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Energy-loss straggling measurements performed at the high-momentum-resolution magnetic sp
trometer FRS with bare and highly charged8O, 54Xe, 79Au, and 92U ions with specific kinetic ener-
gies (700–1000) MeVyu are reported. The results are in good agreement with rigorous calculation
recently reported by Lindhard and Sørensen and reveal systematic deviations from the well-kno
relativistic Bohr formula, which was obtained within the framework of the first-order Born approxi
mation. [S0031-9007(96)01598-0]
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The energy-loss straggling of charged particles is of
terest not only because of its fundamental aspects but
because of its impact on many applications in physics
other sciences. For instance, the energy-deposition
the related straggling put basic restrictions on the re
lution of so-calledDE detectors used for a large varie
of purposes [1]. The statistical nature of energy loss
charge-changing collisions is the reason for the range s
gling of charged particles. A precise knowledge of ran
distributions is essential to well-controlled implantati
of charged particles as required, e.g., in material scie
nuclear-spectroscopy experiments, and cancer therap

To our knowledge, no energy-loss straggling meas
ments with relativistic heavy ions have been reported
date. This lack of data was the motivation for the m
surements performed at the GSI UNILAC/SIS heavy
accelerator facilities in combination with the magne
spectrometer FRS, which provides high momentum re
lution. The energy-loss straggling was measured for8O,
54Xe, 79Au, and92U ions impinging fully stripped with spe
cific kinetic energies ranging from 700 to 1000 MeVyu on
various targets made of Be, Ti, Au, and Pb. In this ene
range even the heaviest projectiles like Au and U can
ture at most two electrons when penetrating through ma
[2–4]. Thus theoretical predictions are greatly simplifi
and in contrast to measurements at low projectile vel
ties, where many different charge states occur, the stro
reduced complexity allows for an unequivocal interpre
tion of the measured data.

Theoretical descriptions found in the literature [5] re
to cases where either a classical treatment holds,
where the Sommerfeld parameterZ1ayb ¿ 1, Z1 being
the projectile atomic number,a the fine-structure constan
and b the projectile velocity relative to the speed
light, or where a first-order perturbation treatment can
applied, i.e., whereZ1ayb ø 1. Thus the intermediat
region Z1ayb , 1 requires some attention and in th
Letter the regime whereb approaches unity will be treate
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Only the atomic interaction of the penetrating ions w
the target electrons will be considered, nuclear effects
be neglected as well as radiative processes whose
sections are too small in the considered velocity rang
affect the results. Furthermore, the case of thin absorb
where only few collisions occur and thus the result
energy-loss distributions have to be described by Land
type approximations, is beyond the scope of this Let
More specifically, the theoretical description concentra
on Gaussian energy-loss distributions, which occur in
limit of many collisions corresponding to targets whi
are thick enough to ensure that the energy-loss distribu
can be completely described by its mean value and
variance V2. According to Bohr [6] the accumulate
contributions of successive collisions yield

V2  NZ2

Z Dx

0

X
n

E2
nsn dx , (1)

where NZ2 denotes the number of target electrons
unit volume, Dx is the penetrated thickness of th
absorber, andEn and sn are the energy transfer to a
electron of a target atom initially in the ground sta
and the corresponding cross section, respectively.
summation must be understood as a summation ove
discrete excitation states of the target electrons and
an integration over all possible continuum states. W
the slowing down of the ions does not affect the ene
dependent cross sections, the integration becomes tr
and V2 ~ Dx. In the following it will be assumed tha
the projectile charge equals its atomic number.

As shown by Bethe [7] the cross section depends
the momentum transferQ to the target electrons, and
analogy to the determination of the mean energy los
a heavy charged particle the sum in Eq. (1) can be s
into two parts referring to small and large momentu
transfers, respectively. Fano [8] has carried out
calculation for small momentum transfers neglecting s
corrections and relativistic corrections, which both a
© 1996 The American Physical Society 3987
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presumed to be of minor importance. Using the fi
moment Ss1d of the oscillator-strength distribution [se
Ref. [9]] we can rewrite his result

V2
low-Q  4pZ2

1e4NZ2Dx

µ
Ry Ss1d

Z2mc2b2
ln

2mc2b2

I1

∂
. (2)

Here Ry. 13.6 eV is the Rydberg,mc2 and e are
electron rest energy and charge, respectively, andI1
denotes the mean excitation energy for straggling [8].
definition of the quantitySs1d as well as simple function
for Ss1d and I1 can be found for target materials wi
atomic numberZ2 # 38 in Ref. [9]. These functions ca
be applied also for target materials up to the high
atomic numbers with reasonable accuracy [10].

Bohr [11] considered the contribution of large mome
tum transfers to the energy-loss straggling, which is m
larger than the contribution of small momentum transfe
The target electrons can be treated as being unbound
thus the cross section for the scattering of free electr
off nuclei can be used. With the result for the relativis
first-order Born cross section the calculation yields

V2
high-Q  4pZ2

1e4NZ2Dx
1 2 b2y2
1 2 b2

. (3)

This equation is commonly known as the “relativistic Bo
formula.” Since the applicability of the first-order Bor
approximation is restricted to projectile-charge and vel
ity ranges whereZ1ayb ø 1 is fulfilled, Bohr’s pertur-
bation result even at relativistic velocities applies o
for projectiles withZ1 & 10, whereas for higher projec
tile atomic numbers a higher-order Born result [12–1
or a treatment using the exact Mott cross section [15
is required. A rigorous treatment of the close-collisi
contribution of relativistic heavy-ion slowing-down, whic
applies for all ions up to the highest kinetic energies,
been derived recently by Lindhard and Sørensen [17].
moderate relativistic energies, where the scattered bare
clei can be regarded as point charges, their close-colli
result for the energy-loss straggling can be retrieved w
the exact Mott cross sectiondsMott [15,16]

V2
high-Q  2pNZ2Dx

Z p

Q0

E2sQd
dsMottsQd

dQ
sinsQd dQ .

(4)

Here EsQd is the energy transfer to a target electron
a collision leading to a center-of-mass scattering an
Q, and Q0 corresponds to the smallest energy trans
for which the assumption of scattering off free electro
is valid. In practice the integral has to be compu
numerically. For small values ofQ0 there is only a very
weak dependence on the choice ofQ0 and to a very
good approximation one can setQ0  0. The results for
different projectile atomic numbers are shown in Fig
in comparison with the relativistic Bohr result. TheZ2

1
dependence found by Bohr, which is characteristic fo
3988
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FIG. 1. Close-collision energy-loss straggling of hea
charged particles according to Eq. (4) relative to the relativi
Bohr straggling, Eq. (3), depending on the projectile veloc
for different projectiles:18Ar (dashed line),54Xe (dotted line),
92U (dash-dotted line). The results which take into acco
Mott scattering vary drastically with increasingZ1, and an
increase of up to a factor of 3 is expected.

first-order-perturbation treatment, is no longer valid wh
the exact phase shifts are used.

An additional contribution to the collisional stragglin
arises from charge-changing events of the projectile
side the target. Sigmund [18] has derived a general a
lytical expression for the charge-exchange straggling.
the case of three contributing charge states, which is
propriate for the present considerations, the equilibriu
charge-exchange straggling reads

V2
ch.ex. 

Dx
Nbp

?

2X
i0

2X
j0

∑µ
dE
dx

∂
i

2

µ
dE
dx

∂
j

∏2

3 F
s`d
i sapF

s`d
j 2 sijd , (5)

whereap and bp (see Ref. [18]) depend on the charg
exchange cross sectionssij, i andj denoting the numbe
of electrons attached to the projectile before and a
a charge-changing collision, respectively, andFs`d and
dEydx are equilibrium fraction and stopping power
ions in a certain charge state, respectively. Since th
quantities are known from our measurements [19–2
the contribution of the charge-exchange straggling
be calculated reliably. Agreement was found betwe
the results of Eq. (5) and the results of a Monte Ca
calculation; in particular, to a very good approximati
the impinging bare ions can be treated as if they wo
enter the target already in charge-state equilibrium, s
the targets used in the experiments were much thicker
the required equilibrium thicknesses.

The experiments were performed at the heavy-ion s
chrotron SIS accelerator facilities [22] and the fragm
separator FRS [23] of GSI. For the present exp
ments8O81 was accelerated to a specific kinetic e
ergy of 702 MeVyu, 54Xe481 to 800 MeVyu, 79Au641 to
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1000 MeVyu, and92U731 to 950 MeVyu, respectively.
The ion beams were extracted from the SIS and tra
ported to the magnetic spectrometer FRS. It consists
two stages which are arranged mirror-symmetrically w
respect to the middle focal plane. At the entrance of
FRS the Xe, Au, and U ions passed through a strip
causing an energy loss of less than 1.2%. Only those i
which emerged from the stripper completely stripped we
transported to the middle focal plane, where the targets
the energy-loss straggling measurements were placed
the energy-loss mode of the FRS [23] the momentum-l
distribution of the ions is analyzed with the second sta
which is characterized by a dispersion of 8.4 cmy%. The
measured momentum distribution of the ions is to first
der independent of possible momentum fluctuations of
beam in front of the target. That is why the energy-lo
mode is well suited for the present investigations.

The energy-loss straggling in the target increases
momentum width of the ion beam. This leads because
the spectrometer dispersion to the broadening of the
sition spectra measured with two multiwire proportion
counters at the final focus of the FRS. Since in all me
surements the fully stripped ions were well centered
the ion-optical axis, the mean momenta of the bea
can be determined from the measured field strengths
bending radii of the dipole magnets. The achieved re
tive accuracy was better than2 3 1024. By means of
the mean momenta and of the dispersion, the meas
position spectra were transformed into energy-loss sp
tra, which proved to be Gaussian in all cases. The v
ances were determined by applying Gaussian fits, and
straggling was obtained from the difference of the va
ances measured with and without target. The measu
variances of the angular and energy-loss distributions
the ions emerging from the targets were in all cases
least five times smaller than the corresponding accepta
of the FRS. Consequently, for each target the comp
energy-loss distribution could be recorded with one sin
magnetic setting. Mainly the precision of dispersion a
position-distribution measurement determines the exp
mental error which is of the order of 25%.

Special efforts were made to prepare suitable targ
since target inhomogeneities can dominate the effec
energy-loss straggling. Thus it is important to minimi
the thickness inhomogeneity. These efforts have been
scribed in detail in Ref. [24], but the main features a
briefly summarized: The targets were prepared by
GSI target laboratory, and their surfaces were polished
a four-step process in order to achieve a mirrorlike s
face. The thickness was determined by means of an
tomechanical method [25,26] with a relative accuracy
better than 1%. With a laser interferometric techniq
[27] the microscopic surface inhomogeneities of the targ
were determined, and only those targets which had r
mean square thickness variations of less than0.1 mgycm2

were selected for the experiments. In addition, a Ta c
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limator with 0.3 mm diameter was used in order to elim
nate the influence of a possible macroscopic wedged sh
of the targets. The targets used for the energy-loss st
gling measurements consist of Be, Ti, Au, and Pb a
cover a thickness range1000 8000 mgycm2.

In Table I the projectile-target combinations and t
specific kinetic energies of the incident ions used in o
study are shown together with the theoretical and exp
mental results. Since the energy loss partly amounte
a significant fraction of the projectile kinetic energy (e.
943 MeVyu U ions loose about 25% of their kinetic en
ergy when penetrating through a4.7 gycm2 Au target) the
velocity dependence of all parameters contributing to
energy-loss straggling was taken into account by carry
out the calculations according to [8]

V2
m 

µ
dEsE1d

dx

∂2 Z E1

E0

dV2
msE0dydsDxd

fdEsE0dydxg3 dE0, (6)

in agreement with the results of Tschalär [28]. HereE0

and E1 denote the incident and exit kinetic energy
the projectile, respectively, and the indexm denotes the
contribution under consideration, i.e., either collisional
charge-exchange straggling. It can be seen from the t
that the small momentum transfers as well as the fluc
tions of the ionic charge states inside the target ca
only small contributions to the straggling, whereas
far the largest contribution arises from close collisio
leading to large energy transfers. Within the error bars
experimental values agree well with the sum of char
exchange, low-Q, and Mott straggling, whereas the su
of charge-exchange, low-Q, and relativistic Bohr result
applies only for the lightest projectile.

In order to point out clearly the large systematic dev
tions from the relativistic Bohr theory the contributions
charge exchange and small momentum transfers have
subtracted from the measured values. This procedur
acceptable since it induces only minor corrections. W
remains is the contribution of large energy transfers and
results are shown in Fig. 2 normalized to the relativis
Bohr results. For all data points the projectile veloc
in the middle of the targets differs only slightly, i.e.,b

varies betweenb  0.81 andb  0.87. The theoretical
results for Mott scattering are shown in the figure f
both these velocities. The relevance of Mott scatter
for the energy-loss straggling of relativistic heavy io
is clearly confirmed by our measurements, whereas
energy-loss straggling of light ions can be approxima
well by the relativistic Bohr formula based on the firs
order Born approximation. These results are in satisfac
agreement with results of stopping-power measurem
[19]. Of course, for the energy-loss straggling of hea
ions the difference between the perturbation and the e
result is much more pronounced since the second mom
of the energy-loss distribution is strongly determined
violent collisions, where the difference between the fir
order Born and the Mott cross section is significant.
3989
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TABLE I. Theoretical and experimental results for the energy-loss straggling of the investigated projectile-target combi
The theoretical values are the results according to Eqs. (2)–(5).

Incident Target, Rel. Bohr Mott Low Q Ch. ex.
energy thickness Eq. (3) Eq. (4) Eq. (2) Eq. (5) Experimen

Projectile sMeVyud smgycm2d sMeV2d sMeV2d sMeV2d sMeV2d sMeV2d
18
8O 698 Pb 7931 63.4 67.8 1.46 0 52.9 6 22.3

136
54Xe 799 Be 1006 454 732 0.61 47 773 6 211

Be 2011 907 1464 1.26 100 1680 6 409
Be 4010 1829 2952 2.70 223 3160 6 701

197
79Au 988 Ti 1004 1169 2839 6.62 233 2980 6 647

238
92U 943 Au 1897 2508 7404 42.8 763 7379 6 1740

Au 4672 6147 17 868.8 113.1 2315 18 934 6 3502
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In conclusion, the first measurements of the energy-
straggling of relativistic heavy ions up to and includi
uranium have been reported, and the experimental
show quite good agreement with new theoretical resu
With respect to the energy-loss straggling the importa
of the exact Mott cross section for the scattering of he
nuclei off electrons has been demonstrated, and the w
known relativistic Bohr result is exceeded by up to
factor of 3.
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FIG. 2. Ratio of the close-collision energy-loss straggling a
the predictions of the relativistic Bohr formula, Eq. (3), as
function of the projectile atomic numberZ1: The theoretical
results for Mott straggling are shown forb  0.81 (dashed
line) and forb  0.87 (dotted line).
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