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Structure of Polyelectrolyte Solutions
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We present a liquid-state theory for polyelectrolyte solutions. The theory predicts liquidlike structure
on long length scales in dilute solution which disappears in semidilute solutions. The predictions of
the theory for the static structure factor in tobacco mosaic virus solutions are in good agreement with
light-scattering experiments in both dilute and semidilute solutions. Predictions for the scaling of the
position of the maximum in the structure factor with concentration are consistent with experiments.
[S0031-9007(96)01541-4]

PACS numbers: 82.70.Dd, 61.20.Gy, 61.25.Hq

Polyelectrolytes are charged macromolecules in soluexperimental observations in terms of many-body packing
tion. Their study is challenging from a theoretical stand-effects which are important at low concentrations but
point because it involves the dual complexity arising frombecome less important at high concentrations due to
the polymeric nature of the molecules and the long-rangethterpenetration of molecules.
nature of the Coulombic interactions. The many appli- The molecules are modeled as a collection of interac-
cations of these materials add to their importance, anton sites arranged linearly in a rodlike configuration. Each
consequently they have been studied extensively. Experparticle consists oN charged hard spheres (or sites) with
ments on polyelectrolytes are notoriously difficult because spacingd between adjacent spheres. Each sphere has
of problems caused by trace impurities. Scattering exa diametero and carries a negative charge, wheree
periments are particularly difficult because of the addeds the charge on an electron. The total charge on each
problem of low excess scattering intensity in dilute solu-particle Q = Nge. The effect of solvent and small ions
tions [1], and it is only recently that light [2,3], small angle is included into the potential of interaction between sites
x ray [4,5], and neutron scattering techniques [3] have beean the polyelectrolyte molecules. The resulting effective
applied to study the structure of polyelectrolyte solutions.potential Bu(r) is approximated as the sum of a hard

In polyelectrolyte solutions, several interesting featuresphere and screened Coulomb interactigi(r) = o for
are observed in the static structure facfdg) [2—-5]. At r < o, andBu(r) = I exp(—«r)/r for r > o, wherer
low concentrations a primary and sometimes secondarg the distance between two sites. In the Debye-Hiickel
peak is observed in the structure factor suggesting signifapproximation, assuming spherical symmetry of the ionic
icant liquidlike layering on a length scale of the order ofatmosphere around each site, the coupling strehgth
the size of the molecules. The primary peak in the strucg?lz/(1 + ko), wherelz = Be?/¢€ is the Bjerrum length
ture factor broadens and moves to higher wave vectors d%; ~ 7.14 A at room temperature)e is the dielectric
the concentration is increased suggesting that the liquidlikeonstant of the solveng ~! is Boltzmann’s constant mul-
orderdiminishesas the concentration iscreased. No in-  tiplied by the temperature, and is the inverse screen-
terpretation of this behavior has been proposed [3,4]. Ating length. In salt-free solutions = ¢ 4mlgc,, where
tention has also focused on the scaling of the positione, is the polyelectrolyte concentration defined by =
gmax, Of the peak inS(g) with concentratilon. Most experi- NN, /V, andNy, is the number of particles in a volurve
ments show thagm.x ~ ¢” whererv = 3 in dilute solu- We investigate the structure of solutions of these
tions andv = % in semidilute solutions. These exponentsrods using the polymer reference interaction site model
are predicted by scaling theories. Othervalues ef 0.4  (PRISM) theory of Curro and Schweizer [6] which is
are also observed [5], however, and remain unexplained.based on the RISM theory of Chandler and Andersen [7].

In this work we present a simple theory for the structureThe PRISM equation relates the intermolecular site-site
of polyelectrolyte solutions that is consistent with all thesetotal correlation functiork(r) [=g(r) — 1, whereg(r) is
experimental observations. We investigate the structurthe site-site pair correlation function] to the single chain
of rigid rodlike polyelectrolytes in salt-free solutions. structure factor and the direct correlation functioir)
This is a good model for tobacco mosaic virus (TMV) via a nonlinear integral equation given by (in Fourier
solutions for which extensive experiments are availablespace)

[2,3]. Sincg the behavior of the static strupt_ure factor ;l(q) _ p(q)@(q)p(q) + Cpp(q)@(q);l(q)’ (1)

is very similar whether the molecules are rigid (TMV)

or flexible (sodium polystyrene sulphonate) our analysisvhereq is the Fourier transform variable, carets denote
sheds light on the scattering from polyelectrolyte solutiong=ourier transforms, anft(¢) is the single chain structure
in general. The theory provides an explanation for theactor.
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Given an expression faP(g¢) (which can be evaluated
exactly for our model) and a closure relation betwéén
andC(r) we can solve fog(r) and hence for the structure
factor. We investigate several closure approximations and
find that the only accurate one is the reference Laria-Wu-
Chandler (R-LWC) closure suggested by Schweizer and
Yethiraj [8] based on an approximation devised by Laria,
Wu, and Chandler [9]. In this closure,

P C* P(r)=P*Co* P(r) + P*(—Bv)* P(r)

HO
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where the asterisks denote convolution integrals, @l FIG. 1. Comparison of theoretical predictions (lines) for the
g ’ pair correlation function at infinite dilution to exact Monte

is the tail potentialv(r) = 0 for r < o andv(r) = u(r)  Carlo calculations (symbols) fa¥ = 20 andT’ = 0.2.
otherwise. We use the exact core conditign) = 0 for

r < o. Functions with subscript “0” refer to correlation
functions for a hard sphere rod fluid (with the chargescentration(¢ = 0.01) the peak disappears. Since the po-
turned off). These functions are obtained from thetential of mean force is given byk7 In g(r) the theory
PRISM theory with the Percus-Yevick closure [6]. To predicts an attractive well in the potential of mean force at
be consistent with terminology in this field [1] we define very low but nonzero concentrations. This attractive well
a structure factor as(q) = [P(q) + c,h(q)]/P(q) [this  disappears at higher concentrations.
differs from the usual definitiod(q) = P(q) + c,h(q)]. A physical picture emerges from these results. At low
We test this theory by comparing its predictions forconcentrations the highly charged particles prefer to re-
g(r) at infinite dilution to exact results from computer main widely separated. One could imagine each rod be-
simulation. Forc, = 0, ing confined to a sphere with a diameter of the order of the
VN length of the rods. These spheres “pack” amongst each
_ other in a manner similar to simple liquids of hard spheres.
g(r) = <Z Z 5 — 1/ — rfz')e BU(1’2)> ) In the hard sphere analogy, the effective volume fraction of
i, these spheres is larger than that of the rods by a factéf of
5 . . and high enough to show liquidlike order. This explains
wherer; and rj are, respectively, the position of the e neak ing(r) at low concentrations. At higher con-
ith bead on molecule 1 and théh bead on molecule 2, conrations the rods begin to interpenetrate and this causes
U(1,2) is the full interaction potential between the tWo thq |avering to disappear. Interpenetration of the rods be-

molecules, and the average is over the orientatidds ( comes possible because the mean separation of the rods
and ;) of both molecules. We calculate this function and the range of the Coulombic repulsion (reaal- 1/2)
exactly using a Monte Carlo scheme and approximately 9 P cr

using the integral equation theory described above. Fig-

i=1 j=1

1

ure 1 compares theoretical predictions to the Monte Carlo 1.2 -
results forN = 20 andI' = 0.2. g(r) increases mono- Lot N
tonically from a small value at short distances and even- N
tually goes to 1 for larger. Asymptotically, g(r) ~ 0.8
exp(—I'N?/r) for larger. The theory is extremely accu- )
rate at all distances, in fact almost indistinguishable from = | < |
the exact simulations. Since we are primarily interested o
in the behavior at low concentrations, the accuracy of the 0.4
theory at infinite dilution suggests that the theory will be i
quantitatively accurate for the cases that we consider. 0.2
Figure 2 depicts the site-site pair correlation function | ;
for N =20, d = o, I' =1, and several volume frac- 0.0 P Al i vy e i
tions ¢ (=mc,03/6). For ¢ = 1073 g(r) displays a 6 1 2 3 4 5 6 7 8
peak at distances of the order of the length of the r/L

P -5 -3
molecules. Asp is increased from0™ to 1_0 i the peak . FIG. 2. Site-site pair correlation function between the virus
becomes more pronounced and some liquidlike |aye”n9articles forN = 20, T = 1, and various volume fractions (as

is evident from the oscillations ig(r). At a higher con- marked).
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become smaller as the concentration is increased. This itdlickel expressionk = ¢ ./4migc,. The only unknown
terpenetration is possible only because the actual volumgarameter is the total charge on the moledQle Since
fraction of molecules inside the “spheres” referred to abovehe charge for our purposes is unknown, we use this as an
is very small. In suspensions of spherical colloidal parti-adjustable parameter and vary it to reproduce the height
cles, for example, the magnitude of liquidlike layering will of the first peak in the structure factor.
monotonically increase with increasing concentration. At The theory predicts all the features fig) observed
much higher concentrations steric interactions can becomia experiments: At low concentrations there is a strong
important and one might observe strong liquidlike orderingpeak and a secondary peakdfy). As the concentration
on a length scale of or (for long enough rods) nematic is increased, the primary peak broadens and moves to
and other liquid crystalline phases. These steric effects at@igher wave vectors while the second peak disappears.
not expected to be important at the concentrations consid-igures 4(a) and 4(b) compare theoretical predictions to
ered in this work. Ifc* is the overlap threshold concen- experimental data [2] for = 0.11¢* (Q = 195¢) and
tration * = 1/N? in the theory and™ = 2.45 mg/mlin  0.854c* (Q = 124e), respectively. The theory is in
the TMV experiments) the isotropic to nematic transitionexcellent agreement with the experiments for the shape of
in TMV solutions occurs at about, = 10c* [10]. Atthe the structure factor. Similarly good agreement is observed
concentrations of interest no orientational order is observedt other concentrations. At the lowest concentration the
in birefringence measurements [3]. theoretical predictions appear shifted a little to the right
Figure 3 compares theoretical predictions for the depenwhen compared to experiment. It is possible that this is
dence ofgm,x ON concentration to experimental data for due to slight uncertainties (about 3%—5%) in the value of
TMV and fd-virus solutions [3]. The theoretical calcula- the concentration obtained from experiment.
tions are forN = 500 andI" = 0.2, but very similar re- In summary, a theory is presented for the scattering from
sults are obtained for other values for I'. Note that polyelectrolyte solutions. The theory predicts liquidlike
there are no adjustable parameters in this comparison. Thayering on long length scales in dilute solution, which is
theory is in very good agreement with the experiments. Idiminished in the semidilute regime. One consequence of
we fit a straight line to the theoretical predictions at the ex-
tremes of the concentration regime in Fig. 3 we obtain ex- 2.0
ponents ofr = 0.32 = 0.01 and0.5 = 0.01, respectively.
The theory shows a very large crossover regime where ef-
fective exponents in betweerf3 and /2 can be obtained. 1.5 ]
To compare the theory to experiments 8(g), we :
need estimates for the various parameters in the model. 1
We find that the theoretical predictions are not sensitive  Z1.0-
to the number of interaction sites as long as the length  “ ]
and total charge are kept constant. We Aet= 200, ]
and fixoc =18 nm andL = (N — 1)d + o = 300 nm 0.5
in accordance with the accepted size of TMV particles. 1
The screening length is obtained from the simple Debye-
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FIG. 3. Scaling of position of peak in structure factor with q/ nm!

concentration. Symbols are experimental data and the dashed

line is the theoretical prediction with no adjustable parameterskIG. 4. Comparison of theoretical prediction for the structure
The solid lines are linear least squares fit to the theory in thdactor to experimental data for (&) = 0.11¢* and (b) ¢ =
low and high concentration regimes with slopes as marked. 0.845c¢".
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