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It is shown that the lowestTEs,l mode in a cylindrical waveguide at frequencysv, with group
velocity nearly identical to group velocity for theTE11 mode at frequencyv, is that with s ­ 7,
l ­ 2. This allows coherent radiation to be generated at the seventh harmonic during electron cyc
autoresonance acceleration. Conditions are found where such co-generation of 7th harmonic po
20 GHz is possible with overall efficiency greater than 80%. This mechanism could make pos
high efficiency cm-wavelength high power rf sources suitable for driving a future multi-TeV elect
position collider. [S0031-9007(96)01468-8]

PACS numbers: 84.40.Ik, 41.60.Ap, 41.75.Lx, 52.75.Ms
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It has not generally been noted that certainTEsl

electromagnetic modes of a cylindrical waveguide
frequencysv exhibit coincidental near matching betwee
their group velocities and those of the TE11 mode at
frequencyv. This basic characteristic of the simples
closed guided wave structure may allow the excitati
of strong sth harmonic radiation when a fundamenta
injected wave interacts with a nonlinear medium in th
waveguide. Group velocity matching can allow classic
parametric interactions to occur [1] but, as will b
shown here, it may also allow coupling in which th
nonlinear medium supplies and receives significant pow
to and from the waves. The nonlinear medium for th
work presented here is a relativistic gyrating electro
beam; the fundamental TE11 mode excites cyclotron
autoresonance acceleration (CARA) of the beam [2]; a
the lowest mode for which a near match in group veloc
obtains is the TE7,2 at the seventh harmonic. It will be
shown that high efficiency production of multimegawa
power at 20 GHz is possible through this “co-generatio
mechanism, when a beam is energized using 2.856 G
power. Other high power microwave TE-mode fas
wave harmonic interactions may also be enhanced by
matching phenomenon, including the gyro traveling-wa
amplifier, gyroklystron, and waveguide free-electron las
[3]. Similar matching phenomena for TM modes ma
enhance other types of harmonic interactions, such as
the frequency-doubling magnicon [4].

The term co-generation is used here to signify th
harmonic power is generated in the self-same struct
where CARA acceleration (and deceleration) of the bea
occurs. Since the interaction to be discussed occurs
a traveling-wave structure, injected rf power that do
not become transformed into the harmonic wave can
recovered, recycled, and perhaps used in a subseq
co-generator stage. Energy in the spent electron be
emerging from the interaction can also be recovered w
high efficiency since the energy spread on the be
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induced in the acceleration and generation processes c
be small. It is these unusual features that permit overa
7th harmonic co-generation efficiencies greater than 80
to be predicted, as is illustrated below.

A prior approach that utilizes CARA for gyroharmonic
conversion divides the acceleration in CARA from the re
gion of harmonic generation that occurs in a separate ou
put waveguide [5]. Experiments with CARA with beams
up to about 10 MW have shown, in agreement with the
ory, that the acceleration process can be highly efficien
with efficiency measurements reported as high as 96
[6]. But as a CARA beam drifts (along a rising magnetic
field) into an output waveguide where gyroharmonic con
version can occur, the gyrophase distribution of the bea
can spread, since strong rf trapping is not present in th
drift region to preserve good phase coherence among t
beam particles. Nevertheless, 4th harmonic output wit
conversion efficiency values of over 48% are predicte
for this type of gyroharmonic converter; experiments to
attempt to confirm this prediction are underway [7]. Im-
proved particle phase coherence might be expected if t
strong rf trapping forces acting within CARA are presen
during emission of the harmonic radiation, and also be
cause of the resulting short interaction length.

The requirement for group velocity matching for effi-
cient power transfer between two guided waves that in
teract with an electron beam near gyroresonance and
harmonics can be easily appreciated. Below are writte
the resonance conditions that must be satisfied appro
mately for simultaneous acceleration due to the CARA
mechanism, and for deceleration due to the generation
radiation near thesth gyroharmonic, namely,

v ­
V

g
1 ckz,11bz , (1)

and

sv ­
sV

g
1 ckz,slbz . (2)
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In Eqs. (1) and (2),v is the radian frequency at which
CARA is operated,V ­ eB0ym is the rest gyrofrequency
for electrons of massm and chargee in a magnetic
field B0, g and cbz are the relativistic energy factor
and the axial velocity for the beam electrons, andkz,sl ­
ssvycd sng,slycd ­ ssvycdnsl is the axial wave number,
itself proportional to the normalized group velocitynsl

for each wave; for CARA,s ­ l ­ 1. Clearly, Eqs. (1)
and (2) cannot be satisfied simultaneously unless

kz,sl

s
­ kz,11 or nsl ­ n11 , (3)

namely, equal group velocities for the two modes, whe
the frequency of theTEsl mode iss times that of the
TE11 mode. This is consistent with the selection rule fo
gyroharmonic conversion with an axis-encircling beam
a cylindrical waveguide, namely, that power at thesth
harmonic can flow cumulatively from the beam only int
TEsl modes [5]. A measure of the degree to whichTEsl

modes satisfy Eq. (3) can be seen by substituting into

the relationnsl ­
q

1 2 s j0
slcysvRd2, where j0

sl is the
lth zero of the Bessel function derivativesdydxdJssxd, and
whereR is the waveguide radius. Whennsl ø n11, one
can derive the approximate relationship

nsl

n11
ø 1 1 s1 2 rsld

µ
1

n2
11

2 1

∂
, (4)

wherersl ­ j0
slysj0

11. In Fig. 1 are plotted values ofrsl

for modes withl (the radial index) up to 8, ands (the
azimuthal index) up to 30. It is seen thatrsl is within
the range1.00 6 0.005 for the TE7,2, TE13,3, TE24,5 and
TE30,6 modes. This suggests that one might find co
ditions where a prescribed magnetic field profile allow
efficient CARA acceleration and simultaneously allow
strong radiation at one or more of the 7th, 13th, 24t
and 30th harmonics. Since successively higher beam
ergies are required to obtain significant coupling ass in-
creases, there is reason to expect that conditions mi
be found where only one of these modes will be e
cited at a time. For a beam with finite initial velocity
spread, small detunings from precise resonance in Eqs.
and (2) are introduced so as to maximize acceleration
CARA and to achieve maximum gyroharmonic conve
sion. These detunings can exceed detuning caused
group velocity mismatch for the modes identified abov
so that the mismatch may be relatively inconsequenti
In a rectangular waveguide, group velocity matching
much more prevalent, occurring (for example) betwe
the TE01 and allTE0s modes at thesth harmonics. This
situation could lead to serious mode competition at hig
harmonics; moreover, the aforementioned selection r
for axis-encircling beams does not apply for rectangul
waveguides. Thus only cylindrical waveguides are a
propriate for co-generation.

In this Letter, we examine co-generation at the 7
harmonic, but possible competing modes are also cons
ered. We take the rf source frequency to be 2.856 GH
corresponding to the frequency of the 65 MW klystron
3820
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FIG. 1. Ratio of Bessel function rootsrsl for 1 # s # 30 and
1 # l # 6. In the crosshatched region,0.995 # rsl # 1.005,
and near matching of group velocities occurs.

(type 5045) that drive the Stanford Linear Collider (SLC)
so that the 7th harmonic is at 19.992 GHz. A calcu
lation could be made for any rf source frequency, bu
we purposely have chosen 2.856 GHz in anticipation o
conducting experiments using an existing rf source, and
conceiving of the rf driver system for a future multi-TeV
electron-positron collider being built using existing matur
rf technology, including type 5045 klystrons. Thus to
examine in detail the co-generation of harmonic radiatio
within CARA, particle simulation studies were carried ou
using methods described previously [5], for example
with rf and injected beam powers corresponding t
Yale/Omega-P experimental capabilities, namely for a
rf source power level at 2.856 GHz of 10.0 MW, and an
injected beam of 100 kV, 25 A.

Results to illustrate the principle of co-generation ar
shown in Fig. 2 for an ideal “cold” beam, i.e., a beam with
no initial axial momentum spread or guiding center sprea
Figure 2(a) shows the evolution along the axis in CARA
of rf power in the TE11 and TE7,2 modes at 2.856 GHz
and 19.99 GHz in a waveguide of radius 3.65 cm (n11 ­
0.5374 and n7,2 ­ 0.5329); Figure 2(a) also shows the
variation in imposed resonant axial magnetic field, ac
cording to Eq. (1). A pronounced recurrence phenom
non is observed, with rf power alternately rising and
falling for the fundamental and 7th harmonic waves. A
z ­ 84.0 cm, where the 7th harmonic power has reache
3.32 MW, the fundamental power is 6.22 MW, and the
sum of the two is only 5% less than the 10.0 MW fun
damental power injected initially. Figure 2(b) shows the
ensemble-average beam energy factorkgl, the relative rms
energy spreaddgykgl, and the ratio of the ensemble-
average gyration radius to waveguide radiuskrgyRl. The
beam energy atz ­ 84.0 cm is 100.4 kV, so the beam is
seen to have acted essentially as a catalyst by excha
ing power with the rf modes up to this point, but re-
turning nearly to its original state. Atz ­ 167.2 cm, the
fundamental rf power level has risen to 9.45 MW, an
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FIG. 2. Example of 7th harmonic co-generation for an in
tially cold beam. (a) Spatial evolution of fundamental power
2.856 GHz, 7th harmonic power at 19.992 GHz, and reson
axial magnetic fieldB0. (b) Spatial evolution of average beam
energy factor, average ratio of gyration radius to waveguide
dius, and percentage rms energy spread. (c) Spatial evolu
of power in 6th, 8th, and 13th harmonics, in the TE6,2 TE8,2,
and TE13,3 modes, respectively.

only 0.31 MW resides in the 7th harmonic wave; aga
the beam energy is back to 99.9 kV. In the course of th
one full recurrence cycle, the magnetic field varies qua
sinusoidally between 0.86 and 1.55 kG. Figure 2(c) sho
the rf power at the 6th harmonic in the TE6,2 mode, at
the 8th harmonic in the TE8,2 mode, and at the 13th har-
monic in the TE13,3 mode. The maximum total of 6th and
8th harmonic power is 0.13 MW, while the 13th harmon
power is seen to reach 0.427 MW atz ­ 84.0 cm, and
0.949 MW atz ­ 251 cm. The fact that the TE13,3 mode
is the only serious competitor to the TE7,2 enforces the
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claim made above that group velocity matching is a ma
factor in co-generation, sincen13,3 ­ 0.5438. More power
appears at the 13th harmonic during the second recurre
cycle because of injection of finite power from the fir
cycle. Were the device to be terminated atz ­ 84.0 cm,
rf power could be extracted with about one-third at t
7th harmonic and two-thirds at the fundamental; the be
power could in principle be largely recovered using a d
pressed collector. The 6.22 MW of extracted fundame
tal power could, in principle, be used (with an addition
3.78 MW) to drive a second CARA identical to the firs
and the sequence continued indefinitely. Such a sys
would have a nearly ideal conversion efficiency, the n
effect of which is to convert rf power from the fundame
tal to the 7th harmonic. Losses in this system arise fr
finite conductivity in the waveguide walls, from imperfe
beam power recovery at a depressed collector, and f
power converted to competing harmonics. But these
each be small fractions of the total 12.5 MW in circul
tion. Of course, an injected beam with zero axial veloc
spread is an idealization that cannot be met in practice

Results of a computation for an injected beam with a
nite rms axial velocity spread of 0.10% are shown in Fig.
with the various quantities displayed as in Fig. 2. The b
sis for employing this value of axial velocity spread is
design study using the DEMEOS code [8] for the mo
erate convergence, perveanceK ­ 1.0 3 1026 A V23y2

Pierce-type electron gun that is in operation on the Ya
Omega-P CARA [6]. Two significant additional feature
are present in this example, namely a detuning of the a
magnetic field from exact resonance, and a finite am
tude injected signal at the 7th harmonic. Without ma
netic field detuning, co-generation is found to be sever
weakened by velocity spread. The optimum detuning
rameterD ­ Vyvgbz 2 1ybz 1 n11 for this case was
found to be20.02, a magnitude well in excess of th
group velocity mismatchn11 2 n7,2 ­ 0.0045. Injection
at the CARA input of 0.10 MW of 7th harmonic powe
in the TE7,2 mode was found to yield a 7th harmon
power level atz ­ 82 cm of 1.99 MW, shown in Fig. 3(a).
To achieve this result, it was necessary to optimize
phase of the injected initial 7th harmonic power. If th
injected 7th harmonic power level is increased from 0
to 1.0 MW, the 7th harmonic output increases to 3.9 MW
for gain of an additional 1.0 MW. Injection can be a
complished by recirculating to the input a portion of th
7th harmonic output power. For higher initial axial ve
locity spreads, namely 0.15% and 0.20%, the maxim
7th harmonic powers for the parameters as in Fig. 3 w
found to be 1.61 MW and 1.26 MW; this result adds em
phasis to the need for carefully designed injector gun.
a device based on the results shown in Fig. 3 were
minated atz ­ 82 cm, one could extract 1.99 MW o
7th harmonic power, 6.47 MW of fundamental harmon
power, and 0.098 MW of power in competing harmo
ics. The efficiency for utilization of rf power then follow
ashrf ­ s1.99 1 6.47dy10.10 ­ 83.8%. If energy in the
3821
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FIG. 3. Example of 7th harmonic co-generation for a bea
with an initial axial velocity spread of 0.10%. Quantitie
depicted are as in Fig. 2, except that axial scale is shorte
to 150 cm. Here, magnetic field detuning withD ­ 20.02 is
imposed, and 0.10 MW of 7th harmonic power is injected.

spent electron beam is included (3.86 MW), one wou
have htotal ­ s8.46 1 3.86hrecdy12.6, wherehrec is the
efficiency for recovery of beam power using a depress
collector. One can definehrec ­ sgr 2 1dyskgsl 2 1d as
an ideal recovery efficiency for a single-stage depress
collector, wheregr ­ 1 1 ejVr jymc2 is the energy fac-
tor corresponding to the collector retarding potentialVr ,
and wherekgsl is the average energy factor of the spe
beam particles. To avoid undesirable beam reflection
the collector,gr is taken to be the lowest value of beam e
ergy factor in the spent beam. For the beam atz ­ 82 cm
in Fig. 3, computations have been performed that yie
hrec ­ 63.0%. Using this giveshtotal ­ 86.4%. This
3822
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figure embodies several idealizations, but it seems h
enough to provide strong motivation for further study o
co-generation.

The results described in this Letter suggest that it m
be possible to design a train of high power 20 GHz c
generators with a total power efficiency of greater th
80%. This train of co-generators could be driven usin
existing SLC klystrons and associated modulators.
course, the examples presented in this Letter are fo
10 MW rf driver, namely, at the level where experimen
tal tests are planned. Further studies are required to
timize a system using 65 MW input pulses as provid
by type 5045 klystrons. But it does not seem unreaso
able for each co-generator in such a system to provide 5
60 J output pulses at 20 GHz with an overall rf syste
efficiency, including the klystron drivers, that would ex
ceed 50%. This system could constitute the sought-a
rf source for a future multi-TeV electron-positron collide
Co-generation interactions with other fast wave intera
tions should also be possible, as shown by preliminary e
periments on 7th harmonic generation in a waveguide F
amplifier [3]. Needless to say, the potential and prac
cality of co-generation will not be fully confirmed unti
additional experiments and design studies of this n
mechanism are carried out.
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