH, so the smallness offm can be
compensated by large values ofQykmsHd [18].

We consider solutionsux ­ yt 1 pyyQ 1 wx , uy ­
2pxyQ 1 wy, where y ­ fyhx , and the parameterp
determines the orientation of the FLL with respect tov
(p ­ 0 corresponds to the FLL moving along its neare
neighbor direction). The pinning-induced displaceme
wsx, y, td can be written in the form

wsx, y, td ­ Re
X
n,m

Asn, md expsiqnx 1 iCmd , (5)

where Cm ­ mspy 1 vtd 1 w, q ­ 2pyd, v ­ yQ.
Here we use the periodic boundary condition,uxs0d ­
uxsdd, which provides the conservation of total magne
flux in the sample, since forH . Hc2 the FLL is almost
incompressible (K ¿ m) [1,2]; thus, div Ùu ~ ÙH ­ 0.

For w ø a, we can replace the sine terms in Eq. (
with sinskmx 1 Cmd. Then Ax can be found by multi-
plying both sides of Eqs. (2) and (3) by exps2iqnxd and
integrating fromx ­ 0 to x ­ d. For K ! `, we obtain

Ax ­
ijmbm2seikmd 2 1dQ21

fimjsbm2 1 gn2d 1 jqse2m2b 1 n2d2gdskm 2 qnd
,

(6)
where g ­ hyyhx , jm ­ cfmyf0, jq ­ cmq2ye2f0Q ­
2pclC66yHd2e, and b ­ spyqd2. Expanding Eq. (2) in
the first order inwx and integrating overx, we can cal-
culate the mean dc electric fieldEy ­ 2H

R
k Ùuxl dxycd

and thus obtainRs jd using the scheme developed for th
moving FLL [1,11], or Fiske resonances [12]. This yield

R
Rf

­ 1 2
1

2p2

X
n,m

sin2spumdGsn, md
sn 2 umd2

, (7)

where Rf is the flux flow resistance,um ­ kmdy2p, n
runs from2` to `, and
4080
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G ­
bm3j2

msbm2 1 gn2d
j2sgn2 1 bm2d2m2 1 j2

qsn2 1 e2bm2d4 . (8)

Here Rsj, Hd depends on the parameterb ­ spdy2pd2

which fixes the orientation of the FLL with respect t
the layers. For a static FLL,p is determined by the
minimum of elastic energy [18]. The orientation of th
moving FLL can be found from the minimum dissipatio
principle [11], which reduces to the minimum ofRs j, pd;
that is,≠Ry≠b ­ 0 for fixed current.

We first consider an infinite sampled ! ` for which
Gsn, md in Eq. (7) can be replaced byGsum, md [19].
Then the summation overn givesp2y sin2 pum; thus

R0

Rf
­ 1 2

1
2

X
m

mj2
mgmsg 1 gmd

m2sg 1 gmd2j2 1 j2
k s1 1 e2gmd4

,

(9)

wherejksmd ­ ck2
mC66yeQH, and gm ­ smpykmd2. For

all nonresonance terms withkm ­ mQ, the valuejksmd ­
cf0m2s1 2 bd2y32pl2le is of order the depairing cur-
rent density,jd ­ cf0y16p2l2j, if le is of order the
coherence length,j. Here b ­ HyHc2, and le ø 1.4j

for our sample. Sincejm ø jd , the main contribution to
the sum in Eq. (9) thus comes from few resonance h
monics for whichkmsHd , 1yl and jksmd ø jp . This
enables us to obtainp, at H ø Hm, taking into account
only one resonance term in Eq. (9). Furthermore, we
g ­ hyyhx ! 0, due to the large ratio of normal conduc
tivities sCuysNbTi , 104 in our multilayers. Then the
condition≠Ry≠g ­ 0 yieldse2gm ­ 1, whence

p ­ 6kmyem . (10)

Now we return to Eq.(7) and consider the oscillatin
componentdRsHd due to a finite sample thickness. Pe
forming the summation overn in Eq. (7) for expspdd ¿
1, we obtainR ­ R0 1 dR, where [19]

dRyRf ­
X
m

fMm sinsdkmd 2 Nm sin2sdkmy2dg . (11)

Here Mm ­ G0sum, mdy4p, G is given by Eq. (8), the
prime denotes the differentiation overn, and

Nm ­
1

2p2

Z `

2`

dn
G0sn, md 2 G0sum, md

n 2 um
. (12)

From Eqs. (8) and (11) it follows thatG0su, md ~ 1yd,
so the valuedR ~ 1yd vanishes for an infinite sam-
ple and oscillates with the periodDH determined by
kmsHdd ­ 2pn. This condition, along with Eq. (4),
yields the position of thenth peak in dRsHd in the
form Hn ­ snlymd 1 1d2Hm; whence DH ­ Hn11 2

Hn ­ 2lHmsnlymd 1 1dydm for l ø d. Expressingn
via H, we arrive at Eq. (1), whereH corresponds to the
middle of the resistive transition in Fig. 1sH ¿ DHd.
Here the oscillations ofRsHd result from a coherent in-
teraction of the moving FLL with the multilayer structure
sincedRsHd ~ f2

m. Although the effect is dynamic, the
periodDH basically depends only onH andd, similar to
that of Fiske resonances [12].
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As follows from Eqs. (1) and (11), the periodDH is the
same for allm, so the model accounts for the smallne
of DH as compared withHm, and the independence o
DH from m, T , j, and the form offpsxd which affects
only the amplitude ofRs j, Hd. As an illustration, we
calculateRsHd for one resonance termm ­ 5 in Eq. (7)
for which Hm ­ 1.4em2fTg ­ 7 T corresponds to the
middle of the resistive transition in Fig. 1. We takepsHd
given by Eq. (10),C66 ­ Hf0ys8plxd2s1 2 bd2, and the
“sawtooth” fpsxd which changes linearly between theN
layers on whichfpsxd ­ 6f0. Then we havefm ­ f0ym
if dn ø ds, and jm ­ j1s1 2 bdym. In this case the
calculatedRsHd shown in Fig. 3 displays the oscillatin
componentdRsHd due to a finited. ThisRsH, jd exhibits
the qualitative features of the observedRsH, jd, such as the
independence ofDH of j and the decrease of the amplitu
of dRsHd asj is increased. A similar oscillatingRsHd was
reported for the FLL driven by transverse current alo
narrow channels [20].

In conclusion, we have observed pronounced osc
tions in nonlinear dynamic resistanceRsHd of NbTiyCu
multilayers. We account for this effect in terms of d
namic matching of the moving FLL with the period
multilayer structure. Similar effects may occur in hig

FIG. 3. RsHd calculated numerically from Eq. (7) form ­ 5,
g ­ 0, e ­ 0.2, jm ­ j1s1 2 bdym, jq ­ j0s1 2 bd2, Hc2 ­
10 T, and Rf ­ RnHyHc2, where Rn is the normal state
resistance. Ford ­ 1 mm, l ­ 35 nm, andl ­ 2500 Å, we
get j0 ­ clf0y32pl2d2e ­ 5 3 103 Aycm2 which is about
1% of a typical NbTi valuej1 ø 5 3 105 Aycm2 [15]. The
RsHd curves are plotted forj1 ­ 100j0 and j ­ 0.1j1s1d,
j ­ 0.12j1s2d, j ­ 0.2j1s3d.
s

e

g
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-
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Tc superconductors in a parallel field for which the me
surements of the oscillations inRsH, jd could probe the
intrinsic pinning by the ab planes.
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