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Structure of Polyelectrolyte Solutions
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We present a liquid-state theory for polyelectrolyte solutions. The theory predicts liquidlike structure
on long length scales in dilute solution which disappears in semidilute solutions. The predictions of
the theory for the static structure factor in tobacco mosaic virus solutions are in good agreement with
light-scattering experiments in both dilute and semidilute solutions. Predictions for the scaling of the
position of the maximum in the structure factor with concentration are consistent with experiments.
[S0031-9007(96)01541-4]

PACS numbers: 82.70.Dd, 61.20.Gy, 61.25.Hq
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Polyelectrolytes are charged macromolecules in so
tion. Their study is challenging from a theoretical stan
point because it involves the dual complexity arising fro
the polymeric nature of the molecules and the long-rang
nature of the Coulombic interactions. The many app
cations of these materials add to their importance, a
consequently they have been studied extensively. Exp
ments on polyelectrolytes are notoriously difficult becau
of problems caused by trace impurities. Scattering e
periments are particularly difficult because of the add
problem of low excess scattering intensity in dilute solu
tions [1], and it is only recently that light [2,3], small angle
x ray [4,5], and neutron scattering techniques [3] have be
applied to study the structure of polyelectrolyte solution

In polyelectrolyte solutions, several interesting featur
are observed in the static structure factorSsqd [2–5]. At
low concentrations a primary and sometimes second
peak is observed in the structure factor suggesting sign
icant liquidlike layering on a length scale of the order o
the size of the molecules. The primary peak in the stru
ture factor broadens and moves to higher wave vectors
the concentration is increased suggesting that the liquidl
orderdiminishesas the concentration isincreased.No in-
terpretation of this behavior has been proposed [3,4]. A
tention has also focused on the scaling of the positio
qmax, of the peak inSsqd with concentration. Most experi-
ments show thatqmax , cn wheren ­

1
3 in dilute solu-

tions andn ­
1
2 in semidilute solutions. These exponent

are predicted by scaling theories. Other values ofn ø 0.4
are also observed [5], however, and remain unexplaine

In this work we present a simple theory for the structu
of polyelectrolyte solutions that is consistent with all thes
experimental observations. We investigate the structu
of rigid rodlike polyelectrolytes in salt-free solutions
This is a good model for tobacco mosaic virus (TMV
solutions for which extensive experiments are availab
[2,3]. Since the behavior of the static structure fact
is very similar whether the molecules are rigid (TMV
or flexible (sodium polystyrene sulphonate) our analys
sheds light on the scattering from polyelectrolyte solutio
in general. The theory provides an explanation for th
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experimental observations in terms of many-body packin
effects which are important at low concentrations bu
become less important at high concentrations due
interpenetration of molecules.

The molecules are modeled as a collection of intera
tion sites arranged linearly in a rodlike configuration. Eac
particle consists ofN charged hard spheres (or sites) with
a spacingd between adjacent spheres. Each sphere h
a diameters and carries a negative chargeqe, wheree
is the charge on an electron. The total charge on ea
particle Q ­ Nqe. The effect of solvent and small ions
is included into the potential of interaction between site
on the polyelectrolyte molecules. The resulting effectiv
potential busrd is approximated as the sum of a hard
sphere and screened Coulomb interaction:busrd ­ ` for
r , s, andbusrd ­ G exps2krdyr for r . s, wherer
is the distance between two sites. In the Debye-Hück
approximation, assuming spherical symmetry of the ion
atmosphere around each site, the coupling strengthG ­
q2lBys1 1 ksd, wherelB ; be2ye is the Bjerrum length
(lB ø 7.14 Å at room temperature),e is the dielectric
constant of the solvent,b21 is Boltzmann’s constant mul-
tiplied by the temperature, andk is the inverse screen-
ing length. In salt-free solutionsk ­ q

p
4plBcp , where

cp is the polyelectrolyte concentration defined bycp ;
NNMyV , andNM is the number of particles in a volumeV.

We investigate the structure of solutions of thes
rods using the polymer reference interaction site mod
(PRISM) theory of Curro and Schweizer [6] which is
based on the RISM theory of Chandler and Andersen [7
The PRISM equation relates the intermolecular site-si
total correlation functionhsrd [;gsrd 2 1, wheregsrd is
the site-site pair correlation function] to the single chai
structure factor and the direct correlation functionCsrd
via a nonlinear integral equation given by (in Fourie
space)

ĥsqd ­ P̂sqdĈsqdP̂sqd 1 cpP̂sqdĈsqdĥsqd , (1)

whereq is the Fourier transform variable, carets denot
Fourier transforms, and̂Psqd is the single chain structure
factor.
© 1996 The American Physical Society 3937
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Given an expression for̂Psqd (which can be evaluated
exactly for our model) and a closure relation betweenhsrd
andCsrd we can solve forgsrd and hence for the structure
factor. We investigate several closure approximations a
find that the only accurate one is the reference Laria-W
Chandler (R-LWC) closure suggested by Schweizer a
Yethiraj [8] based on an approximation devised by Lari
Wu, and Chandler [9]. In this closure,

P p C p Psrd ­ P p C0 p Psrd 1 P p s2byd p Psrd

1 hsrd 2 h0srd 2 ln
gsrd
g0srd

, r . s ,

(2)

where the asterisks denote convolution integrals, andysrd
is the tail potential:ysrd ­ 0 for r , s andysrd ­ usrd
otherwise. We use the exact core conditiongsrd ­ 0 for
r , s. Functions with subscript “0” refer to correlation
functions for a hard sphere rod fluid (with the charge
turned off ). These functions are obtained from th
PRISM theory with the Percus-Yevick closure [6]. T
be consistent with terminology in this field [1] we defin
a structure factor asSsqd ; fP̂sqd 1 cpĥsqdgyP̂sqd [this
differs from the usual definitionSsqd ­ P̂sqd 1 cpĥsqd].

We test this theory by comparing its predictions fo
gsrd at infinite dilution to exact results from compute
simulation. Forcp ­ 0,

gsrd ­

*
NX

i­1

NX
j­1

dsr 2 r1
i 2 r2

j de2bUs1,2d

+
V1V2

, (3)

where r1
i and r2

j are, respectively, the position of the
ith bead on molecule 1 and thej th bead on molecule 2,
Us1, 2d is the full interaction potential between the two
molecules, and the average is over the orientations (V1

and V2) of both molecules. We calculate this functio
exactly using a Monte Carlo scheme and approximate
using the integral equation theory described above. F
ure 1 compares theoretical predictions to the Monte Ca
results forN ­ 20 and G ­ 0.2. gsrd increases mono-
tonically from a small value at short distances and eve
tually goes to 1 for larger. Asymptotically, gsrd ,
exps2GN2yrd for larger. The theory is extremely accu-
rate at all distances, in fact almost indistinguishable fro
the exact simulations. Since we are primarily interest
in the behavior at low concentrations, the accuracy of t
theory at infinite dilution suggests that the theory will b
quantitatively accurate for the cases that we consider.

Figure 2 depicts the site-site pair correlation functio
for N ­ 20, d ­ s, G ­ 1, and several volume frac-
tions f s;pcps3y6d. For f ­ 1025 gsrd displays a
peak at distances of the order of the length of th
molecules. Asf is increased from1025 to 1023 the peak
becomes more pronounced and some liquidlike layeri
is evident from the oscillations ingsrd. At a higher con-
3938
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FIG. 1. Comparison of theoretical predictions (lines) for th
pair correlation function at infinite dilution to exact Monte
Carlo calculations (symbols) forN ­ 20 andG ­ 0.2.

centrationsf ­ 0.01d the peak disappears. Since the po
tential of mean force is given by2kT ln gsrd the theory
predicts an attractive well in the potential of mean force
very low but nonzero concentrations. This attractive we
disappears at higher concentrations.

A physical picture emerges from these results. At low
concentrations the highly charged particles prefer to r
main widely separated. One could imagine each rod b
ing confined to a sphere with a diameter of the order of th
length of the rods. These spheres “pack” amongst ea
other in a manner similar to simple liquids of hard sphere
In the hard sphere analogy, the effective volume fraction
these spheres is larger than that of the rods by a factor ofN2

and high enough to show liquidlike order. This explain
the peak ingsrd at low concentrations. At higher con-
centrations the rods begin to interpenetrate and this cau
the layering to disappear. Interpenetration of the rods b
comes possible because the mean separation of the r
and the range of the Coulombic repulsion (recallk , c

1y2
p )

FIG. 2. Site-site pair correlation function between the viru
particles forN ­ 20, G ­ 1, and various volume fractions (as
marked).
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become smaller as the concentration is increased. This
terpenetration is possible only because the actual volu
fraction of molecules inside the “spheres” referred to abo
is very small. In suspensions of spherical colloidal par
cles, for example, the magnitude of liquidlike layering wi
monotonically increase with increasing concentration.
much higher concentrations steric interactions can beco
important and one might observe strong liquidlike orderin
on a length scale ofs or (for long enough rods) nematic
and other liquid crystalline phases. These steric effects
not expected to be important at the concentrations cons
ered in this work. Ifcp is the overlap threshold concen
tration (cp ­ 1yN2 in the theory andcp ø 2.45 mgyml in
the TMV experiments) the isotropic to nematic transitio
in TMV solutions occurs at aboutcp ­ 10cp [10]. At the
concentrations of interest no orientational order is observ
in birefringence measurements [3].

Figure 3 compares theoretical predictions for the depe
dence ofqmax on concentration to experimental data fo
TMV and fd-virus solutions [3]. The theoretical calcula
tions are forN ­ 500 and G ­ 0.2, but very similar re-
sults are obtained for other values ofN or G. Note that
there are no adjustable parameters in this comparison.
theory is in very good agreement with the experiments.
we fit a straight line to the theoretical predictions at the e
tremes of the concentration regime in Fig. 3 we obtain e
ponents ofn ­ 0.32 6 0.01 and0.5 6 0.01, respectively.
The theory shows a very large crossover regime where
fective exponents in between 1y3 and 1y2 can be obtained.

To compare the theory to experiments forSsqd, we
need estimates for the various parameters in the mo
We find that the theoretical predictions are not sensiti
to the number of interaction sites as long as the leng
and total charge are kept constant. We setN ­ 200,
and fix s ­ 18 nm andL ; sN 2 1dd 1 s ­ 300 nm
in accordance with the accepted size of TMV particle
The screening length is obtained from the simple Deby

FIG. 3. Scaling of position of peak in structure factor wit
concentration. Symbols are experimental data and the das
line is the theoretical prediction with no adjustable paramete
The solid lines are linear least squares fit to the theory in t
low and high concentration regimes with slopes as marked.
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Hückel expressionk ­ q
p

4plBcp . The only unknown
parameter is the total charge on the moleculeQ. Since
the charge for our purposes is unknown, we use this as
adjustable parameter and vary it to reproduce the heig
of the first peak in the structure factor.

The theory predicts all the features inSsqd observed
in experiments: At low concentrations there is a stron
peak and a secondary peak inSsqd. As the concentration
is increased, the primary peak broadens and moves
higher wave vectors while the second peak disappea
Figures 4(a) and 4(b) compare theoretical predictions
experimental data [2] forc ­ 0.11cp sQ ­ 195ed and
0.854cp sQ ­ 124ed, respectively. The theory is in
excellent agreement with the experiments for the shape
the structure factor. Similarly good agreement is observe
at other concentrations. At the lowest concentration th
theoretical predictions appear shifted a little to the righ
when compared to experiment. It is possible that this
due to slight uncertainties (about 3%–5%) in the value o
the concentration obtained from experiment.

In summary, a theory is presented for the scattering fro
polyelectrolyte solutions. The theory predicts liquidlike
layering on long length scales in dilute solution, which is
diminished in the semidilute regime. One consequence

FIG. 4. Comparison of theoretical prediction for the structure
factor to experimental data for (a)c ­ 0.11cp and (b) c ­
0.845cp.
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this layering is that an attractive potential of mean for
is observed at very low but nonzero concentrations. T
theoretical predictions for the static structure factor are
very good agreement with experimental data. Only rig
molecules were considered in this work, but the theory
easily extended to solutions of flexible polyelectrolyte
The present work treats the salt and counterion distribut
in a very crude fashion, and appears sufficient to obtain
qualitative features of the structure factor. A more rigo
ous treatment would model the solution as a ternary m
ture containing polymer, counterion, and co-ion molecule
with corresponding increase in the complexity of th
theory.
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