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We show that the Josephson critical current increases rapidly with decreasing temperature neaT  0
for tunnel junctions between anisotropic superconductors. The enhancement of the critical curr
its physical origin in the midgap states bound to the tunnel barrier. The magnitude of the
temperature peak in a realistic junction is shown to be sensitive to the barrier transparency and
roughness. For some crystal orientations we find a transition from a traditional0 junction to the
unconventionalp junction with decreasing temperature. [S0031-9007(96)01570-0]
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Measurements of the dc Josephson effect give v
able information on the symmetry of the order parame
The most important experimental tests for this symme
are quantum phase interference experiments [1–5] w
probe, in special junction arrangements, directly the
conventional symmetries of the order parameter. Here
discuss another class of anomalies in Josephson junc
These anomalies should be observable in single Josep
junctions, and reflect sign changes of the order param
on the Fermi surface. Such sign changes are typica
anisotropic superconductors with unconventional pairi

A distinctive feature of anisotropic superconduct
is their sensitivity to inhomogeneities and interfac
[4,6–9]. Quasiparticle scattering at interfaces distorts
order parameter and influences the Josephson effe
well as the quasiparticle tunneling current. Of particu
importance are zero-energy bound states (midgap st
at surfaces and interfaces [7–13]. These states a
robust phenomenon of quite general origin [14].
this paper we study anomalies in the Josephson cri
current [15], in particular, their dependence on the bar
roughness. The anomalies are a direct consequen
the zero-energy bound states, and include a rapid incr
of the critical current with decreasing temperature n
T  0, a crossover from a traditional Josephson junc
(0 junction) to ap junction at a critical temperatureT0p ,
and a critical current that vanishes atT0p .

To derive these results we start from Eilenberge
equations for the quasiclassical propagatorĝ [16], which
describes the physical properties of quasiparticle e
tations in thermal equilibrium. Eilenberger’s equatio
have the2 3 2 matrix form [17],

fi´nt̂3 2 D̂spf , Rd, ĝspf , R; ´ndg 1

iy ? ===Rĝspf , R; ´nd  0 , (1)

ĝ2spf , R; ´nd  2p21̂ , (2)

where´n  s2n 1 1dpT are the Matsubara energies,pf

is the momentum on the Fermi surface,y the Fermi
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velocity, andD̂ the order parameter matrix. Followin
standard notations we use a “hat” to indicate matrice
Nambu space. A convenient basis set of Nambu matr
is the unit matrix1̂ and the three Pauli matriceŝt1, t̂2,
t̂3. The propagator̂g and the order parameter matr
D̂ have the formĝ  gt̂3 1 if1t̂2 1 f2t̂1, and D̂ 
i RefDspf , Rdgt̂2 1 i ImfDspf , Rdgt̂1, whereDspf , Rd is
the order parameter for singlet pairing.

Interfaces are barriers that reflect and transmit qu
particles and, in general, change their momentum,
ergy, and spin. An interface enters the quasiclass
theory as a boundary condition [18,19] that relates
quasiclassical propagatorsĝ on either side of the barrier
The boundary conditions depend on the type and q
ity of the barrier. An ideal interface (no roughness) w
conserve the parallel momentum of an incoming qu
particle in a reflection [probabilityRspf d] and a trans-
mission process [probabilityDspf d  1 2 Rspfd]. The
reflection and transmission probabilities depend, in g
eral, on the momentumpf of the incoming quasiparticle
The boundary conditions at an ideal interface are gi
by Zaitsev’s relations (see Refs. [18,19]), which reduce
the limit of zero transparency to [20]

ĝspfd  ĝsp
f
d , (3)

where the propagators are taken at the metal-insu
boundary, andpf , p

f
are the pair of incoming an

outgoing momenta.
We first consider a weakly transparent, ideal barr

This model can be solved analytically by using resu
derived recently in Ref. [4], which we now summariz
As in Ref. [4], we assume that for a zero-transpare
barrier [Dspf d  0] the order parameterD has a fixed,
spatially constant phase on each side of the junction. T
leads, in first order in the transparencyD, to a sinusoidal
current phase relation,jS  jc sinw, and to the following
expression for the critical current in terms of the o
diagonal propagatorsf1 andf2,
© 1996 The American Physical Society
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jc 
eNl

fT

p

X
n

kDspl
f dyl

xspl
fd ffl

1spl
fdfr

1 spr
fd

2 fl
2spl

fdfr
2 spr

f dglpf,x.0 , (4)

where the superscriptl srd labels the left (right) supercon
ducting electrode,pl

f is the incident andpr
f the transmit-

ted momentum,Nl
f is the normal density of states at th

Fermi energy, andk· · ·lpf,x.0 means averaging over quas
particle states at the Fermi surface withpf,x . 0.

We now analyze the situation that zero-energy bo
states exist on both sides of the barrier for a given
jectory with incident momentumpf . The corresponding
singular part of the propagator has a pole term (deno
by an indexs), gsspf , ´nd  2iBspfdy´n. The coeffi-
cient Bspfd has been discussed recently in [13], where
is shown that the zero-energy singularity appears in
diagonal componentsgspf , ´nd of the Nambu matrix
propagator, in its off-diagonal componentf2spf , ´nd,
but not in f1spf , ´nd. The normalization condition (2
then leads to the relationg2

s spf , ´nd  2f2
2,sspf , ´nd 

2B2spfdy´2
n.

At low enough temperatures the singularity at ze
energy dominates the dc Josephson effect, and
contributions from regular parts can be discarded. T
significant increase of the singular terms at low energ
leads to two remarkable phenomena: a low-tempera
peak in the Josephson critical current (with a maximum
T  0), and a phase transition from a 0-junction state
a p junction at a temperatureT0p . We first discuss two
simple physical situations which are expected to sh
these phenomena. We consider junctions with ident
(anisotropic) superconductors. The first is a symme
tunnel junction (STJ) with superconducting states
the same orientation in both electrodes (al  ar ). The
second is a “mirror” tunnel junction (MTJ) for whic
the barrier is a reflection-symmetry plane of the sup
conducting electrodes (al  2ar ). The anglesal and
ar describe the orientation of the order parameters
the left and right sides of the junction. For a definiti
of the anglesal and ar see Fig. 1. In both the ST
and MTJ cases the momentum directions of incidentpl

f
and transmittedpr

f quasiparticles are the same. It
essential for further analysis that the singular parts
the propagatorsf1,sspfd, f2,sspfd at the boundary are
odd functions of the momentum direction, whilegsspf d
and the order parameter are even. Indeed, accordin
Ref. [13], one hasf1,sspf , ´nd  0 and f2,sspf , ´nd 
2isgnfyxD`spf dggsspf , ´nd, and the change in sig
upon reversingpf follows from the change in sign ofyx .
For the STJ one obtains directlygl

sspl
f , ´nd  gr

s spr
f ,

´nd, fl
1,sspl

f , ´nd  fr
1,sspr

f , ´nd  0, and fl
2,sspl

f , ´nd 
2fr

2,sspr
f , ´nd. The different signs of thef functions on

the left and right sides of the interface are a conseque
of the trajectory changing from “incoming” to “outgo
ing” when crossing the interface. The symmetry of
-
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FIG. 1. Schematic geometry of our junction. The clov
shapedd-wave order parameter is fixed to the crystal latti
The anglesal and ar are defined as the angles between
normal of the interface and the crystal lattice on the left a
right sides, respectively.

MTJ guarantees the equality of the propagators al
trajectories obtained by reflection at the barrier pla
This implies, together with the boundary condition (
the relations gl

sspl
fd  gr

s spr
fd, fl

1,sspl
fd  fr

1,sspr
f d 

0, and fl
2,sspl

f d  fr
2,sspr

fd. Thus, we find at low
temperatures, fl

1spl
f , ´ndfr

1 spr
f , ´nd 2 fl

2spl
f , ´ndfr

2 spr
f ,

´nd . 6ffl
2spl

f , ´ndg2 . 6B2spl
f dy´2

n, and obtain from
Eq. (4) the following expression for the Josephson criti
current at low temperatures,

jc  6
eNl

f

4pT
kDspl

f dyl
xspl

fdB2spl
fdlpf,x.0 . (5)

The plus (minus) sign corresponds here to the STJ (M
According to this formula, the Josephson critical curr
is inversely proportional to the temperature and diver
in the limit T ! 0. This divergence is obviously th
consequence of the presence of the zero-energy delta
in the quasiparticle density of states on both sides of
junction. A zero-energy bound state only on one side d
not lead to singular terms injc, because the functionf2
vanishes for the side without zero-energy bound states

The Josephson critical current of junctions w
anisotropic superconductors has been discussed
T ø Tc in Ref. [4]. The authors obtain in second ord
in the order parameterD the Josephson critical current,

jc  4peNl
fT

X
n

kDspl
f dyl

xspl
f d

3 Ilspl
f , ´ndIr spr

f , ´ndlpf,x.0 , (6)

where

Ilsrdsp
lsrd
f , ´nd 

1

jy
lsrd
x j

Z `

0
Dlsrdsp

lsrd
f , xd

3 exp

√
2

É
2´n

y
lsrd
x

É
x

!
dx , (7)

and x is the distance from the interface. A comparis
of Eqs. (5) and (6) for the STJ shows that the Joseph
critical currents have nearTc and at low temperatures th
same sign. On the other hand, the signs of Eqs. (5)
(6) are different in MTJ’s for certain ranges of crys
orientations. This then implies a change in the junct
4071
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characteristic from ap junction at low temperatures to a0
junction nearTc. If one rotates ad-wave superconducto
on one side of the junction over the anglepy2, e.g.,
al ! al 1 py2, the junction characteristic is obviousl
interchanged. All our results obtained so far are valid
any kind of anisotropic singlet superconductors, provid
the order parameter changes its sign on the Fermi surf
Hence, the observation of our main results, the lo
temperature peak effect in the Josephson critical curr
and the0 2 p phase transition, would give evidence
the change of sign of the order parameter on the Fe
surface.

In the following, we consider special orientations
the order parameter, which lead to the anomalies
scribed above. We consider two identicald-wave su-
perconductors with the basis functions of typep2

x 2 p2
y

and cylindrical Fermi surfaces with the cylindrical axe
parallel to the barrier plane on both sides of the jun
tion. For the junction with a reflection-symmetry plan
(MTJ) the anglea between the normal to the bound
ary and the crystalline axis is, in fact, the misorient
tion angle. According to (5), the critical currentjc has
negative sign at low temperatures. As a function ofa,
jjcj has its maximum fora  45±, diminishes whena
moves off from this value, and vanishes fora  0, py2
(in accordance with the fraction of trajectories alon
which the order parameter changes its sign under
specular reflection from the boundary). The sign ofjc

near Tc depends in the case of MTJ’s on the miso
entation angle and, generally speaking, on the particu
type of pairing. Indeed, the order parameters enter
Eqs. (6) and (7) areDlspl

f , xd  hlsjxjd cosf2sf 1 adg,
Dr spr

f , xd  hr sjxjd cosf2sf 2 adg. Here, the anglef
describes the quasiparticle trajectory (the direction of
incident momentum relative to the normal to the boun
ary) andhlsrdsxd are functions, which may be determine
from the Ginzburg-Landau equations including bounda
conditions at the interface. One finds a positive critic
current nearTc for a  0 and negative one fora  45±.
The critical current has its maximum fora  0 and is
comparatively small ata  45± due to the suppression o
hlsrdsxd at the boundary [4]. For intermediate values ofa

the actual sign ofjc must be determined by explicit inte
gration over the anglef in (6). We take, for simplicity,
a standard reflection law,Dspl

f d ~ syl
xd2 ~ cos2 f, and

find nearTc a positive critical current (6) forjaj , a0 
23.7± and sign changes for largerjaj’s. So, for the MTJ
the0 2 p phase transition has to take place at some te
peratureT  T0p for misorientation anglesjaj , a0.

The above considerations lead to quantitative results
the critical Josephson current at low temperatures and n
Tc, and to a qualitative understanding at intermediate te
peratures. In order to obtain the critical Josephson cur
in the whole temperature range numerical calculations
indispensable. We solve for this purpose the system
equations (1) and (2), combined with Zaitsev’s bounda
4072
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conditions at the interface, and the self-consistency eq
tion for the order parameter. We use a cylindrical Fer
surface with an isotropic Fermi velocityy and a con-
stant normal state density of statesNf . The calculation
of D̂spf , Rd involves the pairing interactionV spf , p0

f d
which we write in the case of ad-wave superconductor a
V spf , p0

fd  2V coss2fd coss2f0d. In Fig. 2 we present
the numerical results for a weakly transparent, ideal M
(R0  0.99). We find a sign change of the critical curre
in a region0± , a # 25±. The critical current seems t
diverge for all angles besidesa  0±. The inset of Fig. 2
shows results for the STJ for the same misorientat
anglesa as for the MTJ. No sign change of the crit
cal current is observed in this case. The low-tempera
peak actually does not diverge but is limited due to
finite transparency of the interface which is not taken in
account by our previous analysis but included in our n
merical calculations.

In realistic systems the zero-energy bound states
broadened due to the roughness of the interface, an
a consequence the (negative) contribution of the ze
energy bound states to the critical current is reduc
In order to study the effects of interface roughness
generalize Ovchinnikov’s model for rough surfaces [2
to rough interfaces [22]. We coat both sides of an id
interface by Ovchinnikov’s thin dirty layer. The degree
roughness is measured by the ratior0  dy, [23], where
d is the thickness of the layer, and, the mean free path in
the layer. In Fig. 3 we plot the temperature dependenc
the critical current for a slightly rough MTJ (R0  0.99,
r0  0.1) for the same tilt angles as in Fig. 2. Th
sign change of the critical current is removed for sm
misorientation angles and is now limited to the regi
15± # a # 25±. The inset of Fig. 3 shows the critica
current for a  25± for different degrees of roughnes

FIG. 2. Temperature dependence of the critical current of
MTJ with a weakly transparent smooth interface (R0  0.99,
r0  0) for different misorientation angles (al  0± 45±).
Inset: The same but for an STJ.
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FIG. 3. Critical current as a function of temperature
an MTJ with a weakly transparent slightly rough interfa
(R0  0.99, r0  0.1) for different orientations of the tw
superconductors (al  0± 45±). Inset: The same but fo
a fixed misorientation angle (al  2ar  25±) and different
degrees of roughness.

i.e., different values ofr0. With increasing roughness th
anomalous temperature dependence of the critical cu
is more and more suppressed, and the maximum
for special geometries flattens out. The critical curren
normalized in all figures byjL  eyNfD0 (D0  1.76Tc)
which is the Landau critical current atT  0 for an s-
wave superconductor with the same critical tempera
as ourd-wave superconductor.

For a  0± we find no anomaly because there are
zero-energy bound states at the interface. With increa
misorientation anglea more and more bound stat
appear. In the case of an MTJ they give a nega
contribution to the critical current and become import
especially at low temperatures. This leads to a
change of the critical current with decreasing tempera
This sign change disappears at angles between20± and
25± for a smooth interface as predicted by our analyt
considerations. For45± the order parameter changes s
along all trajectories of incoming quasiparticles. In t
case there are zero-energy bound states for all F
momentapf and the divergence of the critical current
most pronounced.

In summary, we have discussed the temperature
pendence of the Josephson critical current ford-wave
superconductors. Analytical calculations show that
zero-energy bound states at the interface are respon
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for anomalies of the temperature dependent critical c
rent. These anomalies should be measurable in juncti
of high quality, and for properly oriented superconductin
electrodes.

We wish to thank J. A. Sauls for many stimulatin
discussions, and D. W. Hess for helpful comments an
critical reading of the manuscript.

[1] V. B. Geshkenbein, A. I. Larkin, and A. Barone, Phy
Rev. B 36, 235 (1987).

[2] M. Sigrist and T. M. Rice, J. Phys. Soc. Jpn.61, 4283
(1992); Rev. Mod. Phys.67, 503 (1995).

[3] D. J. Van Harlingen, Rev. Mod. Phys.67, 515 (1995).
[4] Yu. S. Barash, A. V. Galaktionov, and A. D. Zaikin, Phys

Rev. B 52, 665 (1995); Phys. Rev. Lett.75, 1675 (1995).
[5] S. Yip, Phys. Rev. B52, 3087 (1995).
[6] V. Ambegaokar, P. G. deGennes, and D. Rainer, Ph

Rev. A 9, 2676 (1974).
[7] M. Matsumoto and H. Shiba, J. Phys. Soc. Jpn.64, 1703

(1995);64, 3384 (1995);64, 4867 (1995).
[8] Y. Nagato and K. Nagai, Phys. Rev. B51, 16 254 (1995).
[9] L. J. Buchholtz, M. Palumbo, D. Rainer, and J. A. Sau

J. Low Temp. Phys.101, 1079 (1995);101, 1099 (1995).
[10] C.-R. Hu, Phys. Rev. Lett.72, 1526 (1994).
[11] J. Yang and C.-R. Hu, Phys. Rev. B50, 16 766 (1994).
[12] Y. Tanaka and S. Kashiwaya, Phys. Rev. Lett.74, 3451

(1995).
[13] Yu. S. Barash and A. A. Svidzinsky (to be published).
[14] M. F. Atiyah, V. K. Patodi, and I. M. Singer, Proc. Cam

bridge Philos. Soc.77, 43 (1975).
[15] Y. Tanaka and S. Kashiwaya, J. Phys. Chem. Solids56,

1761 (1995); Phys. Rev. B53, 11 957 (1996).
[16] G. Eilenberger, Z. Phys.214, 195 (1968).
[17] We follow the notation of Ref. [9].
[18] A. V. Zaitsev, Zh. Eksp. Teor. Fiz.86, 1742 (1984) [Sov.

Phys. JETP59, 1015 (1984)].
[19] J. Kurkijärvi, D. Rainer, and J. A. Sauls, Can. J. Phys.65,

1440 (1987).
[20] I. O. Kulik and A. N. Omelyanchuk, Fiz. Nizk. Temp.4,

296 (1978) [Sov. J. Low Temp. Phys.4, 142 (1978)].
[21] Yu. N. Ovchinnikov, Zh. Eksp. Teor. Fiz.56, 1590 (1969)

[Sov. Phys. JETP29, 853 (1969)].
[22] W. Widder, L. Bauernfeind, H. F. Braun, H. Burkhard

D. Rainer, M. Bauer, and H. Kinder (to be published).
[23] F. J. Culetto, G. Kieselmann, and D. Rainer, inPro-

ceedings of the 17th International Conference on Lo
Temperature Physics,edited by U. Eckern, A. Schmid,
W. Weber, and H. Wühl (North-Holland, Amsterdam
1984), p. 1027.
4073


